Zhao et al. Boundary Value Problems (2016) 2016:86 0 BOU nda ry Va I ue PrOblemS

DOI 10.1186/513661-016-0590-y

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Existence and iterative solutions of a new
kind of Sturm-Liouville-type boundary value
problem with one-dimensional p-Laplacian

Junfang Zhao'", Bo Sun? and Yu Wang'

“Correspondence:
zhao_junfang@163.com

'School of Science, China University
of Geosciences, Beijing, 100083,
China

Full'list of author information is
available at the end of the article

@ Springer

Abstract

We study a kind of Sturm-Liouville-type four-point boundary value problems. The
main tool is monotone iteration theory.

MSC: 34B10; 34B15;34B18

Keywords: Sturm-Liouville-type; iteration; positive solutions; boundary value
problem; p-Laplacian

1 Introduction
In this paper, we are concerned with the following Sturm-Liouville-type four-point bound-
ary value problem with one-dimensional p-Laplacian:

(pp(X' (@) + h(e)f (£, x(8), %' (£) =0, O0<t<1,
x'(0) —ax(§) =0, X' (1) + Bx(n) = 0,

(1.1)

where ¢,(s) = Is|P2s,p>1,0<a < é, 0<B< ﬁ, 0 < & < n <1. By applying the monotone
iterative technique, we not only prove the existence of positive solutions for the problem,
but also establish iterative schemes for approximating the solutions.

We will assume throughout:

(C1) h(#) € L(0,1) is nonnegative on (0,1) and is not identically zero on any subset of (0,1).
(Cy) feC([0,1] x [0,+00) X R,[0,+00)), f(,0,0) £ 0 for 0 <¢ <1.

Boundary value problems (BVPs) have been studied for a long period. At the begin-
ning, most researchers focused on two-point BVPs with four classical boundary con-
ditions (BCs) of Dirichlet type u(0) = u(1) = 0, Neumann type #'(0) = /(1) = 0, Robin
type u(0) = «'(1) = 0 or #'(0) = u(1) = 0, and Sturm-Liouville type au(0) — 82/(0) = 0O,
yu(l) + 8u/(1) = 0. Later, in order to meet the requirements of various applications, some
researchers began to pay their attentions on multipoint BVPs, such as three-point BC
u(0) = au(n), u(1) =0 or #'(0) = 0, u(1) = eu(n), and so on. Although the points involved
are larger than that involved in two-point BC, the difficulties remain similar. However,
when we study this kind of four-point BVPs, difficulties have a qualitative leap.
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Recently, some research articles on the theory of positive solutions to multipoint BVPs
have appeared [1-5]. More recently, in [6—8], BVPs subject to the boundary conditions

ax(0) — Bx/'(€) = 0, yx(1) +8x'(n) =0 (1.2)

(Sturm-Liouville-type BC) were studied. Notice that BC in equation (1.1) can also be seen
as a Sturm-Liouville-type BC. However, to the best knowledge of the authors, such a kind
of BVPs has been rarely considered up to now. The reason is that it is not easy to convert
BVP (1.1) to its equivalent integral equation. In this paper, we overcome this difficulty and
also get its iterative solutions. The main tool is the monotone iterative technique. For more
references, we refer the readers to [9-11].

2 Background material
In the following, there are some lemmas.

Definition 2.1 A map « is said to be a nonnegative concave continuous function if o:
P — [0, 0) is continuous and

a(Ax +(1- A)y) > da(x) + (1 - 2)a(y)
forallx,ye Pand 0 <A <1.

By ¢, we denote the inverse to ¢, where 1% + é = 1. Consider the following BVP:

(pp(X' (@) +v(t) =0, O0<t<l,
x'(0) —ax(€) =0, x'(1) + Bx(n) = 0.

Let

Bi(t) = éqﬁq(/o v(s) ds) +/E q&q(‘/s v(r)dr) ds,
1 1 n s
By(t) = E(l)q(/t v(s) ds) +/t q&q(/t v(r)dt) ds.

Lemma 2.1 Suppose that v € L[0,1], v(£) > 0, and v(t) # 0 on any subinterval of [0,1].
Then BVP (2.1) has the unique solution

éqbq(foa" v(s) ds) + f; ¢([Tv(r)dr)ds, t€[0,04], (2.2)

x(t) = . 1 . ; (2.2)
E‘p‘l(fax v(s)ds) + [/ ¢q(f0'x v(t)dr)ds, te[og1], (2.29)
where oy is a solution of the equation
Bi(t) - By(t)=0, te]0,1]. (2.3)

Proof We first prove that the solution of (2.1) can be expressed as (2.2). Let x be a solution
of BVP (2.1). Then (¢,(x(£)))’ = —v(t) < 0 means that x'(¢) is nonincreasing. We show that
x'(0) > 0 > x’(1), which implies that there exists a point o € (0,1) such that x'(¢) = 0.
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If not, then, for example, x'(0) < 0. Then x'(¢£) < 0 on [0,1] and x'(1) < O at the same time.
Considering & < 1, we have x(n) < 0. Then from the boundary condition in (2.1) we have
«'(1) > 0, a contradiction.

Integrating both sides of

~(6p (¥ @) = v(t) (2.4)

from o to ¢, we get

t

dp(x'(0)) = —/ v(s)ds.

o

Then

x(t) = -, (/ v(s) ds), (2.5)

where g is given by }7 + é =1
Integrating both sides of (2.5) from ¢ to 1, we have

1 s
x(t):x(1)+/ ¢q</ v(t)dr) ds. (2.6)
By (2.5) and (2.6) we have
1
X (1) =-¢, </ v(s) ds),
1 s
=30+ [ oo [ verae)as
x(n) =x +fﬂ ” /a v(t)dr ) ds

Considering the BC in (2.1), we have

x(1) = %(qﬁq (/ﬂl v(s) ds)) - /nl ¢q</: V(‘L')dt) ds. (2.7)
Substituting (2.7) into (2.6), we obtain
x(t) = %(d)q(/ﬂlv(s)ds)> - /ﬁlqbq(/(ysv(r)dr) ds + /tl¢q<ffsv(r)dr) ds
1 1 n s
= E(d)q(/a v(s) ds)) +/t &g (/U V(l’)dl’) ds, te][0,1]. (2.8)

By a similar argument we have

1 o t o
x(t) = o <¢q(/0 v(s) ds)) +/; ?q </S V(‘L')d‘[) ds, telo,1]. (2.9)

Let t = o in (2.8) and (2.9). Then B;(o) = By(0), that is, o can be determined by B () —
B,(£) = 0. Next, we show that such a o is unique.
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Clearly, B (t) — By(¢) is increasing on t € [0, 1]. It can be easily seen that B;(0) — B;(0) < 0
and B;(1) — By(1) > 0. Indeed,

Bi(0) = /q)q(/ v(t) dr)ds:/;%(/osv(r)dr)ds
/q)q(/o ()dt)dszz(O).

Thus, B1(0) — B2(0) < 0. Similarly, B;(1) — By(1) > 0. Therefore, B;(t) and B,(t) must in-
tersect at one point in (0,1), which solves (2.3), that is, o exists and is unique. This also
implies that x(¢) defined by (2.1) is continuous at o.

Since o has something to do with x, we denote ¢ by oy.

Hence, for ¢ € [0,1], the solution of (2.1) can be expressed as (2.2), which completes the
proof. O

Remark 2.1 In fact, for any ¢ € [0, 1], the solution of (2.1) can be expressed both by (2.2,)

and (2.2,), but just for convenience, we write it in two parts.

Lemma 2.2 Let v(t) satisfy all the conditions in Lemma 2.1. Then the solution x(t) of BVP
(2.1) is concave on t € [0,1]. Moreover, x(t) > 0.

Proof Since (¢,(x(£))) = —v(t) < 0, we have x"(¢) < 0, so x(¢) is concave on ¢ € [0,1].

Next, we prove that x(¢) > 0. By Lemma 2.1 we know that x(¢) can be expressed as (2.2).
When ¢ € [0,,1], since 0 < B < 1~ that is, E >1-7, we have

(2.2) = %qﬁq(/; v(s) ds) + /;nq&q(‘/(: v(r)dr) ds
=%qﬁq(/ﬁjv(s)ds)—/ﬂl¢>q</{:v(r)dr> lqbq(/ Vr)dr)
z/;%(/(;v(t)dr)ds—/nld)q(/g > s+/1¢> (/ dr)d
E/thbq(/:v(t)dr)dszo.

Similarly, when ¢ € [0,0,] and 0 < & < é, we get (2.21) > 0. Thus, x(¢) > 0 for all £ € [0,1].
The proof is complete. O

Let X = C![0,1] be endowed with the maximum norm, ||x|| = max{|x|, [|x'|l1}, where

[l]l1 = maxo<¢<1 [#(¢)|. Define the cone P C X as

P= {x € X :xis concave on t € [0,1],

and there exists one point o, € (0,1) such that x'(o,) = O}.

For x,y € P, by x <y we mean that x(t) < y(¢) and |x'(¢)| < |y'(¢)| for ¢t € [0,1].
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Define T : P — X as follows:

20q( [y h(s)f (s, x(s), %' (s)) ds)

+ fg Gq([7 h(x)f (x,x(), %/ (1)) dr)ds, t€[0,0,],
Lg([;, H(s)f (s5,(s),%'(s)) ds)

+ [/ ¢‘1(f:x h(t)f (r,x(t),4/(t))dt)ds, ¢€ [oy,1].

(Tx)(t) = (2.10)

Lemma 2.3 For x € P, x(t) > min{¢,1 — £} maxo<;<1 |x(¢)|.
Lemma 2.4 Suppose that (C;) and (Cy) hold. Then T : P — P is completely continuous.

Proof We divide the proof into three steps.
Step 1. We first show that T : P — P is well defined. Let x € P. Then Tx is concave on
t € [0,1]. Indeed, by (2.4),

bq([7* h(s)f (5,x(5),6'(s) ds), £ €[0,04],

(Tx)'(8) =
—qbq(f% h(s)f (s, x(s),x'(s)) ds), ¢t € [ox,1].

(2.11)

Obviously, (Tx)"(t) < 0, that is, Tx is concave on ¢ € [0,1]. Further, (Tx)'(t) > O on ¢ €
[0,04], (Tx)' (t) <0 on t € [oy,1], and (Tx)'(o,) = 0. Thus, T : P — P is well defined.

Step 2. T is continuous. Let x,, — x¢ in P. Similarly to Lemma 2.1, there exists a unique
oy, such that Wy ,(oy,) = Wa,,(04,), where

Win(t) = é(bq(/‘o " v(s) ds) +/; bq </ " v(r)dr) ds,
1 s
Wault) = 56, ( [ RS ds) of ¢,,( | v(t)df) .

n n

Meanwhile, we can obtain that o,, — o, (n > +00), W, = W;o (n — +00), i =1,2. Let
0, =min{oy,, 0y} and ,, = max{oy,, 04}, n =1,2,.... Obviously, when t € A, = [0,,7,],
t — oy, — 0 as m — +00. Noticing that

|VV] n(axn) i,n (Gxn)

maX|VVi,n(t) 10(t)| = max\VV,,,(t) ln Gxn
teAy

+miX|Wj,o(0xo)—“7;‘,o(t)| asn — +00,i,j=1,2,i #J,
teAy

we have
max |Tx, — Txo|
te[0,1]

= max{| Wi, = Wiolioe,1» | Wan = Wiolan [ Wi — Waolan | Waun = Waolz, )

— 0 asun— +o0.

Similarly, by (2.11) and the continuity of ¢, we can prove that

max |(Txn)/ - (Txo)/| — 0 asu— +00.
te[0,1]

Thus, T is continuous.
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It is easy to prove that T'(D) is bounded and equicontinuous, where D C P is a bounded
set. By the Arzela-Ascoli theorem, T'(D) is relatively compact. So T : P — P is completely

continuous. O
Lemma 2.5 Suppose that (Cy) and (C,) hold. Then T is increasing with respect to x € P.

Proof Suppose x1,%; € P, %1 < xy. Then x1(t) < x5(¢) and |x](£)| < |x}(£)|. Let us prove that
Tx; < Tx,. According to the definition of P, we know that there exists o,, € (0,1) such
that x(oy,) = 0, and considering |x|(¢)| < |x5(¢)|, we have x](oy,) = 0, which means that
Ox, = Ox,. In what follows, we try to prove that Tx; < Tx;.

For convenience, we give the notation

Fi(t) = h(0)f (6:%:(2), %/(2)), i=1,2.

If t € [0, 0y, (04,)], then, in view of (C,), we have

(Te2)(0) - (Tin)(0) - é(%( [ oa)-0, ( [ Ao ds)>
+/é<¢q</s 2F2(r)dr)ds—¢q</s 1Fl(r)dr»ds
(o[ )5
+ /t<¢q([x2 Fz(r)dr> ds—¢q</sgx2 Fl(r)dr» ds
(o[ )5
( < Fz(‘c)d‘r) ds—cpq(/;%Fl(t)dr))ds
( ,,(/ By dt) ols—qsq(/s%2 Fl(r)dr>> ds
([ e[
_/0 <¢q</06x2F2(1')dt>ds—¢q( d Fl(z)dz>)ds
+/O (¢q</s szg(r)dr)ds—qbq( Fl(‘l:)d‘l.')) ds
=/0 <¢q</s szz(t)dr) ds—¢q</s sz(r)dr))dszO,
(1) - (7)) =, [ R0 ds> ~4, ( [ Ros)
~on( [ Eos)-a,( [ ROG) 20

If t € [0y, (04,), 1], then we can similarly prove that (Tx;)(¢) — (Tx;)(¢) > 0 and (Tx,)'(£) —
(Tx1)'(¢) < 0.
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To sum up, we have Tx; < Tx,, which is the desired result. The proof is complete. [

Remark 2.2 We can easily verify that ¢q(f:"2 Fy(t)dr)ds - (j),,(/;ﬂ"2 Fi(r)dr) is nonin-
creasing with respect to s € [0, o,,] by calculating its derivative.

3 The existence of positive solutions
Let

L[ bl Lo

k:max{a%(/o h(s)ds>+/$ %(/; ]’l(t)dl’)ds,g(pq(/; h(s)ds)
$ 1

+ﬁ"¢q(ﬁ h(r)dr>ds,¢q(/0 h(s)ds)}.(max{é,%}wg)

Theorem 3.1 Assume that (Cy) and (Cy) hold. Further, suppose that there exists r > 0 such

that:

(C3) ft,m, 1) <f(tug,vo) forany0 <t <1,0<wuyy <uy <r,0<|n| <|va| <r;
(C4) maXtE[O,I]f(t> r, I") < ¢p(§)

Then the boundary value problem (1.1) has at least two positive solutions w* and v* in P

such that
O<w*<r, O<|(w*),|§r,
and
lim w, = lim T"wg = w", lim (w,) = lim (T”wo)/ = (w*)/,
n— 00 n— 00 n— 00 n—00
where
=" 11 t+1 t2> /lh()ds
Wo =1 max ot’ﬁ +n+t+1-— @4 | S
and
0<v*<r, 0<|(v*)/|§r,
and
lim v, = lim T"vg = v, lim (v,) = lim (T”vo)/ = (v*),,

where vo(t) = 0,0 <t <1.

Proof Let P, = {u € P | ||u|| <r}. First, we prove that T : P, — P,. Forany u € P,, ||lu|| <r,

we have

0 < u(t) < max |u(t)| < llull <r, |/ ()| < max |/ ()| < ||lull <.
0<t<l1 0<t<l
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Then considering (C;)-(Cy), we get

0 Sf(t, u(t), u’(t)) <f(t,r,r) < Ongz(lf(t, rr) < qbp(%).

By (2.4) and (2.5) we obtain

(Tu)(oy) = éd)q </0 xh(s)f(s,x(s),x/(s)) dS)

+ /;x ®q (/S”x h(t)f(r,x(t),x’(r)) dr) ds

1 2 )
< max{ Egbq (/ h(s)f(s,x(s),x (s)) ds)

1
bq (/ h(r)f 7,%(7),% (7,')) dr) ds, — 5 —¢y </ (S)f(S,x(S),x’(g)) dS)
n

|/
+ﬁ ¢q(ﬁ h(t)f(t,x(r),x’(r))dr) dS}

“A=T,

D=

=

>~

and

(Tu)' (0) = ¢q( h(s)f s,x(s) X (s))

0

“)
<ou( [ Moy om0 ) < L=
)

Ty () = ¢, ( / HS) (5,5(5),(5)) i
< ¢q(/(;lh(s)f(s,x(s),x/(s)) ds) < % A=r.

Thus, we obtain that || Tx|| < r. So, we have shown that T : P, — P,.
Second, we will establish iterative schemes for approximating the solutions. Let

wo(t) = %(—L‘2 + t+c) -¢q</01h(s)ds>,

where ¢ = % + é +1+ % Obviously, wy(t) € P and w{)(%) =0. Let wi(£) = Two(t). Then we
have w; € P,. We denote w,,,; = Tw, = T"wy, n =1,2,.... Then we have w, € P,. Since T
is completely continuous, {w,}:°, is a sequentially compact set. We have

wi(t) = Two(t)

3 a(fs” hs)f (s, wo(s), wp(s)) ds)

+ j; bq ([ h(T)f (x,wo (1), Wy(z))dT)ds, € [0,04],
L ba(fy, H(s)f (s, wo(s), W (5)) ds)

+ [ ¢q( [ h(@)f (2, wo(2), Wy (1)) dT)ds, £ € [0, 1],
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Ll+e-1)-¢, fo s)ds), 0<t<min{§,0,} <1,
_iG -8 ¢q(f0h(s)ds) 0<¢<t<o,<l,
G Hn-0)- ¢q(fy h(s)ds), 0<o,<t<n<l,

FGrt-—n)- bg( [y h(s)ds), 0 <max{n, o} <t<1

A

T2 : g ds)
_)\(t+t+c) q)q(/o (s)

=wo(t), 0=<t<],

and

(Wi(0)] = |(Two) (2)|
g ([0 h(s)f (s, wo(s), wy(s))ds)|, £ €[0,0u,],

| = ([, M) (5 wo(s), wy(9) ds)l, £ € [0,,1],

f|¢q(ft% his)ds)l, t€[0,1],
= ¢g([L he)ds)l, £ € (5,1],

1
1|b-at|¢q(/ h(s)ds), te[0,1],
A 0

0<t<l

IA

IA

Then we obtain that

0<t<l

wit) <wo(®),  [w(0)] <
Hence, by Lemma 2.5 we have

wa(t) = (Tw1)(t) < (Two)(8) =wi(2), 0=<t=1,

Wi ()| = [(Tm) )] < [(Two) ()] = |wi(®)], 0<e=<1.
Thus, by induction we get

0<t<lmn=12,....

Wn+1(t) = Wn(t)) }W;q+1(t)| =

So, there exists w* € P, such that w,, — w*. Considering that T is completely continuous
and w,,,; = Tw,,, we have Tw* = w*.

Let vo(¢) =0, 0 < ¢ < 1. Then vo(¢) € P,. Let v; = Tvy; then 1, € P,. We denote v, =
Tv, = T"vo, n=1,2,.... Since T : P, — P,, we get v, € TP, CP,,n=1,2,....Since T is

completely continuous, {v,};; is a sequentially compact set. We have

vi(t) = (Tvo)(t) = (T0)(1) =0, 0=¢<1,

i) = |(Tvo) (9] = [(TOY (9] =0, 0<r<1.
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Thus,

va(t) = (Tn)(£) = (Two)()) =m(®), 0=<t<1,

va(8)] = [(Tn) ()| = [(T0)'(8)] = [ (

Similarly, by induction we obtain

Va1 () > v, (), ’v'n+1(t)| > |v;(t) , 0<t<lm=12,....
So, there exists v* € P, such that v, — v*. Considering that T is completely continuous
and v, = Tv,, we have Tv* = v*,

Since f(¢,0,0) # 0 for 0 <t <1, the zero function is not the solution of (1.1). Hence,
since max [v*(¢)| > 0, we have v*(t) > min{z,1 — £} maxo<;<1 [v*(£)], 0 < ¢ <1.

As we all know, the fixed point of T is a solution of BVP (1.1). Hence, we have shown
that w*, v* are two positive solutions of problem (1.1).

The proof is complete. O

Remark 3.1 We can see that w* and v* may be the same solution of BVP (1.1), but for

convenience, we say that there exist at least two solutions.

Corollary 3.2 Assume that (Cy) and (Cy) hold. Further, suppose that there exists r > 0

such that:
(Cs) limy 400 max0<t<1 11’ r) < ¢p( ) (particularly, lim;_, , o maxoftsl% =0).

Then problem (1.1) has two positive solutions in P.

At the end of this paper, we give an example to illustrate our main result.

Consider the following four-point boundary value problem.

Example 1

(¢p()) + tf (£, %(8),%'(£)) =0, O0<t<l,
x'(0) — 3x(1/4) = 0, x'(1) +x(2/3) =

(3.1)

We can see that i(t) =¢, & = 4, n= 3, a=3,=1Letp= 2, r = 14. By direct calculation
we obtaing =3, A = %. Then the conditions of Theorem 3.1 are all satisfied. So BVP (3.1)
has at least two positive solutions w*, v*, and there exists o, € (0,1) such that (w*)'(o,) =0,
(v*) (0x) = 0. Further,

0<w'<14, 0<|(w)]<14,
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and

lim w, = lim T"wg = w¥, lim (w,) = lim (T”wo)/ = (w*)/,

n—00 n— 00 n—00 n—00
where

5 1
wold) = 8(3-1), 0=<t=<3,
3 11
8(t+2), ﬁftfl.

At the same time, we have
0<v <14,  0<|(v)|=14,
and

lim v, = lim T"vg = v, lim (v,)" = lim (T"vo)/ = (V*)/,

n—00 n— 00 n—00 n—00

where vy(£) = 0,0 <t <1, and T is as defined in (2.4).
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