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Abstract

In this paper, we study the three-dimensional Boussinesq equations and obtain the
global existence and uniqueness of a suitable weak solution in unbounded exterior
domain.
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1 Introduction

Let D C R® be a bounded domain with a connected C?-smooth boundary S, and D' :=
R3\D be the unbounded exterior domain. We consider following three-dimensional
Boussinesq equations:

us+u-Vu—vAu+Vp=0e3, xe€D,t>0, (1.1)
0, +u-VO0—uAb =0, (1.2)
V.-u=0, (1.3)
u(0,x) = up(x), 0(0,x) = 6p(x), (1.4)
uls =0, Ols =0, (1.5)

where p = p(x, t) is the scalar pressure, u = u(x, t) is the velocity vector field, and 6 = 6(x, )
is a scalar quantity such as the concentration of a chemical substance or the temperature
variation in a gravity field, in which case 6e; represents the buoyancy force. The nonneg-

ative parameters p and v denote the molecular diffusion and the viscosity, respectively;
U V= u,0,u, dau = 2% Ugy h- VO :=1,0,0,V - -u:=u,,=0

Axg =

Over the repeated indices a and b summation is understood, 1 <a, b < 3.

dut . _ (2 2 _
? xg T (L{ );ar u" = upip.
The Boussinesq system is one of the most commonly used fluid models since it has a vor-
tex stretching effect similar to that in the 3D incompressible flow. The Boussinesq system
has an important roles in the atmospheric sciences [1] and is a model in many geophysical
applications [2]. For this reason, this system is studied systematically by scientists from
different domains.
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Before starting and proving our main results, let us first briefly recall the related results
in the literature. For the three-dimensional case, the progress on the local well-posedness
and regularity criteria on the inviscid Boussinesq equations has been made (see, e.g,, [3—
11]). Since there is no global well-posedness for the standard high-dimensional Boussinesq
equations for large initial data, it is natural to consider the blow-up (or regularity) crite-
rion. Various criteria for the Boussinesq equations have been obtained by considerable
works (see, e.g., [3—-5, 7-9, 12-17] and the references therein).

In this paper, we establish the global existence and uniqueness of a suitable weak solution
to the three-dimensional Boussinesq equations in unbounded exterior domains.

We assume that # € G and 0 € J, where

G:={fIf e L*(0, T;Hy(D')) Nf; € L*(D' x [0, T]); V- f = 0},
J:={glg € L*(0, T;Hy(D')) Ng: € L*(D' x [0, T1)},

with arbitrary T > 0.
In this paper, (f,g) := [}, fags dx denotes the inner product in L2(D'), ||f| := (f,f)%,fm

. . O,
denotes the ath component of the vector function f;, and fi,, is the derivative ﬁ

Let us define a suitable weak solution to problem (1.1)-(1.5) that satisfies the identity

(U, V) + O W) + (Vue, Vv) + (VO, VW) + (Ualtpyas Vi) + (UaOp,0 Wp)

=(fes,v), YveGwe]. (1.6)

Here we took into account that —(Au,v) = (Vu, Vv), —(A0,w) = (VO,Vw), and (Vp,v) =
- va) =0,ifve G, we].
Equation (1.6) is equivalent to the integrated equation

t
/ [(45,v) + (05, W) + (Vit, VV) + (VO, VW) + (tathpiar Vi) + (UaObiar W) | dis
0
t
=/ (Bes,v)ds, VYveGwe]. 1.7)
0
We also assume that
(1o, ug) < C, (60,60) < C. (1.8)
Now we are in position to state our main results.
Theorem 1.1 If assumption (1.8) holds, uy € Hy(D) satisfies (1.3), and 0y € Hy(D), then

forall t > 0, there exist weak solutions u € G, 6 € ] to (1.6), and the solutions are unique,
provided that |6(-,1)|, | Vu|* € LL. (0, 00).

loc

Remark 1.1 The proof follows the method of [16, 18], and [19].

2 Proof of Theorem 1.1
In this section, we prove the global existence and uniqueness of suitable weak solutions to
problem (1.1)-(1.5). We begin with the following lemma.
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Lemma 2.1 Let0y € L'NL? and uy € L*. Then the weak solutions u, 6 of problem (1.1)-(1.5)
satisfy

lo@| <166l +CoyF,  [lu@)] < luoll + Cli6ollt*. 2.1)
Proof See, e.g., [20]. O

Lemma 2.2 Under assumption (1.8), the following estimate holds:
t
supluto)* + [o(0)" +2 / [[Vu@| + [voe)|*]ds <, (2.2)
t> 0

where C > 0 is a constant.

Proof Take v=uand w=0 in (1.6). Then

1 1
(Ualhpsar Up) = —(Ualhp, Upa) = _E(uar (uz);u) = E(ua;ar u2) =0,

1 1
(uagb;m eb) = _E(um (02);a) = 5 (ua;a192) =0.
Thus, equation (1.6) with v = u and w = 0 implies

%at[(u, u) +(0,0)] + (Vu, Vi) + (V6,V0) = (Oes, ). (2.3)

Integrating (2.3) over [0, t], by virtue of (1.8), we get the following estimate:

[u@]* + @] +2 / [[Vu@|*+ [vos)| ] ds
§C+/0 (Oeg,u)ds§C+/0 10111l ds

t
<C+C sup ||u(s) || / 1+ s)’% ds < C+C sup ”u(s)”. (2.4)
s€[0,t] 0 s€[0,¢]

Denote sup,c(o 4 [|4(s)|| = a(¢). Then (2.4) implies
a’(t) < C + Ca(t). (2.5)
Since «(t) > 0, inequality (2.5) yields

supa(t) < C,

>0
which, together with (2.4), gives (2.2). O

Remark 2.3 A priori estimate (2.2) implies that, for every T € [0,00), u € L*(0, T;
L2(D) N L*(0, T; HA(D')), 6 € L*(0, T; Hy(D')). This and equation (1.6) also imply that
ut,Gt € L2(D, X [0, T])
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Lemma 2.4 Under the assumptions of Theorem 1.1, there exist suitable weak solutions
ue G, 0 €]J to problem (1.1)-(1.5).

Proof The idea of the proof is to reduce the problem to the existence of the solution to a
Cauchy problem for ordinary differential equations (ODE) of finite order and then to use
an a priori estimate to establish the convergence of these solutions of ODE to the solutions
of equations (1.6) and (1.7).

Let us look for the solutions to equation (1.6) of the form u" := Z/ 16 ' (t)gj(x), 0" :=
Y i di (t)¢x(x), where {¢;(x)}, is an orthonormal basis of the space L2(D') of divergence-
free vector functions belongmg to H}(D'), and in the expression u”, 6", the upper index n
is not a power. If we substitute ©”, 6" into (1.6), take v = ¢,, w = ¢,,, and use the orthonor-
mality of the system {¢;(x)}:<; and relation (V¢;, Vo,) = 1,81, (Vér, Vou) = A8k, where
Ay, Ay are the eigenvalues of the vector Dirichlet Laplacian in D on the divergence-free
vector fields, then we obtain a system of ODE for the unknown coefficients ¢/}, d:

Byl + hyClh + Z BiaBjpsar Gu)Cl' ! = Oy €1(0) = (4o, 1), (2.6)
ij=1
dudl + hdlly + Y (BiaBiiar bun)cidy =0, dii(0) = (6o, Pu)- (2.7)
ik=1

Problem (2.4)-(2.5) has a global solution because of an a priori estimate that follows from

(2.2) and Parseval’s relations:

n n

@ ®.u®)=> [¢o]’<c  (0"®,0"0) =Y [4®] <C. (2.8)

j=1 k=1

Consider the set {u" = u”()};°,, (6" = 6"(£)}52,. Inequalities (2.2) and (2.8) for u = u”, 0 =
6" imply the existence of the weak limits u” — u, " — 6 in L*(0, T; H}(D")). This allows us
to pass to the limit in equation (1.7) in all the terms except the term fot [(ug,v) + (65, w)] ds.
The weak limits of the terms (ujuy,,,vs), (u;0;,, wp) exist and are equal to (usUpa,Vp),
(4449p,4, Wp), respectively, because

(MZMZ;a’Vb) = —(MZMZ,VI,;“) - _(uﬂubivb;ﬂ) = (uaub;a: Vb):
(MZGZ;W Wh) = _(M:zlebn’wb;a) — (44O, Wb;a) = (Maeb;ar Wp).
Note that vp,, Wy, € L*(D') and uu}, u?0)' € L*(D'). Applying the interpolation inequality

and the Schwarz inequality, we get

1 3
Il Fa ) < V2lull# | Vul| T < el|Vull® + —— IIMII , ueHyD), (2.9)

16174, < V20015 V0]% <€l Vo> * 63 ||9||, 6 € Hy(D'), (2.10)

where € > 0 is an arbitrary small number. We have u/u; — wu,u; in L*(D) as n — o0
because bounded sets in a reflexive Banach space L*(D’) are weakly compact. Conse-
quently, («u}, ,vs) = (Ualtpa, vp) as 1 — 0o. Similarly, we have (420, , wy) = (44,6p,0, Wp)

as 7 — OQ.
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The weak limit of the fot[(Vu, Vv) + (V6, Vw)] ds exists because of the a priori estimate
(2.2) and the weak compactness of the bounded sets in a Hilbert space. Since equation (1.7)
holds and the limits of all its terms, except fot [(u?,v) + (6], w)] ds, do exist, there exists the
limit fot[(u;’, v) + (08, w)]ds — fot[(us, v) + (65, w)] ds for all v,w € G. By passing to the limit
as n — oo we prove that the limits u, 6 satisfy (1.7). Differentiating (1.7) with respect to ¢
yields (1.6) almost everywhere. O

Lemma 2.5 The global weak solutions u, 6 from Lemma 2.4 are unique.

Proof Suppose that there are two solutions to (1.6), u € G,0 € Jand &’ € G, 0’ € ], and let
U=u-u,0=0-6". Then

(U, v) + (O, w) + (VU, V) + (VO, Vw) + (uau;m — W)y V)

+ (uaGb;a - u;@;m,wb) =0. (2.11)
Since U € G, © € ], we may set v=U, w = © in (2.11) and have
oc (1L + 1017) + 2(IVUI* + VOI?) + 2(Uattpiar Up) + 2(Uablys ©5) =0, (2.12)
where we have used the following conclusions:
b — Uyt Up) = (Unthpiar Up) + (), Upia, Up),

(u
1 2
(uﬂuba’ub) 2( au’(u ) )_0’
(#aOba — 1,0}, Op) = (Uabpsar Op) + (1, Opia, Op),
1
(4, Ops0, Op) = 2( war (©%),) = 0.
Thus, (2.12) implies
(U +11©1%) +2(IVUI? + I VOI?) < 2[|(Uathinar )| + |(Uabbar ©1)] ] (2.13)
From Young’s inequality we get the following estimates:
27
|(Unttpya, Up)| < IIUIIE(D,)IIVMII < IVu] <6||VUII2 Toc IIUIIZ) (2.14)
1
|Uabiar O3)] = [(Uah, Ona)| < 9IVOIILLNIGN| = SIVOI* + 18] 1111161 I (15

Denoting z := ||U||? + ||©||? and choosing € = in inequalities (2.14), we obtain

2||VM||
27
8z < 7||Vu|| +18|0(~8)| )z zli-0 = 0. (2.16)
Assume that |6(-, )|, [|Vu||* € L}, (0,00). Then we get z = 0 for all £ > 0. O

The proof of Theorem 1.1 is complete.



Liu Boundary Value Problems (2016) 2016:85 Page 6 of 6

Competing interests
The author declares that they have no competing interests.

Acknowledgements
The work was in part supported by the NNSF of China (Nos. 11326158, 11271066, and 11571227) and the Innovation
Program of Shanghai Municipal Education Commission (No. 1322048).

Received: 27 January 2016 Accepted: 12 April 2016 Published online: 23 April 2016

References
1. Majda, A: Introduction to PDEs and Waves for the Atmosphere and Ocean. Courant Lecture Notes in Mathematics,
vol. 9. AMS/CIMS, Providence (2003)
2. Pedlosky, J: Geophysical Fluid Dynamics. Springer, New York (1987)
3. Chae, D, Kim, S-K, Nam, H-S: Local existence and blow-up criterion of Holder continuous solutions of the Boussinesq
equations. Nagoya Math. J. 155, 55-80 (1999)
4. Chae, D, Nam, HS: Local existence and blow-up criterion for the Boussinesq equations. Proc. R. Soc. Edinb,, Sect. A
127,935-946 (1997)
5. Cui, X, Doy, C, Jiu, Q: Local well-posedness and blow up criterion for the inviscid Boussinesq system in Holder spaces.
J. Partial Differ. Equ. 25, 220-238 (2012)
6. Danchin, R: Remarks on the lifespan of the solutions to some models of incompressible fluid mechanics. Proc. Am.
Math. Soc. 141, 1979-1993 (2013)
7. Ishimura, N, Morimoto, H: Remarks on the blow-up criterion for the 3-D Boussinesq equations. Math. Models
Methods Appl. Sci. 9, 1323-1332 (1999)
8. Liu, X, Wang, M, Zhang, Z: Local well-posedness and blowup criterion of the Boussinesq equations in critical Besov
spaces. J. Math. Fluid Mech. 12, 280-292 (2010)
9. Shu, WEC: Small-scale structures in Boussinesq convection. Phys. Fluids 6, 49-58 (1994)
10. Taniuchi, Y: A note on the blow-up criterion for the inviscid 2D Boussinesq equations. Lect. Notes Pure Appl. Math.
223, 131-140 (2002)
11. Xy, X, Ye, Z: The lifespan of solutions to the inviscid 3D Boussinesq system. Appl. Math. Lett. 26, 854-859 (2013)
12. Chae, D: Local existence and blow-up criterion for the Euler equations in the Besov spaces. Asymptot. Anal. 38,
339-358 (2004)
13. Fan,J, Zhou, Y: A note on regularity criterion for the 3D Boussinesq system with partial viscosity. Appl. Math. Lett. 22,
802-805 (2009)
14. Liu, X, Li, Y: On the stability of global solutions to the 3D Boussinesq system. Nonlinear Anal. TMA 95, 580-591 (2014)
15. Qiu, H, Du, Y, Yao, Z: Local existence and blow-up criterion for the generalized Boussinesq equations in Besov spaces.
Math. Methods Appl. Sci. 36, 86-98 (2012)
16. Ramm, AG: Existence and uniqueness of the global solution to the Navier-Stokes equations. Appl. Math. Lett. 49, 7-11
(2015)
17. Ye, Z: Blow-up criterion of smooth solutions for the Boussinesq equations. Nonlinear Anal. TMA 110, 97-103 (2014)
18. Ladyzhenskaya, O: The Mathematical Theory of Viscous Incompressible Flow. Gordon and Breach, New York (1969)
19. Temam, R: Navier-Stokes Equations. Theory and Numerical Analysis. North Holland, Amsterdam (1984)
20. Brandolese, L, Schonbek, ME: Large time decay and growth for solutions of a viscous Boussinesq system. Trans. Am.
Math. Soc. 364, 5057-5090 (2012)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Global existence and uniqueness of solutions to the three-dimensional Boussinesq equations
	Abstract
	MSC
	Keywords

	Introduction
	Proof of Theorem 1.1
	Competing interests
	Acknowledgements
	References


