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under three cases:p=1,1 < p < 400, and p = +o0. We discuss our problem with
impulsive effects and a delayed argument. In this case, our results cover second-order
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compared with some recent results. Finally, we give an example to illustrate our main
results.
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1 Introduction
Functional differential equations with impulses are characterized by the fact that per sud-
den changing of their state the processes under consideration depend on their prehistory
at each moment of time. They are used in many models of optimal control, physics, chem-
ical technology, population dynamics, biology, biotechnology, industrial robotic, pharma-
cokinetics, etc. [1-5]. Therefore, the study of impulsive functional differential equations
has gained prominence, and it is a rapidly growing field; see Zhang and Feng [6, 7], Ni-
eto and Loépez [8], Yan and Shen [9], Li and Shen [10], Feng and Qiu [11], Liu [12], Liu
[13], He and Yu [14], Ding, Han, and Mi [15], and the references therein. We note that the
difficulties solving such problems are that they have deviating arguments and their states
are discontinuous. So, the results on impulsive functional differential equations are fewer
than those on differential equations without impulses and deviating arguments.
Moreover, boundary value problems with deviating arguments constitute a very inter-
esting and important class of problems. The existence and multiplicity of positive solu-

tions for such problems have received a great deal of attention; see, for example, [16—
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22] and the references therein. In particular, we would like to mention some results of
Jankowski [23], who discussed a three-point boundary value problem for second-order

impulsive differential equations with advanced arguments:

x"(t) + w()f (x((2)) =0, te],
AX |y = Q) k=1,2,...,m,
x(0) =0, x(1) = Bx(n),

where J' = (0, D)/{t1, ta, ..., ti}, DX |1y, = X' (8) — ' (8;) with &/ (t]) and x/(£;) representing
the right- and left-hand limits of x(¢) at ¢ = #. By employing fixed point index theory the
author obtained the existence of positive solutions.

However, to the best of our knowledge, there are almost no papers on the existence
of three positive solutions for second-order impulsive differential equations with integral
boundary conditions and a delayed argument, especially for L”-integrable w; for example,
see [23, 24] and the references therein.

In this paper, we investigate the existence of three positive solutions for a second-order

boundary value problem with impulsive effects and a delayed argument of the form

u' () + w@)f (&, u(x() =0, O<t<lt#ty,k=12,...,n
_Au/|t=tk :Ik(u(tk))7 k = 1! 2,...,}’1, (11)
u'(0) =0, au(l) + bu'(1) = folg(t)u(t) dt,

where f € C(J x R*,R"), w € L?[0,1] for some 1 < p < +00. Iy € C(R*,R*), R* = [0, +00),
J=10,1], & (k=1,2,...,n) are fixed points with O = fg <ty < tp <+ - <t <+ <ty <byy1 =1,
A |ymgy = U/ (&) — ' (), a,b > 0, and a(t) # ¢ on J = [0,1]. In addition, w, f, and g satisfy
the following:

(Hy) wel?[0,1] for somel < p < +00, and there exists N > 0 such that w(¢) > N a.e. on J;
(Hy) feC(J xR*,R"),x € C(J,]) with a(t) <ton], I € C(R*,R");
(H3) g € L'[0,1] is nonnegative with 1 € [0,a), where u = folg(s) ds.

Motivated by the results mentioned, in this paper, we study the existence of three posi-
tive solutions for problem (1.1) by overcoming difficulties arising from the appearances of
a(t) # ¢, Ir #0, and LP-integrable w. The arguments are based upon a fixed point theorem
due to Leggett and Williams, which deals with fixed points of a cone-preserving operator
defined on an ordered Banach space. Another contribution of this paper is to study the
expression and properties of Green’s function associated with problem (1.1). It is interest-
ing to point out that Green’s function associated with problem (1.1) is positive, differently
from [25].

The organization of this paper is as follows. In Section 2, we present an expression and
properties of positive Green’s function associated with problem (1.1). In Section 3, we state
some necessary definitions and lemmas. In Section 4, we use Leggett-Williams’ fixed point
theorem to obtain the existence of three positive solutions for problem (1.1). Finally, in

Section 5, we give an example to illustrate the main results.
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2 Positive Green’s function and its properties
Lemma 2.1 Assume that (Hs) holds. Then, for any y € C[0,1], the boundary value problem

u' () +y(t)=0, tel,t#ti,k=12,...,n,
_Au/|t:lk :1/((M(tk)): k = ]-r 2:«”:”; (21)
u#'(0) =0, au(l) + bu/(1) = folg(t)u(t) dt

has a unique solution u given by

1 n
u(t) = / He,9)y(s)ds + 3 (e, )T (w(t0) (2.2)
0 k=1
where
1
H(t,s) = G(t,s) + / G(t,s)g(r)dr, (2.3)
-1 Jo

1-t+%, 0<s<e<l,
G(t,s) = 4 (2.4)
1—s+§, 0<t<s<l.

Proof First, suppose that u is a solution of problem (2.1). It is easy to see by integration of

problem (2.1) that
u'(t) —u/(0) = - /0 t y(s)ds ~ ;Ik(u(tk)). (2.5)
Integrating again, we get
u(t) = u(0) + u/(0)t — /Ot(t —5)y(s)ds — Zlk(u(tk))(t — k). (2.6)

tp<t

Letting ¢ = 1 in (2.6) and (2.5), we find

1
(1) = u(0) + 1/ (0) - /0 (196 ds — 3 T (ule) 1 - 1),
ty<1

(2.7)

1
W)=~ [ s = (o).

tr<1

Substituting the boundary condition #'(0) = 0, au(1) + bu'(1) = fol g(t)u(t) dt and (2.7) into
(2.6), we obtain

1 1 1 b 1
u(t) = - / g(s)u(s)ds + / (1-s)y(s)ds + Zlk(u(tk))(l —t) + 2 / y(s)ds
0 0 0

a
7291

b t
> > I (ut) - /0 (t—s)y(s)ds — > I(ut))(t - te)

ti<1 tr<t

1 n 1
= /0 G(t,8)y(s)ds + Z G(t, tk)lk(u(tk)) + é/(; g(s)u(s) ds, (2.8)

k=1
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where
1 1 1 n
/0 ¢(S)u(s) ds = /0 g(s{ /0 Gls, Dy dr + 3 Gls, )l (u(to))

k=1
1 1
+ ;/0 g(T)u(T)d‘L’:| ds

1 1 1
=;/0 gls)ds ; g(n)u(r)dr
1

1 n
+ /0 () [ fo Gs,1)y(r)dr +»_ Gls, tk)Ik(u(tk))] ds.

k=1
Therefore, we have
1 1 1 n
/0 g(s)u(s)ds = ﬁ /0 g(s) |:/0 G(s,t)y(r)dt + kXﬂ: G(s, tk)Ik(u(tk)):| ds

and

1 n
u(t) = /0 G(t,s)y(s)ds + Z G(t, t) I (u(t))

k=1

1 1 n
/o g(s) [ /0 G(s, T)y(x)dr + Y _ Gls, tk)lk(u(tk)):| ds

k=1

+
a-—p

1 n
= /0 Glt,s)y(s)ds + Y _ Gt ti)Ii (u(ti))

k=1
1 1
+aiu/0 [/0 G(r,s)g(f)dr]y(s)ds
L [y d
, ) . 2.
| [; (z. t)g(x) k(u(tk))} : 29)
Let
1
H(t,s) = G(t,s) + ﬂ—M/o G(t,s)g(r)dr. (2.10)
Then
1 n
u(t) = fo H(t,s)y(s)ds + Y H(t, te) I (u(te)). (2.11)
k=1

The proof of sufficiency is complete.
Conversely, let u(t) be a solution of (2.1). Direct differentiation of (2.3) implies, for ¢ # t,

u(t) = - /0 ys)ds = L(ut)).

tr<t
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Evidently,

u'(t) = —y(2),

- Au/|t=tk = Ik(u(tk)) (k = 1; 2y ey n),

u'(0) =0, au(l) + bu/(1) = /1g(t)u(t) dt.
0

The lemma is proved.

Page 5 of 17

From (2.3) and (2.4) we can prove that H(¢,s), G(t, s) have the following properties.

Lemma 2.2 Let & € (0,1). If u € [0,a), then we have
H(t,s) >0, G(t,s) >0, Vt,se].
b b
—<G(ts)<G(s,s) <|1+—), Vtse].
a a
o <H(ts) < ——Gls,5) < s Vo€,
a—p

o)
Gt,s) > 8G(s,s),  H(t,s)> ———Gls,5) > o1, VEe[0,E]se],
a-p

where

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Proof Itis obvious that (2.12), (2.13), and (2.14) hold by the definition of G(t,s) and H(t, s).

Now, we show that (2.15) also holds.
In fact, for ¢ € [0,&] and s € J, we have the following.

Case 1. If s < ¢, then

G@Q_l—t+§>1—$+§
G(S,S)_l—s+§_ 1+2 '
Case 2. If t <s, then
b
G(t,s) 1—s+;_l

G(s,s) 1-s+2

This shows that

G(t,s) > 8G(s,s), Vte[0,&]l,s€e].

Similarly, we can prove that

H(t,s) > 8H(s,s), Vte[0,&]l,se].

This gives the proof of Lemma 2.2.
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Remark 2.1 Noticing that (2.12), it is easy to see that Green’s function associated with
problem (1.1) is positive.

Remark 2.2 By the definition of § and p,, we obtain that
0<d<1, P> 1.

3 Preliminaries

In this section, we provide some background materials from the theory of cones in Ba-
nach spaces, and then we state Holder’s inequality, the Arzela-Ascoli theorem and Legget-
Williams’ fixed point theorem. The following definitions can be found in the book by
Deimling [26] and in the book by Guo and Lakshmikantham [27].

Definition 3.1 Let E be a real Banach space over R. A nonempty closed set K C E is said
to be a cone if

(i) cu+dveKforalluy,ve Pandallc >0,d > 0.

(i) u,—u € K implies u = 0.
Note that every cone K C E induces an ordering in E given by u > vifand only if v—u € K.

Definition 3.2 A map A is said to be a nonnegative continuous concave functional on a
cone K of a real Banach space E if A : K — R* is continuous and

Atx+ (1-t)y) = tAx) + 1 - 1) A(y)
forallx,ye K and t € /.

Definition 3.3 An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Lemma 3.1 (Arzela-Ascoli) A set M C C(J,R) is said to be a precompact set if the following
two conditions are satisfied:
(i) All the functions in the set M are uniformly bounded, that is, there exists a constant
r> 0 such that \u(t)| <rforallt €], ueM;
(i) All the functions in the set M are equicontinuous, that is, for every € > 0, there is
8 =8(¢) > 0, which is independent of the functions u € M, such that

|u(t1) - u(t2)| <e
whenever |t) — t| < 8, t1,t €.
Let] =]\ {t1,t0,...,tx}, Jo = [to, t1], Jk = (tx, txs1), K =1,2,...,1, and
PCY[0,1] = {x € C[0,1] :&" € Cltw, trs1), & (£) = &' (&), I (), k = 1,2,...,n}.

Then PC'[0,1] is a real Banach space with norm

lullper = max{lleelloo, '] .},

where |[|u]| o = sup,¢; [u(£)], |4/ [l = sup,e; |4/ (2)].
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To establish the existence of positive solutions to problem (1.1), we construct the cone
)
K= {u € PC0,1]: u(¢) > 0 on J and II[I(%I;]M(t) > ﬂ||u||pcl,t e]}. (3.1)
t€lo, P2

It is easy to see that K is a closed convex cone of PC'[0,1].
Define T': K — PC'[0,1] by

1 n
(Tu)(¢) = /0 H(t, ) (s)f (s, u(a(s))) ds + ZH(t, I (u(t) ). (3.2)
k=1

It follows from (3.2) and Lemma 2.1 that the following lemma holds.

Lemma 3.2 Suppose that (H,)-(H3) hold. Then u € PC'[0,1] is a solution of problem (1.1)
if and only if u is a fixed point of operator T.

Lemma 3.3 Suppose that (H;)-(Hs) hold. Then T(K) C K, and T : K — K is completely
continuous.

Proof Forall u € K, Tu > 0 on /, and it follows from (2.14) and (3.2) that
1 n
(Tu)(t) = /0 H(t, s)a)(s)f(s, u(ot(s))) ds + ZH(t, tk)Ik(u(tk))
k=1

<M (a)(s)f(s, u(a (s))) ds + Zlk (u(tk))) , tej. (3.3)
k=1

It is obvious that

— 0<s<t<],
Hi(¢,s) = G,(¢,s) = (3.4)
0, 0<t<s<],
and
max !Hg(t,s)i = max \GQ(t,s)! =1
t,se/,t#s t,se/,t#s
Then
1 n
|(Tw) (1) < ‘/0 |H,(t,9)|(s)f (s, u(e(s))) ds + Z|H£(t, 60| I (i)
k=1
1 n
< /0 a)(s)f(s, u(a(s))) ds + Zlk (u(tk)), te]. (3.5)
k=1

It follows from (3.3), (3.5), and p, > 1 that

1 n
1 Tullpcr < pa (/0 a)(s)f(s,u(a(s))) ds + Z[k(u(tk))). (3.6)
k=1
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By (2.15), (3.2), and (3.6) we have

min (Tu)
t€[0,8]

1 n
= min ( /0 H(t,)o(s)f (s, u(e(s))) ds + > H(, tk)Ik(u(tk)))

te[0,§] ]

1 n
> 8p; (/0 w(s)f (s, u(a(s))) ds + ZIk(u(tk))>
k=1

= %,02 (/ w($)f (s, u(als))) ds + Zlk(u(tk))>
0 k=1

P2

5p1
> — || Tul|pcr. (3.7)
P2

Thus, T(K) C K.

Next, we prove that 7 : K — K is completely continuous.

It is obvious that T is continuous.

Let B, = {u € PC'[0,1]|||u||pcx < r} bebounded set. Then, for all « € B, by the definition
of | Tut|| o, || Tt || 00> and || Tu|| pc1 and by (3.3) and (3.5) we have

1 Tetll o = sup| Tuu(?) |
te]

<M / w(s)f(s,u(a(s))) ds + Zlk(u(tk))
0 k=1

< pa(llwlhL + nB)
= FO;
|7 =supl o)
1 n
< ( / w(s)f (s, u(a(s))) ds + Z[k(u(tk))>
0 k=1

< (lwlliL + nB)

=TIy,

and

| Tet| per = max{||Tu||oo, Tu Hoo} <max{ly, 1} =Ty,
where L = MaX;e/uek, |ul per <f(t,u), B= MaAXyek, |ull per <r Ii(u).
Therefore, T(B,) is uniformly bounded.
On the other hand, for all 1, £, € Jx with ; < £5, we have

[(Tu)(tr) — (Tu)(5)| = <Tilh-6|—>0 (4 t).

/ tQ(Tu)/(t) dt
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Noting (3.4), we know that H'(¢,s) is a constant and

1
|(Tw) (1) — (Tu) (t2)|] = /(; [H;(t1,5) — H,(t2,9) | (s)f (s, u(cx(s))) ds

n

+ > [Hy(t, ) - Hyt, ) [T (u(t)) | - 0 (51— 1),
k=1

Then T'(B,) is equicontinuous. Lemma 3.1 shows that T : K — K is completely continuous,
and the lemma is proved. d

Definition 3.4 The map f is said to be a nonnegative continuous concave functional on
a cone K of a real Banach space E if 8 : K — [0, +00) is continuous and

B(tx+(1-1t)y) = tBx) + (1 -1)B®Y)
Vx,ye K,0<t<l1.

For positive numbers 0 < ¢ < d, we define the convex sets K, K., K(8,c,d) by

K.={ueK||ulpa <c}, (3.8)
Ke={ueK||ulpa <c}, (3.9)
K(B,c,d) = {u lueK,c<Bu),||ullpa < d}. (3.10)

It is easy to see that K(B, ¢, d) is a bounded closed convex set.
We state the well-known Leggett-William fixed point theorem [28].

Lemma 3.4 Let K be a cone in a real Banach space E. Suppose that A : K; — K; is com-
pletely continuous, B(u) be a nonnegative continuous concave functional on K satisfying
B(u) < |lu|| for all u € K;, and there exist positive numbers 0 < m < ¢ < d < I such that
(i) {ulueK(B,cd),Bu)>c)#D and B(Au) > ¢ for u € K(B, ¢, d);
(i) Aull <m for |lul < m;
(ili) B(Au) > cforu e K(B,c, 1) and ||Au| > d.
Then, A has at least three fixed points uy, uy, and us satisfying

]l < mm, ¢ < B(ua), lusll >m, and P(us)<c.

To obtain some of the norm inequalities in our main results, we employ Hélder’s in-
equality.

Lemma 3.5 (Holder) Lete € LP[a, bl withp > 1, h € L1[a,b] with q > 1, and}l’ + % =1. Then
eh e L'[a,b), and

lleklls < llellpliAlly
Lete e L'[a,b] and h € L®[a,b]. Then eh € L'[a, b), and

llenlly < llell1ll7]loo-
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4 Main results

In this section, we establish the existence of triple positive solutions for problem (1.1). We
consider the following three cases for w € L”[0,1]: p>1, p=1,and p = co. The case p > 1
is treated in the following theorem.

For convenience, we introduce the following notation:

a b 3p
03 =maX{—, —}, D = p3]|Gll4llollp, D, = np3<1+ —), 5 =12,
a-u b a 02
t, . 1
f“:limsupmaxf( u), I°°(k)=l1msupM, k=12,...,n.
u—soo teJ u U—00 u

Theorem 4.1 Assume that (H)-(Hs) hold. Furthermore, suppose that there exist constants

£

O<m<c< g <[ such that

1 1 .
(Hy) f*< E,I"O(k) < 3577 k=1,2,...,n;
(Hs) f(t,u) = g2, V(6w € [0,] x [e, £

(Hs) f(t,u) < 55, () < %,V(t,u)e]x [0,m], k=1,2,...,n.

Then problem (1.1) has at least three positive solutions uy, uy, and us satisfying
luallpcr <m, ¢ < Blua), lusllpcr >m, and  B(us) <c.

Proof Let B(u) = ming<;<¢ u(t). It is clear that S(u) is a nonnegative continuous concave

functional on the cone K satisfying 8(u) < ||u||pc1 for all u € K. By (H,) there exist 0 < y <

L 0« W < ﬁ, and p’ > 0 such that

2D’

feuw) <yu, L) <yu, k=12,...,nVteu>p.
Let

= (t,u)efgﬁﬁ [O,p/]f(t’ u), = urer[lgﬁ,] Ii(w), k=1,2,...,n.
Then

f(t,u(t)) <yu(t)+n, Li(u) <yu+m, ViteJ,u>0. (4.1)
Since 0 < «(t) < t <1 on], it follows from u(¢) > p’ on J that

u(a() = p', Vie]. (4.2)

2Dn 2D1m c }

1-2Dy’ 1-2D1y,’ &*

Set [ > max{
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Consequently, for any ¢ € J and u € K}, (3.2) and (3.9) imply

1 n
(Tu)(t) = /0 H(t, s)w(s)f(s, u(a(s))) ds + ZH(t, tk)Ik(u(tk))

k=1

a

1 n
< ( / Gls, s)(s)f (s, u((s))) ds + Y _ G, tk)Ik(u(tk))>
0

a-n k=1

a 1 b n
< pa—n <||G||q||w||pf0 S (s, u(a(s))ds + (1 + ;) ;Ik(u(tk))) (4.3)

o(s)f (s, u(e(s))) ds + Y [Hy(t 1) [T (u(te))

k=1

1
(T (0)] < /o |H(t,5)

< /0 w(s)f (s, u(a(s))) ds + Z[k (u(t))

k=1

1 n
B /o G(t,s) G(s, S)a(s)f (s u(e(s))) s + G(i,s) kX:I: G(s, )L (u(tx))

1 n
< % (/0 G(s, S)w(s)f(s, u(a(s))) ds + Z G(s, 8)I (u(tk))>

k=1
< g(nGnqnwnp /0 Floulals) ds (1 + §) ;Ik(”(tk)))' (44)

It follows from (4.3) and (4.4) that

1 b n
I Tull per < /)3<||G||q||w||p/0 S (s, u(als))) ds + (l + ;) Zlk(u(tk)))
k=1
b
= ,03||G||q||w||p()/||u||1>cl + 77) + 03 <1 + ;)n(VIHMHPCl + 771)

b
< o3llGligllwll, (YL +n) + p3 (1 + ;)n(yll +11)

11
L) 4.
<2+2 l (5)

which implies that Tu € K;.

Hence, we have shown that if (H,) holds, then the operator T : K — Kj is completely
continuous.

Next, we verify that {u | u € K(B,¢, 53), B(u) > ¢} # D and B(Tu) > c forall u € K(B, ¢, 57).

Take uy(t) = 5;811 ¢, for t € J. Then

c
Ug € {u | u e]((ﬁ,c, 8—*),,3(14) > C},
which shows that

{u | ueI((ﬁ,c,Si*),,B(u)>c} #@.
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Since 0 < a(¢) <t <& on [0,&], it follows from ¢ < u(t) < 5z on/ that
c<ula@) < 5i vt € [0,¢].
Then, it follows from (H5) that

B(Tu

~

= min (Tu)
te[0,8]

1 n
= min /0 H(t,s)w(sy(s,u(a(s)))ds+;H(t, 6T (1(t1)

1
> min / H(t,s)w(s)f(s,u(oc(s)))ds
0

T tel0g]

1
> 8,01/0 a)(s)f(s,u(ot(s)))ds

1
> %8,01/0 w(s)f (s, u(a(s))) ds

1 § 2
> —8p1 / N ¢ ds
2 o &SmN

=c (4.6)

This implies that condition (i) of Lemma 3.4 holds.

Since 0 < «(t) <t <& on [0,1], it follows from 0 < ||u(t)||pct < m on ] that
0 < [u(a(®)|per =m, Vee(0,1].

Then, for u € K,,,, it follows from (Hg) and (4.5) that

I Tullper < ps ( /O 1Gllglollf (s, e(er(5))) s + (1 + g) ka(u(tk)))

k=1

1 b n
= paIIGIIqIIwIIp/0 Sf(s,u(als))ds+ o (1 + ;) P AIES))
k=1

n
m

1
m b
<p3llGligllel / —ds+p3(l+—> —
ai™ | 2D a) = 2D,

= m. (4.7)

This implies that condition (ii) of Lemma 3.4 holds.
Finally, we assert that if u € K(B,¢c,[) and || Tu||pc1 > 57, then (Tu) > c.
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Suppose that u € K(B,¢,[) and || Tu|| pc1 > 5%- Then it follows form (3.7) that
B(Tu) = min (Tu)
te[0,§]

1 n
= min |:/(; Hi(t, S)w(s)f(s, u(a(s))) ds + ZH([, I (u(tk)):|

te(0,€] ]
3p1
> — [ Tullpc:
P2
= 8% Tull par > c. (4.8)
This implies that condition (iii) of Lemma 3.4 holds.

To sum up, the hypotheses of Lemma 3.4 hold. Therefore, an application of Lemma 3.4

implies that problem (1.1) has at least three positive solutions u, u, and u3 satisfying
lurllpct < m, c < Bua), lusllpct >m and  Blus) <c.

The following results deal with the case p = co. 0

Corollary 4.1 Assume that (Hy)-(Hg) hold. Then problem (1.1) has at least three positive

solutions uy, Uy, and us satisfying
lurllpcr < m, c < B(uz), lusllpcr >m, and B(us)<c.

Proof Let ||G||1|l@|l« replace ||Gll,llw|l, and repeat the previous argument.
Finally, we consider the case of p = 1. Let
Hy) [ < 55, 1°(0k) < 557, k=1,2,...,1;
(A,L)f <D ()<2D1 n
(Hg) f(t,u) < 55, Ii(u) < 2%,1, V(t,u) €] x [0,m], k =1,2,...,n, where D' = ps||wl|1, D} =
PN, O

Corollary 4.2 Assume that (Hy)-(H3), (H,), (Hs), and (H) hold. Then problem (1.1) has

at least three positive solutions uy, uy, and us satisfying

lurllpcr < m, c < Blus), lusllpcr >m, and B(us) <c.

2D 2Dym
Proof Set !l > max{TDVy” 1_511/1, 57}, where 0 <y’ <

(Hy), from (4.1) and (4.2) we obtain

1
2D’"

If u € Ky, then, by assumption

f(tu(a(®)) < y'u(a®) +n.
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Then, for u € Ky, it follows from (3.6) and (3.9) that

1 n
| Tullper < p2 ( /0 (s)f (5, e(e(s))) ds + ka(u(m))
k=1

1 n
szllcoIh/O f(su(a(s))ds + o2 Y Ie(ulte)

k=1
1
< szIth/0 (v'u(c(s)) + n) ds + pan(y1u + 1)

< p2llolli (v lullpcr +n) + pen(nllullpc + m)

< pallolli (vl +n) + pan(nl +m)

U
<—+ -
2 2
=7,

which implies that Tu € Kp.

Hence, we have shown that if (/}) holds, then the operator T : Ky — Ky is completely
continuous.

If u € K;,, then it follows from (3.6) and (Hy) that

1 n
I Tullpcr < pa (/O w($)f (s, u(als))) ds + Zlk(u(tk))>
k=1

1 n
< palols [ (s.u(a9)) ds s o2 3 1ute)

k=1

1 n
m m
<P2||w||1/ —=ds+p —
o 2D ;w;

Similarly to the proof of Theorem 4.1, we can get Corollary 4.2. d

Remark 4.1 Comparing with Jankowski [23], the main features of this paper are as fol-
lows.

(i) A Green function, especially, a positive Green function, is available.

(ii) We consider integral boundary conditions.

(iii) w(t) is LP-integrable, not only w(t) € C[0,1] on¢ €.

5 An example

To illustrate how our main results can be used in practice, we present an example.
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Example 5.1 Let & = %, n=1#4= %, p = 2. Consider the following boundary value prob-

lem:

u'(6) + w@)f (L u(@(2) =0, 0<t<1t+31,
~Au|,_y = h(u(3), (5.1)
W(0)=0,  u@)+u'(1)= [, tu(t)ds,

where @ € C(J,]), a(t) <t on ], and w(t) = 1 T, o(t) =12, I (u) = 58t =t,a=b=1,

113

1 /5
i Em te/,uel0,m],
o - WEmx Sh 43 [Zex i tejuemd,
3/%& te],ue[c,ai*],
3/%c+1/t(u—5%), te],ue[5,00).

Thus, it is easy to see by calculating that w(¢) > N =,/ g fora.e. t €] and

1 1 b
w- [ gtdi=5, e,
0

2’ a—u
2- 3 b
8:—E:—, 92=a+ =4')
2 4 a-—[i
a a ) 3
03 =maxy ——, — t = max{2,1} =2, 8*:ﬂ:—
a-u b o 8

Therefore, it follows from the definitions of w, f, and g that (H;)-(H3) hold.

On the other hand, it follows from w(t) = 1 - and G(¢t,t)=1—-¢t+ g that
lt-51%

Thus, we have

14 b
D = p3||Gl2llwll2 =2 7 D =np;s 1+; =4,
1 1 5 11
2D 4\ 14’ 2D, 8

Choosing 0 < m<c< %c <1, we have

t, 1 5 1 1 1 1
f°° = lim sup max ( u):0<— £:—, *l)=—<-=—
u—oo tl U 4\ 14 2D
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ft,u)=3 ic>§ ic: L, V(t,u) € [O,l] X |:c,§c],
V5 3\ V5 E3pIN 2

1 /5 1 «/g m m
f(t) M) — —m< — I’}’l < — = s
4\ 15 4 10— 10 8 2D

V(t,u) € [0,1] x [0, m],

||
flrg)
=
&
i
IA

which show that (H,), (Hs), and (Hg) hold.
By Theorem 4.1, problem (5.1) has at lest three positive solutions u, u;, and u3 satisfying

lurllpcr < m, c < Blus), lusllpcr >m, and Blus)<c.
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