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Abstract

We consider the existence of at least two or three distinct weak solutions for the
nonlinear elliptic equations

—div(g(x, Vu) + |ulPu=Af(x,u) in <,
oKX, Vu)% = Agx,u) on 0%2.

Here the function @(x,v) is of type [v|[P~?v and the functions f, g satisfy a Carathéodory
condition. To do this, we give some critical point theorems for continuously
differentiable functions with the Cerami condition which are extensions of the recent
results in Bonanno (Adv. Nonlinear Anal. 1:205-220, 2012) and Bonanno and Marano
(Appl. Anal. 89:1-10, 2010) by applying Zhong's Ekeland variational principle.
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1 Introduction
In the present paper, we are concerned with multiple solutions for the nonlinear Neumann

boundary value problem associated with p-Laplacian type,

—div(p(x, Vi) + |ulP?u = Af(x,u) inQ, ®)
o(x, Vu)g—;‘ =rg(x,u) on 9€2,

where the function ¢(x,v) is of type |v|P~2v with a real constant p > 1,  is a bounded
domain in RY with Lipschitz boundary 92, g—z denotes the outer normal derivative of u
with respect to 92, and the functions f, g satisfy a Carathéodory condition. Concerning
elliptic equations with nonlinear boundary conditions, we refer to [3-7].

Ricceri’s three-critical-points theorems which are important to obtain the existence of
at least three weak solutions for nonlinear elliptic equations have been extensively studied
by various researchers; see [8—11]. It is well known that Ricceri’s theorems in [12, 13] gave
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no further information on the size and location of an interval of values A in R for the
existence of at least three critical points.

Based on [1, 2], Bonanno and Chinni [14] obtained the existence of at least two or three
distinct weak solutions for nonlinear elliptic equations with the variable exponents when-
ever the parameter A belongs to a precise positive interval. To obtain the existence of two
distinct weak solutions for this problem, they assumed that the nonlinear term f satisfies
the Ambrosetti and Rabinowitz condition (the (AR) condition, for short) in [15]:

(AR) There exist positive constants M and 6 such that 6 > p and

0<OF(x,t) <f(x,t)t, forxe Qand|t|>M,

where F(x,t) = fotf(x, s)ds and € is a bounded domain in RY.
Moreover, in order to determine the precise positive interval of the parameter for the ex-
istence of multiple solutions of the nonlinear elliptic equations, they observed an embed-
ding constant of the variable exponent Sobolev spaces into the variable exponent Lebesgue
spaces by using Talenti’s inequality (see [16]).

The goal of the present paper is to establish the existence of at least two or three weak
solutions for the problem (P) whenever the parameter A belongs to a precise positive in-
terval. To do this, we give a theorem which is an extension of the recent critical point
theorem in [1] by considering Zhong’s Ekeland variational principle. Roughly speaking,
we give this result under the Cerami condition which is another compactness condition
of the Palais-Smale type introduced by Cerami [17]. First we show the existence of at least
two weak solutions for (P) without assuming that f satisfies the (AR) condition. In re-
cent years, some authors in [18—-23] have tried to drop the (AR) condition that is crucial
to guarantee the boundedness of the Palais-Smale sequence of the Euler-Lagrange func-
tional which plays a decisive role in applying the critical point theory. In this respect, we
observe that the energy functional associated with (P) satisfies the Cerami condition when
the nonlinear term f does not satisfies (AR) condition. This together with the best Sobolev
trace constant given in [3] yields the existence of at least two weak solutions for (P). Finally,
as an application of the recent three-critical-points theorem introduced by [2], we show
that the problem (P) has at least three weak solutions provided that A is suitable.

This paper is organized as follows. In Section 2, by using Zhong’s Ekeland variational
principle, we state some critical point theorems for continuously differentiable functions
with the Cerami condition. In Section 3, we state some basic results for the integral op-
erators corresponding to the problem (P) under certain conditions on ¢, f, and g. In Sec-
tions 4 and 5, we establish the existence of at least two or three distinct weak solutions for

the problem (P) using some properties in Sections 2 and 3.

2 Abstract critical point theorem

Let (X, || - ||) be a real Banach space. We denote the dual space of X by X*, while (-, -) stands
for the duality pairing between X* and X. A function I : X — R is called locally Lipschitz
when, with every u € X, there corresponds a neighborhood U of u and a constant L > 0
such that

’I(v) —I(w)| <L|lv-wl|x foralv,wel.
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If u,v € X, the symbol (J'(u), v) indicates the generalized directional derivative of I at point

u along direction v, namely

(]/(M),V>I= lim sup M

w—u,t—0* t

The generalized gradient of the function [ at «, denoted by 9/(u), is the set
0l(u) := {u* exX*: (u*,v) < (]/(u), v) for all v EX}.

A function I : X — R is called Gateaux differentiable at u € X if there is ¢ € X*(denoted
by I'(u)) such that

o Iu+tv)y—1(u)
lim ————=

t—0%

=I'(u)(v)

for any v € X. It is called continuously Gateaux differentiable if it is Gateaux differentiable
for any u € X and the function # — I'(u) is a continuous map from X to its dual X*. We
recall that if I is continuously Gateaux differentiable then it is locally Lipschitz and one
has (J'(u),v) = I'(u)(v) for all u,v € X.

Definition 2.1 Let X be a real Banach space and let / : X— R be a Gateaux differentiable
function.
(i) I satisfies the Palais-Smale condition ((PS)-condition for short), if any sequence
{u,} C X such that {I(u,)} is bounded and ||I'(z,)]||x+ — 0 as # — oo has a
convergent subsequence.
(ii) I satisfies the Cerami condition (the (C)-condition for short), if any sequence
{u,} C X such that {I(x,)} is bounded and ||I'(u,)||x*(1 + ||u,|lx) — O as n — oo has

a convergent subsequence.

Now, let ®, ¥ : X — R be two continuously Gateaux differentiable functions; put
[=d -V

and fix p € [-o00, +00], we say that the function I verifies the Cerami condition cut off
upper at u (in short, the (C)-condition) if any sequence {u,} such that I satisfies the
Cerami condition and ®(u,) < u, for any # € N, has a convergent subsequence.

As a key tool, recall the following lemma, which is a generalization of Ekeland’s varia-

tional principle [24] due to Zhong in [25], Theorem 2.1.

Lemma 2.2 [26] Leth:[0,00) — [0, 00) be a continuous nondecreasing function such that
fooo 1/(1 + h(r)) dr = +oc. Let M be a complete metric space and x, be a fixed point of M.
Suppose that f : M — R U {+00} is a lower semicontinuous function, not identically +00,
bounded from below. Then, for every € > 0 and y € M such that

fy < ijr\14ff+8,
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and every A > 0, there exists some point z € M such that

f@) <f), dz,x0) <7 +r0,

and

&

J&) =@ - S e

dx,z) forallxe M,

where d(x,y) is the distance of two points x,y € M, ro = d(xo,y), and r is such that

/r0+17 1 4
r>A
o 1+h(r)

Remark 2.3 [26] To employ Lemma 2.2, we give a specific function 4. If we define the

function % by h(r) := r + d(xo, 0), then it is continuous and nondecreasing. Setting x¢ := y
and d(y,2) := |ly—zllx. Then we see that h(d(y, 2)) = d(y,2) +d(y, 0) = ly—zllx + lylx = llzllx
and hence

£ £
T hd0,2) — A0+ 2l

Since ry = 0 and

| r 1 7 1+7
)»5/ —dr:/ 4dr=[ln|l+r+||y||x|]0=1n‘L”y”X ,
o 1+h(r) o L+r+ylx 1+ [lyllx

if we take, for each n € N,

1
Ay = ln<1 + 7> >0,
n(L+lyllx)

then we can get 7, = 1/n. Also,

En
——0 asn—o0,
n

where ¢, := A2 > 0.

We point out the following consequence of Zhong’s Ekeland variational principle in

Lemma 2.2.

Lemma 2.4 Let X be a real Banach space and let I : X — R be a locally Lipschitz function
bounded from below. Then, for all minimizing sequences of I, {u,}nen < X, there exists a
minimizing sequence of I, {v,}uen C X, such that for any n e N

—&,lh
_ —eallhllx

1) < 1ey) - and - (I0a) )2 2020

forallh e X, and n e N, where ¢,—0*.
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Using Lemma 2.4, we obtain the following result; see [27] for the case of (PS)-condition
cut off upper at . The proof of this theorem proceeds in the analogous way to that of
Theorem 3.1 in [27].

Theorem 2.5 Let X be a real Banach space and let ®,V : X — R be two continuously
Gateaux differentiable functions with ® bounded from below. Put

I=0-V¥
and assume that there are xo € X and r € R, with u > ®(xo), such that

sup  W(u) < pu—D(xo) + W(xo). (2.1)
ued=1((~o0,u))

Moreover, assume that I satisfies (C)/-condition. Then there is a uy € ®((~o0, i) such
that I(ug) < I(u) for all u € ®1((—oo, ) and I'(ug) = 0.

Proof Put
M = — P (xo) + ¥(xo), (2.2)
Wy () = W(y) ifW(u)<M,
M ifWw) > M,
Iy = O — Wy,

Then it is obvious that Iy is locally Lipschitz and bounded from below. Now, given a se-
quence {u,},ey in X satisfying lim,,_, o Ip(1,,) = infx Iy, according to Lemma 2.4 there is

a sequence {V,},en in X such that

Enllhllx

lim 1, ) =1nfl d (I ) h) = ——————
im Lyr(v,) v an i) ) 1+ lvallx

Jim >
for all # € X and for all n € N, where g, — 0*. If I;;(xg) = infy I); then x, verifies the
consequence. Indeed, if u € ®71((—oo, 1)), the inequality (2.1) implies that W(u) < M
and Iy (#) = I(x) for all u € ®~1((—o0, 1)), and hence I(xg) = Iy(xo) < Iy(u) = I(u) for
all u € ®71((—o00, i)). So, we assume infy Iy; < Iyr(xp). Therefore, there is an N € N such
that Iy;(v,) < Ir(xo) for all n > N. Now, we claim that ®(v,) < u for all #» > N. Since
D(v,) — War(vy) < D(xg) — War(g), we assert that

D(v,) < War(vy) + Pxo) — W(xo) <M + P(xo) — Wixo) = 1,

as claimed.

Hence, one has Iy(v,,) = I(v,) and (I},(v,,), h) = I'(v,)(h) for all n > N. Therefore it follows
from Lemma 2.4 that
enllhllx

lim I(v,) = lim Iy(v,) =infl; and I'(v,)(h) > ————,
n—00 n—00 X 1+ ||Vn||x
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that is, lim,— oo(1 + [|[Vullx)IlZ' (V) |lx+ = O. Since I satisfies (C)[“I-condition, {v,} admits a
subsequence strongly converging to v* in X as n — oo. So, I(v*) = infx Ins < In(u) = I(u)
for all u € ®~1((—o0, 1)), that is,

I1(v*) <I(u) (2.3)

for all u € ®71((—o0, u)). Since ®(v,) < u for all # > N, the continuity of ® implies that
vt e ®71((—o0, u]).

If v* € ®71((—o00, u)), by the inequality (2.3) the conclusion holds. If ®(v*) = u, first we
observe that W (v*) < M. In fact, taking into account that I(v*) = I;(v*), we have u— W (v*) =
w— W (v¥) and W(v*) = Wp(v*) < M. Next, we prove that I(v*) = I(xy). Indeed, suppose
that I(v*) < I(xg); from (2.2) we have

I(v) == W(v*) > - M = D(xo) — W(xo) = 1(x0),

that is, I(v*) > I(xo) and this contradicts with the assumption. Hence, from the inequality
(2.3) we have I(xo) < I(u) for all u € ®~1((—o0, ) and also in this case the conclusion is
achieved. O

The next result is an immediate consequence of Theorem 2.5. This is crucial to get the

existence of at least two distinct weak solutions for the problem (P) in the next section.

Theorem 2.6 Let X be a real Banach space, ®, ¥ : X — R be two continuously Gdteaux
differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0. Fix

>0 and assume that, for each

S <0 K )
SUP,, 1 ((—oou) ¥ (%)

the functional I, := & — AV satisfies (C)-condition for all . > 0 and it is unbounded from
below. Then, for each

A <0 i )
SUP -1 (<00 ¥ (1)

the functional I, admits two distinct critical points.

SUPyye 1 (—oo,)) ¥ ()

Proof Fix X as in the conclusion. One has m

in ®1((—o00, u)) such that

< %, so there is an element x,

Supu€¢f1((_oo,u)) \I/(u) - lII(JC()) < Supu€¢f1((_oo‘m) \Ij(u) < l
= D (xo) 7 A

This implies

sup AV (u) < — D(xg) + AW (xp).
ued-1((—oo,1))
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Hence, it follows from Theorem 2.5 that I, admits a local minimum. Since I, is unbounded
from below, it is not strictly global and the mountain pass theorem ensures the conclu-
sion. g

Combining [27], Remark 7.1, with [2], Theorem 3.6, we get the following assertion.

Theorem 2.7 Let X be a reflexive real Banach space, ® : X — R be a coercive, contin-
uously Gateaux differentiable and sequentially weakly lower semicontinuous functional,
W : X — R be a continuously Gateaux differentiable functional whose Gdteaux derivative
is compact such that

irel)f(cb(u) = ®(0) =¥ (0)=0.

Assume that the functional I, satisfies (C)-condition for all . > 0 and that there exist a

positive constant . and an element i € X, with u < ®(it), such that

(A1) “Pee ) 4@,
u u)’
_(2(®) W , , ,
(A2) foreach e A, := (W’ W), the functional I, is coercive.

Then, for each A € A, the functional I, has at least three distinct critical points in X.

Proof The proof is essentially the same as in that of [2]. d

This is an immediate result of Theorem 2.7. This plays an important role in obtaining
the fact that the problem (P) admits at least three distinct weak solutions.

Corollary 2.8 Let X be a reflexive real Banach space, ® : X — R be a coercive, contin-
uously Gdteaux differentiable and sequentially weakly lower semicontinuous functional
whose Gdteaux derivative admits a continuous inverse on X*, ¥ : X — R be a continu-

ously Gateaux differentiable functional whose Gdteaux derivative is compact such that
inf ®(u) = ®(0) = ¥(0) = 0.
ueX

Assume that there exist a positive constant | and an element u € X, with p < ®(u), such
that
(A1) _S“Pd><u)iﬂ‘“<”l < v,

(@)’
(A2) foreach A € A, the functional I, is coercive.

Then, for each ) € A,,, the functional I, has at least three distinct critical points in X.

Proof Since Géteaux derivative of ® admits a continuous inverse and ,, is coercive, I; sat-
isfies (C)-condition. Hence, applying Theorem 2.7 to the function /; the conclusion is
obtained. O

Corollary 2.9 Let X be a reflexive real Banach space,  : X — R be a coercive, contin-
uously Gateaux differentiable and sequentially weakly lower semicontinuous functional,
W : X — R be a continuously Gateaux differentiable functional whose Gdteaux derivative
is compact such that

irel)f(cb(u) =®(0) =¥ (0) =0.
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If I, is bounded from below and satisfies (C)-condition for any A > 0, and there exist (v > 0
and u € X, with u < ®(it), such that

Sup(b(u)S/L \IJ(M) < \IJ(I:{)
2 (1)

then, for each ) € A, the functional I, has at least three distinct critical points in X.

Proof Since I, is bounded from below and satisfies (C)-condition, I, is coercive; see [28].
Hence, by Corollary 2.8 the conclusion is obtained. O

3 Basic concepts and preliminary results
In this section, we first collect some preliminary properties that will be used later.
Throughout this paper, consider the Sobolev space X := W#(2) with the usual norm

1

P

||u||x=</ IVu|p+|u|pdx> .
Q

Lemma 3.1 [8, 29] Let Q@ C RN be an open bounded domain with Lipschitz boundary.
Let p € [1,N) be a constant. Then there is a continuously embedding X — L7 (Q) where
pr= NN—ZJ. Moreover, for every q € [1,p*) the embedding X — L1(S2) is compact.

Lemma 3.2 [8] Let Q@ C RN be an open bounded domain with Lipschitz boundary. Let p €
[1,N) be a constant. Then there is a continuous boundary trace embedding X — v (0R2)
(N-1)p

where p° = N Moreover, for every r € [1,p°) the trace embedding X — L"(dR) is com-

pact.

Definition 3.3 We say that u# € X is a weak solution of the problem (P) if

/go(x,Vu)~Vvdx+/ Iulp‘zuvdx=A/f(x,u)vdx+k/ g, uyvds
Q Q Q 90

for all v € X, where dS is the measure on the boundary.

We assume that ¢ : Q x RN — R¥ is the continuous derivative with respect to v of the
mapping g : 2 x RN - R, &g = ®y(x,v), that is, ¢(x, v) = %Qo(x, v). Suppose that ¢ and
D, satisfy the following assumptions:

(J1) The equality

Do(x,0)=0

holds for almost all x € 2.
(J2) There is a function a € L” () and a nonnegative constant b such that

o, v)| < alx) + blvP™!

for almost all x € Q2 and for all v € RN where 1/p + 1/p' = 1.
(J3) @o(x,-) is strictly convex in RN for all x € Q.
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(J4) The relations
divP <e(x,v)-v and d|v) <pPo(x,v)

hold for all x € Q and v € RY, where d is a positive constant.
(J5) There exists a constant 41 > 0 such that

H(x,sv) < Hix,v) + g

for ve RN and s € [0,1], where H(x,v) = p®o(x,v) — ¢(x,v) - v for almost all x € Q.
Let us define the functional ® : X — R by

1
CD(u):/ Cbo(x,Vu)dx+/ —|ul? dx.
Q Qb

Under assumptions (J1)-(J2) and (J4), it follows from [30] that the functional ® is well
defined on X, ® € C'(X,R), and its Fréchet derivative is given by

(dD’(u),v):/¢(x,Vu)-Vvdx+/ \ulP~2uv dx,
Q Q

for any ¢ € X.

Example 3.4 Let us consider

2
@(x,v) = (1 + L)IVII”’ZV
V1+ v

and
Do(x,v) = I%(M” +y/1+[v? 1)

for all v € RN. Then the direct calculation shows that H(x, sv) < H(x,v) + 1 for all s € [0,1],
and so the assumption (J5) holds for p; > 1.

The following assertion can be found in [31]; see also [32].

Lemma 3.5 [31] Assume that (J1)-(J4) hold. Then the functional ® : X — R is convex and
weakly lower semicontinuous on X. Moreover, the operator @' is a mapping of type (S,),
ie,ifu, ~uinX asn— oo andlimsup,_, . (D' (u,) — Y (u), u, —u) <0, then u, — u in
X asn— oo.

Corollary 3.6 Assume that (J1)-(J4) hold. Then the operator ®' : X — X* is strictly mono-
tone, coercive and hemicontinuous on X. Furthermore, the operator ®' is a homeomor-
phism onto X*.

Proof It is obvious that the operator @’ is strictly monotone, coercive, and hemicontin-
uous on X. By the Browder-Minty theorem, the inverse operator (®')! exists; see Theo-
rem 26.A in [33]. Since @’ is a mapping of type (S, ), by Lemma 3.5, the proof of continuity
of the inverse operator (®’)~! is obvious. O
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Next we need the following assumptions for f and g. Denoting F(x,t) = fot f(x,5)ds and
Glx,t) = fot g(x,s) ds, then we assume that:
(F1) f:Q x R — R satisfies the Carathéodory condition in the sense that f (-, ¢) is
measurable for all £ € R and f(x, -) is continuous for almost all x € Q.
(F2) f:Q x R — R is a continuous function and there exist two constants d; > 0 and
dy > 0 such that

If (%, 0)| < dy +d|t]*7,

forall x € Q and for all t € R, where p <« < p*.
(G1) g:9% x R — R satisfies the Carathéodory condition and there exist two constants
ds > 0 and dy > 0 such that

g, )] < ds +dalt|P7,

for all x € 32 and for all € R, where p < 8 < p°.
Under assumptions (F1), (F2), and (G1), we define the functionals ¥;, ¥, : X — R by

Wy (u) = / F(x,u) dx, Wy (1) :/ Gx,u)dS and W(u)=W;(u)+ ¥y (u).
Q aQ
Then it is easy to check that Wy, ¥, € C}(X, R) and these Fréchet derivatives are

(\II{(u), v) = /f(x, u)vdx and (\IJé(u), v) = / g, u)vdS
Q Flo)
for any u,v € X. Next we define the functional /, : X — R by
L(u) = ®(u) — AW (u).

Then it follows that the functional I, € C'(X,R) and its Fréchet derivative is

(Ii(u),v>=/¢(x,Vu)-Vvdx+f |u|p’2uvdx—)»/f(x,u)vdx—)»/ glx,u)vdS
Q Q Q aQ
for any u,v € X.

Lemma 3.7 Assume that (F1)-(F2) and (G1) hold. Then V and V' are weakly-strongly
continuous on X.

Proof Proceeding like the analogous argument in [34], it follows that functionals W and
W’ are weakly-strongly continuous on X. O

To localize precisely the intervals of A for which the problem (P) has at least two or three
distinct weak solutions, we consider the following eigenvalue problem:

—div(|VulP2Vu) + |ulP~2u = im(x)|u|??u  in Q,

u _ on 9.

=

(E)
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Definition 3.8 We say that A € R is an eigenvalue of the eigenvalue problem (E) if
/ |VulP2Viu - Vvdx + / lulP2uvdx = A/ m(x)|u|? " uv dx
Q Q Q

holds for any v € X and p < g < p*. Then u is called an eigenfunction associated with the

eigenvalue A.

Now we obtain the positivity of the infimum of all eigenvalues for the problem (E). Al-
though the idea of the proof is completely the same as in that of Lemma 3.1 in [29], for the

sake of convenience, we give the proof of the following proposition.

Proposition 3.9 Assume that
(H1) m(x)>0 forallx € Qandm e LV%I (2) with some y satisfying q <y < p*.
Then the eigenvalue problem (E) has a pair (A, u;) of a principal eigenvalue A and an

eigenfunction u; with 11 >0 and 0 <u; € X.

Proof Set

A= inf{/ VP + |v|”dx}
Q

the infimum being taken over all v such that fQ m(x)|v|?dx = 1. We shall prove that 1, is
the least eigenvalue of (E). The expression for A; presented above will be referred to as
its variational characterization. Obviously A; > 0. Let {v,,}72; be the minimizing sequence

for Ay, ie.,
/ m(x)|v,|?dx=1 and f [V P + v, P dx =21+, (3.1)
Q Q

with 8, — 0% for n — o0. It follows from (3.1) that ||v,||x < ¢ for some constant ¢ > 0.
The reflexivity of X yields the weak convergence v, — u; in X for some u; (at least for
some subsequence of {v,}). The compact embedding X < L?(2) implies the strong con-
vergence v, — u; in L7 (). It follows from (H1), (3.1), and the Minkowski and Holder

inequalities that

1= lim (f m(x)|v,,|‘1dx)q
n—00 Q
< lim </ m(x)|v, —u1|qu>q + </ m(x)|u1|qu)q
n— 00 Q Q
< tim ([ o) "7 as) " ([ wo-airas) " ([ i)’
= (/ M(x)lullquy,
Q

<
=
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and analogously

</Qm(x)|u1|qu)q < n]g;(/g(m(x))f‘qu)q_y(/s;|u1_vn|7/ dx>7
li a7d ! =1
+ningo</52m(x)|v | x)

Hence
/ m(x)|up|1dx =1.
Q
In particular, #; # 0. The weak lower semicontinuity of the norm in X yields

?»15/ [Vi? + | ? dox = |l I < liminf [|v, %
Q Hn—>0Q

n—0o0

= ]iminf{/ [V, [P + v, |P dx} =liminf(A; + 8,) = Aq,
Q n—0o0

A =/ [V |P + |uy P dx. (3.2)
Q

It follows from (3.2) that A; > 0 and it is easy to see that A; is the least eigenvalue of (E)
with the corresponding eigenfunction u;.

Moreover, if u is an eigenfunction corresponding to A then |«| is also an eigenfunction
corresponding to A;. Hence we can suppose that #; > 0 a.e. in Q. |

4 Existence of two weak solutions
In this section, we present the existence of at least two distinct weak solutions for the
problem (P). To do this, we assume that

(F3) limy— oo % = oo uniformly for almost all x € €.

(F4) There is a constant wy > 0 such that

Flx,t) < F(x,8) + o

foranyx € Q,0<t<sors<t<0,where F(x,t) = tf(x,t) — pF(x, ).
(F5) limsup,_,, — (Ii)(l’;"sgl‘_l
q<&<p”.
(F6) limsupg_, (ess SUp,co U‘;(l’;'ﬂ‘) < 00, where g € R satisfies p < g < p*.
(G2) limjg- oo % = oo uniformly for almost all x € 9€2.

(G3) There is a constant w3 > 0 such that

< 0o uniformly for almost all x € 2, where & € R with

g(xr t) < g(x! S) + U3,

forany x € 92, 0 <t <sors<t<0,where G(x,¢t) = tg(x,t) — pG(x, t).
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lg(x,s)|
Isf5271

(G4) limsup,_,,

q<&<p’.
(G5) limsupyg_, o (ess SUP,che liﬁf’ff') < 00, where r € R satisfies p < r < p.

< 0o uniformly for almost all x € 92, where & € R with

With the help of Lemmas 3.5 and 3.7, we prove that the energy functional I, satisfies
the (C)-condition for any A > 0. This plays an important role in obtaining our first main

result.

Lemma 4.1 Assume that (J1)-(J5), (F1)-(F4), and (G1)-(G3) hold. Then the functional I,
satisfies the (C)-condition for any A > 0.

Proof Note that W] and W) are the mapping of type (S,) by Lemma 3.7. Let {u,} be a
(C)-sequence in X, ie., {I,(u,)} is bounded and ||} (z,,) | x+ (1 + ||z¢] x) — O as n — 00, so
that sup |, (u,,)| < M for some M > 0 and (I} (u,), u,) = o(1). Since X is reflexive and ] is
the mapping of type (S,), it suffices to verify that {u,} is bounded in X. Indeed, if {u,} is
unbounded in X, we may assume that ||u,||x >1 and ||u,|x — oo as n — co. We define a
sequence {w,} by w, = u,/||u,|lx, n=1,2,.... It is clear that {w,} C X and ||w,|x =1 for
any #n. Therefore, up to a subsequence, still denoted by {w,}, we see that {w,} converges

weakly to w € X and, by Lemmas 3.1 and 3.2, we have

wy(x) — w(x) a.e.in Q and 02,
(4.1)
wy— w inL%)and LA(3Q) asn— oo.

Let Q = {x € Q: wx) #0}. If x € Qo N, then it follows from (4.1) that |u,(x)| =
[Wu ()|l ten|lx — 00 as m — oco. Similarly we know by (4.1) that |u,(x)| — oo as n — o0
for x € Q¢ N Q. According to (F3) and (G2), we have

Flx, . F(x,u,
. (%, u ;x)) _ (o6, () wa@)] =00, xeQNQy, (4.2)
0o ully  nmoo |ua(x)lP
and
m Gy G o xeanna. (43)
nooluglly  nooo |u,(x)P

In addition, the condition (F3) implies that there exists ¢y > 1 such that F(x, ¢) > |¢|? for all
x € Qand |¢] > to. Since F(x,t) is continuous on Q x [—to, ty] by (F2), there exists a positive
constant C; such that |F(x,t)] < C; for all (x,£) € Q x [—£y, t,]. Therefore we can choose a
real number C, such that F(x,t) > C, for all (x,£) € Q x R, and thus

P u,3) = Cy

7 >
llotn Il

’

for all x € Q and for all #n € N. Similarly, using the assumption (G2), we see that there exists
a constant C3 € R such that

G(x, un(x)) — C3 -

p — )
ll2tn Iy
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for all x € 92 and for all n € N. Also, using the assumption (J2), we get

1
Li(u,) = / CDo(x,Vun)dx+/ —|un|pdx—A/F(x,un)dx—A/ G(x,u,)dS
Q QP Q aQ
b 1
§/a(x)|Vun|dx+—/ |Vu,,|pdx+—/ Iu,,lpdx—k/F(x,u,,)dx

Q pJa pJa Q

—A/ G(x,u,)dS

FYe)

< (2||a||Lp/(Q)+b+1)||u,,||1;(—)»/QF(x,un)dx—A/m G(x, uy,) dS.

It follows that
7

1
2llall +b+1> 7([,\(%1) +k/ F(x,u,,)dx+)»/ G(x,u,,)dS) (4.4)
X Q Ffe!

for n large enough. We claim that |2| = 0. In fact, if |2¢| # 0, then by (4.2), (4.3), (4.4),

and the Fatou lemma, we have

2||a||Lp/(Q) +b+1

1
> liminf 5 (I,\(u,,)+)\/‘ F(x,un)dx+kf G(x,u,,)dS)
n=>00 |luy, |y Q a0
F(x, -C L. G(x, -C
= liminf / —(x o (x); 2 dx + liminf / —(x uy,(x)z 3 4s
n—>o0 Jo (7215 n—=00 Jyq (7215
F i _C . . G yhp _C
2/ liminfw)l),zdx+v/ l1m1nf%)lz3 das
Qng, " (E7 (5% aney P (22155
F ’ n . C
:/ liminfm|wn(x)|pdx—/ lim sup 2p dx
ang " |u.(x)P engy n—ooe |lually
G(x, uy i C
" / liminf EE5 O o gs / lim sup —>— dS
sang, " |u,(x)P aney n—oo  lunlly
=00,

which is a contradiction. This shows that |€2o| = 0 and thus w(x) = 0 almost everywhere
in Q.

Since I, (tu,) is continuous in ¢ € [0, 1], for each # € N there exists ¢, in [0,1] such that

L(t,u,) .= max L (tu,).
te[0,1]

Let {R} be a positive sequence of real numbers such that limy_, o, Ry = 00 and Ry > 1 for
any k. Then ||[Rgw, || x = Rr > 1 for any k and #n. For fixed k, we derive from the continuity

of the Nemytskii operator that F(x, Rgw,) — 0 in L'(2) and G(x, Ryw,,) — 0 in L}(9Q2) as

n — 00, respectively. Hence we assert that

lim | F(x,Rew,)dx=0 and lim G(x,Ryw,)dS = 0. (4.5)
n—0oQ Q

n—00 a0
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Since ||lu,||x — oo as n — 00, we also have ||u,||x > R; or 0 < IIuika <1 for n large enough.
Hence, using the assumption (J4) and (4.5) it follows that

R
Ik(tnun) Zb»( J un> ZIX(Rkwn)
ll2n |l x
1
= f dDO(x,|VRkw,,|)dx+/ —|Rkwn|pdx—A/F(x,Rkwn)dx
Q Qb Q
—A[ G(x, Rxyw,) dS
a0
d 1
> —/ VR w,|P dx + —/ |Rkw,,|1”dx—k/ F(x, Rew,,) dx
pPJa pPJa Q
—)»/ G(x,Rew,) dS
aQ
> Cyl|Rewy |5 — * / F(x, Ryw,)) dx — A / G(x, Ryw,) dS
Q aQ
C
> R
2

for some positive constant C4 and for any # large enough. Then letting # and k tend to
infinity, it follows that

lim I, (t,u,) = co. (4.6)
n—0o0

Since ,(0) = 0 and |; (u,)| < M, itis obvious that ¢, € (0,1) and also (I, (¢,u,), t,u,) = 0(1).
Therefore, due to the assumptions (J5), (F4) and (G3), for n large enough, we deduce that

1
L (tyttn) = Li(Enttn) - _<1;L(tnun)¢ tnun) +o(1)
p
1
= f d>0(x,thun)dx+/ — |t u,lP dx
Q Qb
1
—A/ F(x,t,,u,,)dx—k/ Glx, t,u,)dS — —/ o, t,Vu,) - (t,Vu,) dx
Q aQ pPJa

1 A A
——/ |tau,l? dx + —ff(x,tnun)tnundx+ —f glx, tyu,)t,u, dS + o(1)
bJa pJgo P Jao

IA

1 1
—/H(x,thun)dx+/ — |t unlP dx
pPJa Qb

1 A A
——/ |tau,l? dx + —/ F(x, t,u,) dx + —/ G(x, t,u,)dS + o(1)
pPJa pPJa P Jsa

1 1
< —/(H(x,Vu,,)+/L1)dx+/ = |unlP dx
pJa Qb
1 A A
——/ |un|pdx+—/(]:(x,un)+uz)dx+—/ (G(x, un) + p3) dS + o(1)
pJa pJeo b Jiq
1
< / CDo(x,Vun)dx+/ —|un|de—A/F(x,un)dx—A/ G(x,u,)dS
Q Qb Q Q

1
——</ (p(x,Vu,,)~Vu,,dx—/ |un|pdx—)»/f(x,un)u,,dx
P \Ja Q Q
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- / glx, uy)uy, dS)
FYe)

A A
+ = (1 + ) |2] + — usl 92 + o(1)
p p
1,, s s
= L(n) = =(L (), ) + = (1 + p2) |20 + =31092] + 0(1)
p p p

A A
SM+ — (1 + pu2)|Q2 + —p3]0L2]  asn— oo,
V4 p

which contradicts with (4.6). This completes the proof. d

Remark 4.2 It is easily to confirm that the conditions (F1) and (F5) imply that f(x,0) =0
for almost all x € Q. Otherwise there exists A C 2, |A| > 0 such that |[f(x,0)| > 0 for all

x € A. Hence limg_, ¢ —~ (Z )(E\SE)J—I = oo for all x € A, contradicting (F5). In addition, we get
: |F(x,5)| . . ILTA s
limsup,_, ¢ - wE < uniformly almost everywhere in €2, by the L’'Hopital rule. Define

the crucial value

Cr = esssup M

. (4.7)
sfoxen M(x)|s|7L

Then it follows from the analogous arguments in [10] that C; is a positive constant. How-
ever, since the conditions of f are slightly different from those of [10], we discuss this fact.
Indeed, Cy > 0 having f # 0 and Cy < o0, since first, by (F7)

AL 111%(7Wx’s)| )Islgl“’ =0

s=>0 m(x)|s|77! m(x)|s|o!

uniformly almost everywhere in €2, having g < &. This, together with the assumption (F6)

yields Cr < oo. Similarly, we assert that g(x, 0) = 0 for almost all x € €2 and the crucial value

lg(x, )]
-1

Cq = esssup

(4.8)
s/0xcan IS

is a positive constant. Furthermore, the following relations hold:

Fs) _ G

esssup =
s#0,40€Q2 Wl(x)|S|q q

and

G 3| _C

esssup .
sfoxeae ISP p

Remark 4.3 [3, 8, 16] From the embeddings in Lemmas 3.1 and 3.2, for any u € X, the

following inequalities hold:

slulla@) < llulx and  Slullree) < lullx
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for every q € [1,p*) and r € [1, p°). The best constants for these embeddings are the largest

constants s and s such that the above inequalities hold, that is,

(172055

Sq = mn T

ueX\(0) ||l za(q)
and

. . llzell x

r = —_.
ueX\(0} || ull a0

Moreover, since these embeddings are compact by Lemmas 3.1 and 3.2, we have the exis-

tence of extremals, namely, functions where the infimum is attained.

Theorem 4.4 Assume (H1), (J1)-(J5), (F1)-(F6) and (G1)-(G5) hold. Then
(i) there exists a positive constant £, = min{d, 1}1,/(Cr + klcgEI;l) such that the problem
(P) has only the trivial solution for all X € [0, £,);
(ii) there exists a positive constant X such that the problem (P) admits at least two
distinct weak solutions in X for each : € (£, x).

Proof We prove the assertion (i). Let # € X be a nontrivial weak solution of the prob-
lem (P). Then it is clear that

fgo(x,Vu)-Vvdx+/ |u|p’2uvdx=)\/f(x,u)vdx+)»/ glx,u)vdS
Q Q Q

aQ

for any v € X. If we put v = u, then it follows from (J4) and the definitions of C; and C, that

min{d, 1}, (/ |VulP dx + / |ul? dx)
Q Q
<A </ o(x,Vu) - Vudx + / |ul? dx)
Q Q
= )\1)\.(/f(96, u)udx +/ glx, u)udS)
Q a0

sm( Mm(x)|u|qu+/ g(x’”)mv’ds)
a

o m(x)|ul?! o lulP?
§A1A(Cf/ m(x)|u|qu+Cg/ |u|”dS>
Q a9

5)»@(/ IVulpdx+/ Iulpdx) +A1ACg/ |ul? dS
Q Q a0

§A(Cf+A1Cg§pl)<L|Vu|pdx+/;z|u|pdx).

Thus if # is a nontrivial weak solution of the problem (P), then necessarily A > £,
min{d, 1}A1/(Cs + 11Cg5,"), as claimed.

Next we prove the assertion (ii). It is obvious that ® is bounded from below and ®(0) =
W (0) = 0. By the conditions (F3) and (G2), for any C(M) > 0, there exists a constant § > 0
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such that
F(x,n) > C(M)|nl’ and G(x,n) = C(M)nl (4.9)

for |n| > § and for almost all x € Q. Take v € X \ {0}. Then the relation (4.9) implies that

I)L(tV)=/ <I>0(x,tVV)dx+/ l|tv|"dx—k</‘ F(x,tv)dx+/ G(x,tv)dS>
Q QP Q a0

d 1
5/ —|th|pdx+/ —Itvlpdx—k(/ F(x,tv)dx+/ G(x,tv)dS)
Qb QP Q Ele}
d 1
515”(/ —|Vv|pdx+f —|v|”dx—)»C(M)<f |v|1”dx+f |V|pd5>)
Qb QP Q Q

for sufficiently large ¢ > 1. If C(M) is large enough, then we assert that [, (tv) — —oo as
t — o0o. Hence the functional I, is unbounded from below. Proposition 3.9 and relations
(4.7) and (4.8) imply that

\IJ(u)=/F(x,u)a,’x+/a G(x,u)dS

/ |Fx)lulq

< —f/ m(x)|u|qu+—g/ |ul? dS

5( + )(/ |Vu|pdx+/ |u|pdx>
Mg ps,

< ;<Cf‘n +§ )(/ ¢0(x,Vu)dx+/ l|u|pdx).
min{d,1} \ lig S, Q Qb

For each u € ®71((-o00, u)), it follows that

1
@(u):f d>0(x,Vu)dx+/ —|ulf dx < .
Q QP

Denote

- Cp Co\™
k:min{d,l}<£+§_g> .
p

Hence we assert that

1 sup \I/(u)<;<cfp+(3):i<l.
H e ((—c0)) min{d,1} \Lig 3, A A

According to Lemma 4.1, we see that the functional I, satisfies (C)-condition for each
S (6*,5»). Therefore, all assumptions of Theorem 2.6 are satisfied, so that, for each A
(€., 1), the problem (P) admits at least two distinct weak solutions in X. This completes
the proof. O
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5 Existence of three weak solutions
Now, we deal with the existence of at least three weak solutions for the problem (P). We
start from the following conditions:

(F7) There exist a real number sy and a positive constant ry so small that

/ F(x,1s0]) dx > 0,
BN (x0,r0)

and F(x, t) > 0 for almost all x € By (xo,70) \ Bn(xg,0ry) with o € (0,1) and for all
0 <t <|so|, where By(xo,70) = {x € 2: |x —x0| <710}
(E8) f satisfies the following growth condition: for all (x,s) € @ x R,

If (%, 9)| < a1 (x) + by (x)[s| 7,

where a; € L7 (Q) with p < g < p*, y1 < p, by € L"(Q) with v, >1 and there exists
t1 € R such that

1
p<ti<p* and —+&:1.
V1 tl

(G6) There exists a positive constant d such that
G(x,8)>0

for almost all x € Q2 and for all s € [0, d].
(G7) g satisfies the Carathéodory condition and the following growth condition holds:
for all (x,5) € 92 x R,

|g(x,9)] < as(x) + ba()Is> 7,

where a, € Lq’(asz) with p < g < p?, y» <p, by € L2(3) with vy > 1, and there
exists £, € R such that

1
pftzfpa and —+£=1.
Vo ty

Lemma 5.1 Assume that (J1)-(J4), (F1), (F5), (F8), (G4), and (G7) hold. Then

su; W(u
im SPew=n YW _
n—0+ “

Proof By the conditions (F5), (F8), (G4), and (G7), there exists a positive constant 1 € (0,1]
such that

F(x,s) <M;ils|® and G(x,s) < Ni|s|® (5.1)

for positive constants Mj, Nj, for almost all x € Q and for all s € [-5, n]. Let us consider
some positive constants My, M3, Ny, and N3 given by
Co(Is| + [s™) C7(Is] + [s[™)

M, :sup—s and M;= sup BT —
[s|>1 |S| 1 n<|s|<1 |5| 1
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C. Y2
and N3 = sup M)

n<|s|<1 |S|Ez

Cs(Is| +Is|™)

N, =su e

|s|>1

for some positive constants C; and Cg. Then it follows from (5.1), (F8) and (G7) that
F(x,s) <M]|s|® and Glx,s)<N]|s|*?

for almost all x € Q and for all s € R, where M = max {M;, My, M3} and N = max{Nj,
N, N3}.

If 11 satisfies (min{d, 1}/p)||lull5 < u <1, where d is the positive constant from (J4), then
by Lemmas 3.1 and 3.2, for some positive constants Cy and Cjg, we have

W(u):/[-'(x,u)dx+/ G(x,u)dS
Q

aQ

<Mf |u|51dx+N/ |u|®2 dS
Q Q2

&1 & i 5
< Gollully + Collully < Cou? +Cyou?,

where & > p and &, > p. It follows that

SUP min(d,1) < W (u)
lim P =0.
u—>07* 1%

For any u € ®~}((—oo, u]) with u < min{d,1}/p, we know that ®(x) < y and so using the
assumption (J4), we get

in{d,1 1
w(f |Vu|1”dx+/ |u|pdx> 5/ <I>0(x,Vu)dx+f —|ulP dx < .
V4 Q Q Q QP

Hence we deduce that

V4
Vulf d. Pdy < ——— 1.
/Q| ul x+/ﬂ|u| x_min{d,l}u<

This inequality implies that | «| x < 1. It follows that
in{d, 1 1
LRy s/ d>o(x,w>dx+/ ~ul? dx < .
4 Q Qb

So we can get

N P e )

Then it follows that
su Wy SUpP minia, 1y, 2 _, V(1)
0< lim Powy<y V(@) < lim UL iyl < o
u—>07* “ u—>07* u

and therefore the conclusion holds. O
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Theorem 5.2 Assume that (J1)-(J4), (F1), (F7), (F8), and (G6)-(G7) hold. Then for each

A € Ay, the problem (P) has at least three distinct weak solutions in X for each h € A, =

d’(“g) W
W(up)’ SUPD (u)ep W(u) )

Proof All assumptions in Corollary 2.8 except the conditions (A1) and (A2) hold by Corol-
lary 3.6 and a similar argument to Lemma 3.7. Note that sy # 0 be from (F7). For ¢ € (0,1),
define

0 if x € @\ By(x0,70),
U () = { Isol if x € Bn(xo, 070), (5.2)

%(m —x—xol) if x € Bn(x0,70) \ Bn (o, 070).

It is clear that 0 < u,(x) < |so| for all x € Q, and so u, € X. Moreover, we have

|50/ (1 = 0™) nop

gy = =2 70 " >0,

where wy is the volume of By/(0,1). Also, by using the assumption (F7), we get
s
‘-If(ug):/ F(x, |s0|)dx+/ F(x,L(ro—pc—xoD) dx
B (x0,0r0) BN (%0,70)\BN (%0,070) ro(1-0)
> 0.
Let us check the assumption (A1) in Corollary 2.8. Fix a real number 1 such that
1 . . » 1 .
0 < 14 < o < — min{d, Iy min{|lu, [, 1} < = min{d, 1},
p p

where u, was defined in (5.2). By Lemma 3.2 and (J4), we have

1
CD(uQ):/ d>0(x,VuQ)dx+/ —|u, | dx
Q QP

d 1
z/ —IVuQIde+/ —|u,lP dx
QP Qb

min{d, 1}
> T”MQHP > o >[4

From Lemma 5.1, we obtain

sup U(y) <
ued=1((-oo,u])

1Y) M‘If(ug)
2 D(u,)  Pu,)

that is,

lIJ(I/lg)
(D(ug)

sup Y(u)<p
ued=1((-oo,u])
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and hence the condition (Al) of Corollary 2.8 is fulfilled. For ||u|/x large enough and for
all A € R, it follows from the conditions (J4), (F8), and (G7) that

1
Ix(u)=/<b0(x,Vu)dx+‘/ —|u|pdx—AfF(x,u)dx—k/ G(x,u)dS
Q Qb Q aQ
d 1 1
z—/WWMM+—/mWM4M/WMWmM—m/Lqm@me
pJa pPJa Q an
1

-0 [ ol ds =1 [ loatoup ds

Q aQ V2

d 1
=2 f Vup dis f lul? dix = 2| M|l g 2l o)
Q

2|Al
_—”bl”L”l o[l o
L7 (@)
200zl ey 500y ~ 2 oy 1]
V2 72 (Q)
min{d,1 2
> PR [ wup s [ updr) - S
p Q
2|A |C14
—2|A|Cusllullx - llull 7, (99)
min{d, 1} 2|x |C12
= ———|lull% = 2|ACullullx - llu ||Lz1
2|A |
sz Q)
min{d, 1} 2|A|Cys5
> ————lull - 2|A|Cullullx — llully
p
2|ACre

for some constants Cyj, Cya, Ci3, Cia, Ci5, and Cyg. Since p > 11 and p > y», we deduce that

lim I (u) = 0o
lullx—oo

for all A € R. Hence the functional I, is coercive for all > € A,. Consequently, Corol-
lary 2.8 implies that the problem (P) has at least three distinct weak solutions in X for
eachi e Ay O

Theorem 5.3 Assume that (J1)-(J4), (F1), (F5), (F8), (G4), and (G7) hold. If furthermore f
satisfies the following assumption:
(F9) There exist u >0 and sy € R with u < (min{d, 1}/p)|2so|P (1 - Z‘N)r0 wy such that
(F7) holds and
N-p

N-2 )
n_ P essmf 0'0) F(x,|sol)

o 2 M(ij’_uu%_ltu? ) <
min{d, 1} 2N|So|(217||ﬂ||m(ﬂ +19|So|p L+1)’

S




Lee and Kim Boundary Value Problems (2016) 2016:95 Page 23 of 25

where M = max{s,"[la1 .o ), s, 1611121 @), 3, 1@zl Lo o), 33, 162 |12 (952)}, then the problem
(P) has at least distinct three solutions for every

- 2N1sol2pllallr e + blsolPL +1
AeA::( Isol(2pllallze ) + blsol )

_N-p ’
prg * essinfBN(xoy%o)F(x,|so|)
1
1 /min{d,1}\? 1_ n_ 2 _q -
5(—{ }) M_I(Z;u? 1+p,171 1+//vp2 1) 1)
p

c (‘P(ﬁl) 2 )
W (i) supg<, Y(@) )

Proof By Corollary 3.6 and a similar argument to Lemma 3.7, all assumptions in Corol-
lary 2.8 except the conditions (Al) and (A2) are fulfilled.
Define

0 if x € Q \ Bn(x0,70),
Z[l(x) = |S0| ifoBN(XO,%O);
2ol (ry — | —x0])  if x € By (0, 70) \ B (%o, 2).

ro

Then it is clear that 0 < #;(x) < |so| for all x € ©, and so &#; € X. Moreover, it follows
from (J4) that

min{d,1 1 _
CI)(lﬁ"il) > %u«solp(l - 2—N>7’3[ pa)N >0
and

1
CD(itl)Z‘/. <D0(x,V121)dx+/ —|121|pdx
Q Qb

b 1
§/a(x)|V£z1|+—|Vﬁ1|pdx+/ —|m P dx
Q p QP

S-1 Dblsol? 1\ np 50l
<2llally g lsolonry — + » wN 1—2—N o p+—pr0

N-p

1
< lsolowre” (2pllallro) + blso P +1).
Owing to the assumption (F7), we deduce that

W) = / Flx, i) dx
By (x0,

\
1)

AN
> essinf F(x, |so|)(w§N0 ),

Bn(x0,)

and thus

N-p

N- .
W) _ Pro | oessinfp ) Flxlsol)

(i) ~ 2N|sol(2pllall e (o) + blsoPt + 1)

(5.3)
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From u < %Dso 71 - ZLN)rg”pr, one has p < ®(i;). For each u € ®71((—o0, u]), it

follows from (F8) and (G7) that

W(u) = /QF(x,u)dx+)»f89 G(x,u)dS

1
5/|al(x)||u|dx+/—|b1(x)||u|y1dx+/ |az(x)||u|dS
Q an aQ

1
il v
+ /a‘sz ” \bz(x)||u| das

< 2l gy ltlliacey + — b lincey |17 | o
2! L7 (Q)

2
+2lazll g oo 1l o) + —1D2ll2v2 a0 || 1l ||
17 (39) (9%2) " ( )H ”L%(an)

5 2|1b1llm ) ]

=25, llarll g llmllx + T' Ulla (@)
1

2|1ba v
~_1 (092) y
+ 28, |zl (o tllx + —————Ilull}z

L2(3Q2)
201611l (@)
1 "
<2s; lall g ) lullx + Tllullx
~_ 201521272 a2
+ 25q1||ﬂ2||Lq/(39)||u||x + = ull?
29ty
Z 1B
p o 1 @ n
2 s tla ’ Py ——= D
< (min{d,l}) (q a1l e @)m s Iz
il 1 |ballpnpe) »
+8, lazlliwpoyn? + —————n*
V2St2

1
p » 1 n n
2| ———— 2 ,
= (min{d,1}> M@uP 47 +p7)

and so

p

»
I »
min{d, 1}

sup W(y) < 2<

ued=1((~oo,u])

p 1 n
) M(Z,ul’ N EET)

From (5.3) and the assumption (F5), we infer i sup W(u) <

Wi
D) "7
tional I, is coercive for each A > 0. Taking into account that A C (

. As seen before, the func-

V@) g, VD)

Corollary 2.8 ensures that the problem (P) has at least distinct three solutions for each

reA.
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