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Abstract

We study the inverse nodal problems for the p-Laplacian with two energy functions

=(y'1P7?yY = (p = Dkc? =k pgi () = QoL [Py,
y(0) sin;(a) +y'(0)sin, (&) =0,

y()sing (B) +y (1) siny(B) =0,

where p > 1, k is a spectral parameter, «, B € [0, 7], sin,(x) is the generalized sine
function and T, is the generalized 7t constant. We use a Prifer substitution derived by
sinp(x) to find the asymptotic expansions of the eigenvalues and nodal lengths.
Furthermore, we consider the inverse nodal problem and give the reconstruction
formulas for the boundary conditions ¢, B, and the energy functions g, go by only
using the information of nodal data.

Keywords: inverse nodal problems; eigenparameter dependent energy functions

1 Introduction

In this paper, we investigate the p-Laplacian with two energy functions

(Y172 = (p = D& = kpqr (%) — qo () [y P2y,
¥(0) sin;,(a) +9/(0) sin,(a) = 0, 1)
(1) sin;(,B) +y'(1)sin,(B) = 0.

Here, p > 1, k is a spectral parameter and «, 8 € [0, 7,] where m, and sin,(x) are defined
below. The nodal points are unchanged when the spectral parameter « shifts to « + fol a1,
so we assume that ¢; # 0 and fol ¢1 = 0 without loss of generality. In this paper, we also
assume gqo € C[0,1] and ¢q; € C'[0,1]. The p-Laplacian problems have attracted lots of
interests recently (cf [1-4]).

In 1979, Elbert [5] (see also [6]) showed that the solution of the initial value problem

=1y 1P2y) = (p - DIyl >y,
¥(0) =0, ¥y (0)=1,
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can be defined by the inverse of the integral

w

1

x:/ ———dt, forO0<w<l.
o (L—er)lp

Denote by sin,(x) = w(x). Then the first non-vanishing zero 7, of sin,, is defined by

L | 27 /p
=2 dt = .
" fo -y “~ Sin(z/p)

Continuing sin,(x) symmetrically over x € [m,/2,7,] and anti-symmetrically outside

[0,7,], one obtains a sin, graph analogous to a sine wave. Also, the function sin, (x) satisfies
’sinp(x) ’p + ’sin}’7 (%) ’p =1,

which is an analog of the Pythagorean trigonometric identity sin®x + cos?x = 1. Specially,
we call sin,(x) the generalized sine function. Furthermore, we may define the p-version
trigonometric functions by generalized cosine function sin,,(x), generalized tangent func-
tion tan,(x) = sin, (x)/ sinl’!J (x), and generalized cotangent function cot,(x) = sin;(x)/ sin, (x).
For more related properties and results before 2003, the reader can refer to a survey [7].
Differential equations with nonlinear dependence on the spectral parameter and with
turning points arise in various problems of mathematics as well as in applications, for ex-
ample, non-Newtonian fluids, reaction-diffusion problems, theory of superconductors,
biology, and so forth (see [8—14] and the references therein). In particular, the system
(1) with p = 2 is the problem of describing the interactions between colliding particles in
physics [10]. One is interested in collisions of two spinless particles, and it is supposed that
the s-wave scattering matrix and the s-wave binding energies are exactly known from colli-
sion experiments. With a radially static potential Q(A, x), the s-wave Schrédinger equation

is written as
-y" + Q& %)y = Ay,

where Q(2, x) is the following form for the energy dependence:
Q%) = 2VAq1(®) + qo ().

The diffusion problem (1) with p = 2 has been widely studied [15-21]. In particular, Bu-
terin and Shieh [20, 22] derived the asymptotic expansion of nodal points of problem (1)
with p = 2 and showed that ¢, 8, g9, and ¢; can be uniquely determined and reconstructed
by any dense set of nodal points. Moreover, they also gave the reconstruction formulas of
a, B, g0, and q1. The work of Koyunbakan [23] should also be mentioned. He considered
the inverse problem on the problem (1) with Dirichlet boundary conditions. But he only
gave the reconstruction formula for the energy gy and the formula depends on the eigen-
values and nodal lengths. In this paper, we reconstruct the energy functions ¢o, 1 and
the boundary conditions «, 8. Moreover, the reconstruction formulas only depend on the
nodal points.

In this paper, we study the direct problem and inverse nodal problem of the p-Laplacian
operator with potentials depending on energy (1). Using the modified Priifer substitution
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derived by generalized sine function sin,, we will show that, for sufficiently large N € N,
the problem (1) has an eigenpair («,, y(x, k,)) for |n| > N which owns the Sturm-Liouville
property. That is, the corresponding eigenfunction y,(x) = y(x, k) has |n| — 1 zeros {xﬁ")}
in (0,1) for |n| > N, which satisfies

) (n) (n) (W)1 <1

(n
0<w” <oy’ <--o<x,’y <, ”

or

0<xF <a P <o <aT, <P <1
We will also derive the asymptotic expansion of eigenvalues and nodal points. Further-
more, we will solve the inverse nodal problem. That is, we will give the formulas of
a, B, qo(x), and gq1(x) by using the information of nodal points. For x € [0,1], denote

j=Jjn(x) = max{i: xE") < x}. The following are our main results.

Theorem 1.1 Let 1< p < 2. The problem (1) can be reconstructed by the following formu-
las:
(i) Either a =0, or with i/n tending to 0,

1
~lim (7= D((n = D (7 - 73,

|cotp(ot)|§—2 cot(ar) = . o
- 11mxgin)_)0(p —D((n = D) - 22,

-

if the limit exists.
(i) Either B =0, or with i/n tending to 0,

1
lim (£n) (p — 1)((n — l)ﬂ' )p(l _x(:i:n)l _ =3 ’
& 1 27°°P +n—i 1
[coty (B cot(p) = § 5
hmxgtn—)iﬁl(p - 1)((” - l)ﬂp)p(l Xyl T n—21 );

if the limit exists.

(ili) The functions q(x) and qo(x) can be reconstructed by the following limits:

. p " 1
q1(x) = lim 715 (ap7,)2 (z}i - _>

Vla,f;
and
1 1
Go(x) = lim prgs(apm, ) (4}*’” - / e dx)
A gt
» 1
+ ———(scot,(B) — scot,(a)) + / qo(x) dx,
p-1 0
where

scot,(x) = {0 if==0, (2)

| cot, (x) [P coty(x) ifx #0,
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and

n fora=0,8=0;
Map={n—3 fora=0,B+0, ora#0,B=0; (3)
n-1 fora#0,8+#0.

In the following theorem, we consider the case of p > 2. For p = 2, we obtain a similar
result of an inverse nodal problem for differential pencils [22].

Theorem 1.2 Let p > 2. Consider the problem (1) with Dirichlet boundary conditions.
Then (1) can be reconstructed by the following formulas:

1
q1(x) = lim n(nnp)g (K](.") - —)

n— 00 n
and
1
do(x) - / do(x) dx
0

(n)
+

1 1 X 1
= lim pn(nnp)p{ﬁl(.”) ——- / ! q1(x) dx
n— 00 x

n (nnp)g ](_")
()
Xiil . 1
__F p/ ql(x)<|s1np(nnpx)|p——>dx
(nmy)2 p
7T17 ! / : s/ p-2 . d
+ ey A q, () sin, (n7yx) |siny, (n,x) |7 sin, (n7,x) dxc §.
P

The paper is organized as follows. The asymptotic expansions of eigenvalues and nodal
points are given in Section 2 and the proofs of our main results are divided into Sections 3

and 4, respectively.

2 The asymptotic expansions of eigenvalues and nodal points
In this section, we will investigate the asymptotics of the eigenvalues and nodal points
of the problem (1). We will show that the problem (1) has infinitely many eigenpairs
(ty> ¥(x, K,1)). In particular, lim,_, o &, = 00, lim,,—, o &, = —00, and y(x, k,,) has |n| — 1 nodal
points in (0,1) for sufficiently large |n|. Then, by a modified Priifer substitution, we will
derive the asymptotics of the eigenvalues and nodal points.

To achieve our goals, we first introduce the Priifer transformation derived by generalized

sine function sin, (x):
y(x) = r(x) sin, (0(x)), ¥ (x) = r(x) sin, (6(x)).

Here, r(x) > 0 is called the Priifer radius and 0(x) is called the Priifer angle. By directed
calculation, we find

7 (4)

0'(x) = (K2 — Kkpqy(x) — qo(x)) |sinp(9(x)) |p + !sin;(e(x))
)

) = [1 — k% + kpqy (%) + qo (x)] |sinp (Q(x)) ’pfz sin, (9 (x)) sinI; (9 (x)). (5)
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Compared with the boundary conditions in (1), 8 satisfies the conditions

ifa =0,
0(0) = "t 1 « for some m € Z,
mm,—a ifa>0,

and

if =0,
0(1) = {nnp ith for some n € Z.

nm,—-p if >0,

Now, if (k, ) is an eigenpair of (1), then, by integration by parts, we have

1
R
1
- /0 [-(Y[7*Y) + k(o = Dpas Iy 2y + (0 - Dgo @)y 2y]7
= Y O [ Wy -y O3] + [y 0] [y (0)7(0) - 7 (0)y(0)]

1 1
- D [ylF2y —Dp(k —ic 4
o[- DR 25y s - pte =) [ bl
1
= (- DRIYIZ + (o~ Dpli — 7) fo ayP.
The last equality is because
¥ Wy -y W)y(1) = ¥'(0)y(0) — ¥ (0)y(0) = 0.

Hence, we have

k2 —ic? P =plk —k 1 x)|ylF.
( )Iylls = p( )0 Q )yl

Note that for « € C\R, above equation implies

1 1 1

pmin ) [ P < e+ =p [ ¥ <p max i) [ i
x€[0,1] 0 0 x€[0,1] 0

Hence, pming; (x) < k + ik < pmaxq;(x) if « € C\R. In the following, we only consider

K> ’—2’ MaXye[o,1] 41(%) Or k < ’% minyepo) 41 (*). This condition leads to that all eigenvalues are

real. By the following lemma, we can show that (1) has a sequence of eigenvalues {k;} jusn

for some sufficiently large N € N with lim,,_, « k,, = 00, lim,,_, _s k, = —00, and

KKy < <K N <K N<O<KKN<KN1 < <Kp<-o,

and the corresponding eigenfunction y,(x) = y(x, «,) has |n| — 1 zeros {xﬁ")} in (0,1) for
|n| > N, which satisfies

0<a <l <ooca?, < <1
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or

0<x” <a P <o calt? <ath <1
The argument of the proof of the following lemma is similar to [7, 24], so we omit the

proof.

Lemma 2.1 Assume qo,q1 € C[0,1]. Then we have the following results.

(@) The function 0(-,«) satisfying 0(0,«) = 8; € [0,7,) is continuous. For
K> %’ MmaXye[o] q1(%), we find 0(-, k) is strictly increasing in k. Moreover, for every
fixed k € R, if O(x, k) = iy for i € N, then 6(x, k) > i, for all x > x;.

(b) The function 0(-,«) satisfying 0(1,k) = 8o € (—m,, 0] is continuous. For
K < %’ minyefo1] q1(x), we find 0(-, k) is strictly increasing in k. Moreover, for every
fixed k € R, if O(x;, k) = iy for —i € N, then 6 (x, k) < i, for all x < x;.

(c) Foranya € (0,1], lim,_, o 0(a, k) = 00 and lim,_, _, 0(a, k) = —00.

Nest, we will use a modified Priifer substitution to derive the asymptotic expansion of

eigenvalues and nodal points:
y(x) = R(x) sinp(|/<|1%19(x,/<)) and y'(x) = |/<|1%R(x) sin;(llcll% 7 (x, K)). (6)
By direct computation, we find

% = kpgi(x) — go(x)
|1 |2

W (%, k) = |sinp(|/<|1%19(x,/<)) |p + |sin;7(|/<|%z9(x,/c)) |p

:1—M‘Sinp(|lﬂ’%ﬂ(%’<))}p' @)

The following lemma can be referred to [25], so we omit the proof.

Lemma 2.2 ([25], p.1314) Define cot,(x) = sin;,(x)/ sin, (x). Then we have
(a) coty is a decreasing function on ((n — 1)1, nm,) for all n € Z satisfying
cot,((n—1/2)m,) = 0 and

lim  cot,(x) = oo, lim cot,(x) = —o0.
x—)((yl—l):'rp)+ x—>(”7fp)7

(b) Denote the inverse of cot, by cot;l :R — (0, 7). Then the expansion ofcot;l atx=0

satisfies

|22 2 + O(xgp_l).

1
cotl(x) = =2 - —|x}P%x +
L 2 p-1 2p -1
By the boundary conditions in (1), the modified Priifer substitution (6) and Lemma 2.2,
we find that, for sufficiently large n € N,
2
(i) for o =0, 9(0,k,) =0, and ¥(0,«_,) = —nm,/|k_,|?; for o #0,

ﬁ(O:Kn) = T[P

1 ) 1
+ cot, () [P cot, (@) + O(—), 8)
2|Kn|1g7 (p—l)K}%’ 4 ‘ 4 K4

n
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(l’l - %)”p

+
|K_n|1% (p_l)Kgn

2(0,k_,) = - |c0tp(o¢)|p_2 cot,(a) + O(%); 9)

—-n

(i) for B =0,9(1,«,) = nnp/|/c,,|1%, and 9 (1,k_,) = 0; for B #0,

(n-4Hr 1 _ 1
?(1,k,) = |Kn2|1% L (p—l)Kfl‘COtp('B)‘p ZCOtp(:B)‘*O(E)’ (10)
19(1,,<,,1):_2| ”P|2 + (p_11),<2 |cotp(ﬁ)|”‘2cotp(ﬁ)+o(Ki4). (11)
K_y|? —n -n

Furthermore, the nodal points {x?")} of the eigenfunction y,(x) = y(x, k) satisfy

2
ﬁ(x(,,)lc)_{inp/lml_’ fori=1,2,...,n—-1;n>0,
»r™n

2
(n—i)m,/|ka|? fori=-1,-2,...,n+1;n<0.
P

By integrating (7) from 0 to 1 with respect to x, we find

1
(L) — (0, k) = / P (x, i) d
0

1
“1- / P+ 000 G e B o) de. (12)
0

Kin

On the other hand, by (8)-(11), we have

. fora =0, =0;
|K:tnl|p
w+ BZ +O(%) fOI'Ol:O;ﬁ#O;
9 (L keay) — 9(0keay) = | Iesgtp O (13)
oKen) = U0 Kan) = 4,71 -4 _+0(+) fora#0,8=0;
IK:tnll% (p-1Z, iy A
i -
gty TOG) fora#0.870;

where A = | cot, ()P~ cot, () and B = | cot,(B)[P~% cot,(B). Hence, by (12) and (13), we
find that

scot,(B) — scot, (@) " p

1 1
7_2 -2 Q1+ 0 2 Q0+O< 4_2>1
(p_l)lK:I:n| r Kcen]? |Kc£n]” 7 lKcen]” P

(14)

2
|Kin|‘” = HogTly +

where scot, (x) is defined as (2) while 744 is defined as (3), and

1 2
Q1 = Qi(kxn) =/0 a1 () [siny (Jica|? 9 (%, k) [,

1 2
Qo = Qolksr) = / Go()|sing ([icsnl? 9 (o) .
0
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Finally, for n € N and i = £1,42,...,£(n — 1), we may integrate (7) from 0 to xgn) with

respect to x to obtain the asymptotic expansion of the nodal points. For « = 0, we have

(n)
li|m *i . 2
o T L ) sing (kanl? 9 (6 ea)) [ dc
lkeul?  Kan
x(in)
i . 2 »
+T qO(x)|Slnp(|Kin|pﬁ(x)’cin)” dx
Kin Jo
and, for o #0,
()
(lil - ), A i . 2
o D070 T 2" g ing (el 05 )|
+n

- +
|Kin|‘% (p_l)Kin

(En)
GoGe)[sing (liczl? 9 (o, res) | e + O<K
+n

i

+ —_—
K:%:n 0
Similarly, by integrating from x(”_)‘ to 1 with respect to x, we find that, for 8 = 0,
Y, by g g n—i P
. 1
+ il p . 2
1- (:I:nn—)i = 1’2 + ql(x)’SIHp(|Kin|p 7}(75; Kn)) ’P dx
2 K (£n)
[t |? Fn Jag,

1t ) 2

+ = / qO(x)|Slnp(|Kin|pﬁ(x»/(in)) |p dx
K (&n)
n VX

and, for 8 #0,
(lil - 3 B 1 . 2
1-am = 22p+ o P /(in) q1(%0)|siny (lieul 2 9 (6, k1)) | A
K| P P -Drz,  kxn Fin-i
1
Kt )

1
o Q0)[sin ([l 9 5 k)| dx + O

+ —_—
2
Kin x(nii
) _ &\ satisfies, for n € N and i =

In particular, we find that the nodal length £ = x

+1,+2,...,£(n-1),
(£n)
(&n) Tp p [T . 2 p
e =+ 7+ - Q1 ()| siny (|exul 29 (6, k1)) | dx
lkxn|?  FEn I
1
Y

Xisl

(£n)
! qo(%) !sinp(lkinll% O kan)) | dox + O(
Kiy

+—
(£n)

K2 ol
The next lemma is used to estimate order of the asymptotic expansion of nodal points

Lemma 2.3 For p > 1, we have

(L)

1.
n
of o5

1 2
Q :/ 41 (%) |sin, (Ikcenl 29 (%, k) | doc = O(
0
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1
Q / G0(0)[siny (Inl 9 (2 k1))
0
177

1
/ qo(x)dx+O( ) +o<
aﬂ n

2.Forj=0,1,
(n)
i+1 2
/( x)|:|sinp(|/cin|!’z?(x,/cin))| ——] dx O(
X
(15)

i

Proof
1. First, we recall the identities

(siny (x) |sin, (x) |p_2 sin;(x))/ =1-p|sin, (x)["
(16)

+ |sin; (x

and
’sinp(x) ’p )|p =1
)-(16), and the general Riemann-Lebesgue lemma [25], Lemma 3.1, we find

Then by (7), (

that
1 2
Q- / 01)sin (k21 9 (5 1c1)|

1 2
/ q1 x)dx+/ ql(x)[|5inp(|’(in|5ﬁ(x”{i" )| - _:| dx
0

-]

s np(|Ki"|pl9(x’Kin))| ]dx

/ ql [‘Slnp(“(:tnvﬁ(xr’(:tn )
|Kin|)

K+npq1(x) + o (%)

X |:0/(x1Kin) 2
Kiy,
1 2
/ q1(x)|:|51np(|’(in|pﬁ(x:Kin)) ” - —]Ikinlpf} (%, Kotn) dx + 0<

P

P
|t ?

:|:_ q1(x)

P|Kin|”

Slnp(|’<in|pﬁ(x»/(in))|51n (|Kin|pl9(x;/(in))

1
X sin (|Kiy,|p19(x»/(in)):|
0
— siny (K 7 9 (6, Ko) ) |sin, (csal 79 i) [P

1
+/ 91 ()
O plicen I"
1
X sin’ (lKin|pl9(x,Kin)) dx + o< )
|Kin|

() ()
= +0
|K:|:n|p |K:tn|
() +(2)
=0l — ) +o 7
Ny 2
B néﬁ
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Similarly,
! . 2 »
Qo - / Go(0)|sin ([icanl? 9 (x,c2)) | e
0

1 1 ,
:}9/0 qo(x)dx+/(; qo(x)[|sinp(|/ci,,|pﬁ(x,,{inmp_;]dx

1! 1 1
= —/ qo(x)dx + O(—) "'O(T)'
P Jo Hup ”35

2
2. Since siny,(|k4,|? z?(xgi')l,/ci,,)) =0, we find that, by a similar argument to part 1,

o

i+ 2 1
[ a9 sin (sl s} - |

i

= /x(nt)ﬂ qf(x)[}Sinp(“&n“%l?(x,xin)) ’p _ 119]

X |:19’(x, Kan) + M |Sinp(|K:tn|1% B (%, ki) |pj| dx
+n
1 1 1 1
= ——0(e") + 0(65"))=O< . )+o< > 1), forj=0,1.
k0] ? K Map Vlgg 0

By Lemma 2.3, we can reformulate the asymptotic expansion of nodal points whose
leading term does not depend on «;,.

Theorem 2.4 The nodal point satisfies one of the following formulas.

1. For o = 0,
o o (S o)
N m [/()xﬁ”) 01 (x) dx +p/0x§n) 41(96)(’51“19(""% D)~ 117) dx]

(n) n)
1 :

X 1 i ) % P 1
+ pi(na,sﬂp)p /0 qo(x) dx + 7(7101577,0)1’ /0 qo (x)(|smp (ki O (k)| = 1—7) dx

0 1 1
+ @4’@.

ap
2. Fora #0,
b= ! . pli-Hm, - (i- )y (scotp(ﬂ) .\ QO) ~ A
Y Mg ()Tt (napmpP '\ (p-1) (p = D(napm,)?

(_Vl) (‘n)

+m[fol q1(x) dx +p/OL ql(x)<|sinp(fc,fz?(x,xn))|p—}7) dx]

Page 10 of 15
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(0

+ /Ox, q1(x) dx[—#(sootp(ﬂ) -A+(p- l)Qo)

(naﬂnp) 2P

()

p2 1 X;
SR S, } [ s
2(”aﬁ77p)p ! p(naﬂ np)p 0 0

2

e A e R R R .
+ qo sin, (k. X, Ky X + "
(napp)? Jo P P . ”iﬁz

3 Reconstruction formulas for 1 <p <2
In this section, we will derive the reconstruction formula for «, 8, q1, and go. Here, we
only consider the case for @ # 0 on the nodal set {xﬁ")}mo. The other cases are similar, so

we omit them. Note that Lemma 2.3 implies that

1 1! 1
Q1:0<—1_,> and QO:—/ qo(x)dx+o< 5 >
njﬂ p nofﬂ

Hence, for o # 0, the nodal point satisfies

. 1 . 1 1
w_i=3 (i—=3)m, (scoty,(B)—A 1 ) B A
T (na,sw“( b ) - s

(0 Ny

i 1
qo(x)dx + 0(@).

1 %i 1
+72/ ql(x)dx+—/
(napmp)2 Jo Pnasmy)? Jo

Let i be fixed. Then for a # 0, « satisfies A = | cotp(oz)lp’2 cot, (o) where

1
_hm Loe- D((n - 3)mp) (x; ") _ 22y if the limit exists,
-2
S
)

—hm Lo - D=1, ) (x; () - —2) if the limit exists.

Similarly, for x, o) ;= 1, we have £ — 0 and hence

w _i=3 scot, ()
e Hyp (19 - 1)(”0{;‘5 np)p

p ! .2 » 1
+—— /(n) g (¥)|siny (i} O (x, k) [ doc + 0(7)’
Fn-i B

(MapTrp)?

then, for fixed i and B # 0, B satisfies B = | cot,,(8)|P~% cot,(B) where

i1
lim,gn _,(p = 1)(( - P -« - ;:2% if the limit exists,

1
lim, e, (p = 1)((n = D) (1~ 2~ 72)  if the limit exists.

It should be mentioned that, once the values «, 8 are determined, the value n,4 can be

defined by (3).
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Next, to reconstruct the functions ¢; and ¢qo, we first derive the nodal length, which
satisfies the following estimate:

w_ 1 m scot, () — scot, (c) 1/1 )
b= Mg (naﬁnp)wl( (-1 + ) qo(x) dx

1 % p 1 o] p 1
+7(na,snp)% /xf.") q1(x) x+p7(naﬂﬂp)p /xf.") qo(x)dx +o0 E,;l .
Then

()

- 1 D [ @ ds s o)
" = Hap " q1(x) dx + o(1).

Because the sequence of intervals {[x;”), l(ﬂ) : n is sufficiently large} shrinks to x nicely (cf

()
Rudin [26], p.140), we conclude that r4g f’:’;)l q(t) dt — q1(x) a.e. x € (0,1). In particu-
X
]

oS

Hyp (naﬁ 7Tp)

ol
lar, applying the Lebesgue dominated convergence theorem, nys [ f’,f)l q1(t)dt — q1(x) in
X
7

L'(0,1). Hence

i g, _ 1

Note that the function g; also can be reconstructed from the nodal point by the following

procedure:
T
P
(naﬁnp) <xl Hap )
1 i-1/scoty(B)—scot,(@) 1 (! A
= — 5 2( 1713 14 +_/q0(x)dx>——e

(HapTp)? Map p-1) 0 (p —1)(napm,)?

s 1
+/ q1(x) dx + 4&/ qo(x)dx +o| — ).
0 p(”aﬂnp)z 0 néﬁ

Define

n i_l *
7= i g (- 22) - [“qo ae
% 0

;X af

Then ¢q;(x) =f"(x).
Finally, to reconstruct the function gy, we observe that the asymptotic expansion of
nodal length implies

(n)

1 1 Xi+l
Prigp(napmy)l (ZE”) - f Q1 (x) dx)
X

14
Map (Map7p)? "

(n)

1 Xitrl
) _p(scotp(ﬁ) — scot,(a) + }9 / Go(x) dx) + Hap /( ) qo(x) dx + o(1).
0 xin

-1
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Hence, we find

(n)
: 1 1 1

o) = Jim prptpmy (6 - - [ gy

X

4
Nop (}flaﬂj'[p)z 1(n)

1

+ 1%1 (scotp(,B) — scotp(a)) + /0 qo(x) dx.

4 Reconstruction formulas for p > 2

In this section, we only consider the Dirichlet case. First, we can obtain the result that the
nodal length satisfies the following estimate:

(n)
g L m7 L
X

- 1— Qo +
no(nm,)it (nr, )P+t ()% Ja

q1(x)dx

(1)

p Xivl . 2 1
/xl(”) ql(x)<|s1np(/c,’,’ 9 (%, k) |” —;) dx

(nﬂp)§

(n)

Xisl

1 1
+ PrEAT /xﬁ”) qo(x) dx + O(nl?“ >

Then the function ¢, (x) can be reconstructed from the nodal length immediately:

1
q1(x) = lim l’l(l’lﬂp)}% (gl(,”) _ _>'
n— 00 n

To reconstruct the function go(x), we shall first find Q;. So, we need to refine the estimate
of Q; mentioned in Lemma 2.3. Since

X X
3, k) — (0, k) =/ & (%, ic,) dx =x—/ M|Sinp(ll€n|‘%ﬁ(x, Kn)) |p dx,
0 0

Ky
we find
2 2 X
K O(%, k) = K;fx—/ M |sinp(|/<,,|1%0(x,/<n)) ” dx
0 ~p
Kn

)4 1
=NTpx+ — Qix + 7 Qox
kn ¥ kn ¥

*Kkn (x) +qo(x), . 2 !
_/ 1%2#%|Slnp(lkn|pl9(x”‘n))|pdx+O( 4—2)'
0 K p Kn !

Applying the Taylor expansion, we have

siny (a7 9 ()

2 2
= sin, (nm,x) + sin;(nnpx)[hcnlf’ P (x, k) — mrpx] + O(|K,,|ﬁ D (x, k) — rurpx)2

pQix  Qox
1-2 * 2-2
P p

= sin, (nmyx) + sinl’,(nnpx)[

KVI n
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¥ K )| . 2 1
—/0 qull(;#|s1np(|/<n|§19(x,/<n))|pdx] +O(n_1”>

IM[QW—/qu(x)|5inp(|"”|g0(x’K”)) |de] ’ 0<%l)
0 ne

= sin,(nmw,x) +
p (n7T,%) (nnp)g_l
sin’ (n,x) 1
= sin, (nm,x) + I# |:xf ql(x)|sinp(nnpx)|p dx
(nmy)2~

[t o )
0 nifl

2 2
Note that sin,(|x,|? ¥(0,«,)) = sin,(|x,|? ¥ (1,k,)) = 0. Then we can refine the estimate of

Q: mentioned in Lemma 2.3. More precisely, we have

Q =

1
/ . -7 p-2 .y
_pm_[p / ql(x)smp(nnpx)|smp(nnpx)| smp(mrpx)dx

1 1
: fo qi(x)[x fo q1(t)[sin, (nm,t)[” dt

(mrp)lé

_ /x ql(t)|sinp(nnpt) {p dti| |sin;(nnpx) }p dx + o<ip).
0 n?

Moreover, the nodal length satisfies

(n)

(n)
1 1 Xivl Xi+l 1
+ / q(x)dx + 4 / q1(x) (|sinp(nnpx) |p - —) dx
X ( K r

(n)
El' =- 14 1) 14
n (nmy)? niTy)?

1
T . . -2 .
P /0 ¢, (%) siny, (n7yx) } sm;(nnpx) ‘p sml’,(nnpx) dx

(mrp)lzl+2
(n)

i+l

1 x
Ty 1 1
/O qo(x) dx + P, /xf»”’ qgo(x) dx + o<np+1>'

— p(naﬂ np)erl

Hence, we can reconstruct gy by the following formula:

(n)

. o1 1 B
qo(x) = lim pn(nnp)p{ﬁj(- ) _Z_ > / q1(x) dx
n—00 n (1’17'([7)7 x/(n)

(n)
Xjl . 1
__F 1_7/() ql(x)<|smp(mrpx)|p——)dx
(nmy)2 %" p
TTp ! / : s/ p-2 . 1
+ > q; (%) sin, (nmyx) |siny (nmpx sing (nmpx)dx ¢y + | qo(x) dx.
o | 40 sing () sinf (o, 0) P s ) (w)d
(nmy)2 0 0
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