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1 Introduction
In this paper, we consider the following class of nonlinear singular fractional differential
equations:

% u(t) +f (&, u(t), Dytu(t), Dy u(t),...,Dyi*u(t)) =0, 0<t<l,
u(0) =/ (0) = - - - = u"2(0) = 0, (L.1)
uD(1) = 3 njul§),

where a, j1; € Rl = [0, +00), n € N (the set of natural numbers), and n - 1<« <n, n > 4,
i-1<p; <i(i=12,...,n-2), f(t,x1,%2,...,%,_1) may have singularity at t = 0,1, x; = 0
(i=1,2,....n-1),0<& <& < << <Ly >0(=12,...), Z;flnjé;’“l <0,0 =
(@-1)(a-2)-- (@ -n+2),and D% u, Dyiu (i=1,2,...,n - 2) are the Riemann-Liouville
derivatives.

Boundary value problems for nonlinear fractional differential equations arise from the
studies of complex problems in many disciplinary areas such as fluid flows, electrical net-
works, rheology, biology chemical physics, and so on. Fractional-order models have been
shown to be more accurate than integer-order models, and in applications of these models,
it is important to theoretically establish conditions for the existence of positive solutions.
In recent years, many authors investigated the existence of positive solutions for fractional
equation boundary value problems (see [1-24] and the references therein), and a great deal
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of results have been developed for differential and integral boundary value problems. In

[14], the author considered the following fractional differential equation:

D, u(t) +gt)f (t,u(t)) =0, 0<t<l,
u(0) =/ (0) =+ = u"2(0) =0,
W) =32 ouE), 1<i<n-2,

wherea e R, neN, n-1l<a<nmn>3,0>0,0<& <& < <& <<<1
( =1,2,...), and D§, is the standard Riemann-Liouville derivative, and f € C((0,1) x
(0, +00), R!) allows singularities with respect to both time (¢ = 0,1) and space variables
(# = 0). The author established the existence and multiplicity of positive solutions. In [15],
the authors investigated the fractional differential equation

D, u(t) +f (t,u(t), Dy, u(t), Dy, u(t)) =0, 0<t<l,
u(0)=4/(0) =u"(0)=u"(1) =0,

where o, v, u € Ri, 3<a<4,0<v=<1,0<u<1arereal numbers, Df,, Dy.,and DS+ are
the Riemann-Liouville fractional derivatives, f (¢, %, y, z) is a Carathéodory function singu-
lar at x,y,z = 0. The authors obtained the existence and multiplicity of positive solutions
by means of Krasnoselskii’s fixed point theorem. As there do not exists 0 < L < M such that
(3.13) of [15] holds, the results of the multiple solutions are not correct in [15]. In [16], the

authors investigated the fractional differential equation

D, u(t) +f(t,u(t), Dy u(t)) =0, 0<t<l,
u(0) =u(1) =0,

where o, 0 € R}, 1 < <2, u >0 are real numbers, « — 1 > 1, D, and Dj, are the
Riemann-Liouville fractional derivatives, f is a Carathéodory function, and f (¢, x, y) is sin-
gular at x = 0. The authors obtained the existence of positive solutions by means of the
Krasnoselskii’s fixed point theorem. In [17], the author investigated the fractional differ-
ential equation

D, u(t) +f(t,u(t),u'(t), Dy u(t)) =0, 0<t<l,

u(0) =0, u'(0)=4/(1) =0,
where o, n € R!, 2 < <3, 0 < u <1 are real numbers, Dg, and D}, are the Riemann-
Liouville fractional derivatives, f is a Carathéodory function, and f(¢,«,y,z) is singular
at x,9,z = 0. The authors obtained the existence of positive solutions by means of the
Krasnoselskii’s fixed point theorem. In [18], the author investigated the singular problem

D u(t) + q@)f (t, u(®), u'(¢),...,u"D() =0, 0<t<l,

u(0) = 4/(0) =u”(0) = - - - = u"2(0) = u"2(1) = 0,
where o € R}r, n-1<a <n,n>2,the nonlinear function f(t, x1, %5, .. .,%,_1) may be sin-

gularatx; =0 (i=1,2,...,n—1), and ¢g(t) may be singular at ¢ = 0. The existence results of
positive solutions are obtained by a fixed point theorem for a mixed monotone operator.
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Motivated by the results mentioned, in this paper, we utilize the sequential technique
and regularization to investigate the existence of positive solutions of BVP (1.1), where
u € C"2[0,1]NC"1(0,1) is said to be a positive solution of BVP (1.1) if and only if u satisfies
(1.1) and u(t) > 0 for any ¢ € (0,1]. By using the sequential technique and regularization
on a cone, some new existence results are obtained for the case where the nonlinearity is
allowed to be singular with respect to both time and space variables. We emphasize here
that our work presented in this paper has various new features. Firstly, we study singular
nonlinear differential equation boundary value problems, that is, f (¢, %1, %2,...,%,-1) may
have singularity at £t = 0,1 and x; = 0 (i = 1,2,...,n — 1), which leads to many difficulties
in analysis. Secondly, compared with [15-17], we complete the proof without the need
of imposing the third condition of the Carathéodory conditions, that is, the condition

f(t, %1,%2, ..., %,-1)| < @i (2) is successfully removed, and, at the same time, the condition

hix,x,...,
iy A %)
xX—>00 X

is extended to

. h(x,x,...,%) IF'(n—1-pw,_o)
limsup ——M—> =A< ———— =~
*—>00 x ellyllx

Thirdly, a special cone in a special space is established to overcome the difficulties caused
by the singularity. Finally, values at infinite points are involved in the boundary condi-
tions, and the fractional orders are involved in the nonlinearity of the boundary value
problem (1.1).

For convenience, we list some conditions to be used throughout the paper.

(Ho) f satisfies the local Carathéodory condition on [0,1] x (0, 00)" "t if
(1) f(t,x1,%2,...,%,.1) : [0,1] — R is measurable for all
(%1,%2,...,%,_1) € (0, +00)"L;
(2) f(t,x1,%2,...,%,-1) : (0, +00)" 1 — R! is continuous for a.e. £ € [0,1].
(H1) There exists a constant C > 0 such that, for a.e. £ € [0,1] and for any (x1,x3,...,%,.1) €

(0,00,
ft, x1,%0,...,%,-1) > C. 1.2)
(H,) For all (x1,%2,...,%,.1) € (0,00)" ' and a.e. £ € [0,1],
flt,x1,%0, ..., x,1) < B, %2, .., x4-1) + V(O N(x1, %25 ..., Xp-1),

where 8,y € L}((0,1), (0, +00)), p € C((0,00)""}, R1) is nonincreasing with respect to
all arguments, # € (R”"1,R}) is nondecreasing with respect to all arguments, and

1

n—2-—u)M n—2— y_o)M

/ ﬁ(s)p(Ms"‘"l, %S"—l—m, o %Sn—l—unq) ds < oo,
0 n. !

B C
Ta-n+2)T(a+1)
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(Hs)
. h(x,%,...,%) I'(n—1-py2)
limsup—mM— =A< —— — =
x—00 X ellylix
e
where e = PO Q)

The main result of this paper is as follows.

Theorem 1.1 If (Ho)-(Hs) hold, then problem (1.1) has a positive solution x, and for t €
[0,1], we have

(n—2—u)M

x(t) = Mt* ™, Dhix(t) >
t)= o 0 = = )

gl =12, ,n-2, (1.3)

where M is defined by (Hy).

In order to overcome the singularity, we utilize the sequential technique and regulariza-
tion to testify the existence of positive solutions for problem (1.1). Next, for any m € N, we
define X,, : R! — R and f;, : [0,1] x R”! — R! by the following formulas:

ift> 2,

T
Xon(7) = L ojfr <

Sz

for all (x1,%2,...,%,1) € R* ' and a.e. t € [0,1],
fm(trxlver e 7xn—1) =f(t)Xm(xl)7Xm(x2)) o )Xm(xn—l))'

Then condition (H;) gives that £, satisfies the local Carathéodory condition on [0, 1] x ]R’j‘l
and f,,(£,x1,%,...,%,_1) > C fora.e. £ € [0,1] and all (x,%2,...,%,_1) € R""!. Condition (H,)
provides that

1 1 1
St 2, %05 ., %,21) < B(E)p| max|xy, — p,maxyxy, — t,..., MAX) X1, —
m m

m

1 1 1
+y(t)h(x1+—,x2+—,...,xn1+—> (1.4)
m m m

for a.e. £ € [0,1] and all (x;, %2, ...,%, 1) € R".

Next, we discuss the regular fractional differential equation

D, u(t) + fru(t, u(t), Dyt u(t), Dy u(t), ..., Dyt u(t)) =0, 0<t<l,

1.5
M(O) _ u/(o) - .= M(H—Z)(O) =0, u(Vl—Z)(l) — Z}ojl n/u(%-/) ( )

2 Preliminaries and lemmas

For convenience of the reader, we first present some basic definitions and lemmas. These
definitions can be found in the recent literature such as [19, 20]. In this paper, ||x|; =
[y lx(t)| dt is the norm in L'[0,1], [|x]| = max{|x(t)| : ¢ € [0,1]} is the norm in C[0,1], and

oo 5

x/

ll]l> = max {||x],

’
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is the norm in E = C"2[0,1]; AC¥[0,1] (k= 0,1,2,...) is the space of absolutely continuous
functions having absolutely continuous kth-order derivatives on [0, 1].

Definition 2.1 [19,20] The Riemann-Liouville fractional integral of order « > 0 of a func-
tion y : (0,00) — Rl is given by

1

= /O (- 9 y(s)ds,

Igy() = Mo

provided that the right-hand side is pointwise defined on (0, c0).

Definition 2.2 [19, 20] The Riemann-Liouville fractional derivative of order « > 0 of a
continuous function y : (0,00) — R! is given by

" 1 aN" [t ¥
Dg.y(®) = F(n—a)(dt) /0 TR

with # = [a] + 1, where [«] denotes the integer part of o, provided that the right-hand side
is pointwise defined on (0, c0).

Lemma 2.1 [17] We have

L'[0,1 ifa €(0,1),
g :1'0,1] — [[1—]1 fac(0,1)
AC™T0,1] ifa=>1,
where (o] is the least integer greater than or equal to «, and AC®[0,1] = ACJ0,1].

Lemma 2.2 [21] Ifx € L'[0,1] and « + B > 1, then (I%.15.%)(¢) = (1577 x)(¢) for all ¢ € [0,1],
that is,

! _ o)1 ! _ #\B-1 _F(O{)F(ﬂ) t el
/o(t s) (/0 (s—¢&) x(&)dé)ds—ir(a+ﬂ)/(;(t s) x(s) ds.

Lemma 2.3 [22] Suppose that « > 0. Ifx € C(0,1] and D%, x € L'[0,1], then
x(t) =I5 DG x(2) + cht“’k
k=1

fort e (0,1], wheren=[a] +1land ¢y eR! (k=1,2,...,7n).

Lemma 2.4 Suppose that i —1< pu; <i(i=1,2,...,n—2) and u € C"2[0,1], u?(0) = 0
(i=0,1,2,...,n=3). Then Dyiu € C[0,1] (i=1,2,...,n—2), and

) 1 ¢
DFiu(t) = (£ — )" M3y ds, i=1,2,...,n—2. (2.1)
0 )
0

F(I’l -2- i
Proof By integration by parts we get

t ) 1 t )
/ (£ —s) T Piy(s) ds = - / (t—s8)"Mu/'(s)ds,
0 L—MiJo
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/ (69 () ds = f (6 — 5" (5) s,

t t
/ (¢ — )31y g = —— j (¢ — )2 iy 1=2) (6) s,
0 i+n—=2-u; Jo

So

D“’u(t)— W(dt) / (t—5)"Miu(s) ds

1
1 Lot .
/(t—s)”“"u/(s)ds
1

~ d
‘F(i+1—m><E> 0

L
- - | = t— i+1-pi 0 d
F(i+2—m)(dt , (TS

_ 1 i i/t(t_s)i+n3uiu(n2)(s) ds
Fi+n-2-u)\dt) Jo

s t VIMLS("Z d, =1,2,...,n=2.
F(MZMz/(s b "

Hence, we have

Dyiu(t) = )f (t—s)""3u"D(s)ds, i=1,2,...,n—2.

F(n-2-pu;

Further, by the continuity of
t
/ (t—s)" 3 iu"2(s)ds, tel0,1],i=12,...,n-2,
0

we get that D! u(¢) (i=1,2,...,n - 2) is continuous on [0,1]. d

Lemma 2.5 Given g € C(0,1) N L(0,1),

1
ult) - f Glt,9)g(s) ds,
0

is the unique solution in C"2[0,1] N C""1(0,1) of the equation

Lu(t)+g(t)=0, 0<t<l,
( ) =u/(0)=---=u"2(0)=0, (2.2)
u- ( )= Z 171114(5})

where

1 7 Ip(s) 1 = s)* " —P(0)(t —s5)*, O0<s<t<],

Glts)= P(O)T(a) | *7'P(s)(1 = 5)* 7™, 0=t

(2.3)
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and

P(s)=© - Zn,(‘s S) 1-9"2 O=(a-1)(a-2)(a-n+2).

s<§j
Proof Applying Lemma 2.3, we can reduce (2.2) to the equivalent integral equation
u(t) = —15.g(t) + Crt* " + Cot® 4 -+ 4 Cut*™"
for Cy, Cs,...,C, € Rl By Lemma 2.3 we have that
u(t) = —I5.g(0) + Crt* ! + Cot* 4+ + Cut* ™"

is a solution of (2.2) in C(0,1]. Since #(0) = #/(0) = - - - = u"2(0) = 0, we have C; = C; =
--=C, =0, but C; #0, and thus

u(t) = Cit* ' - I8, ().
By Lemma 2.1 we have I§.g € AC"?[0,1], so that
u(t) = —18.g(t) + Cyt*™* (2.4)

is a solution of (2.2) in the space AC"72[0,1]. Taking the derivative step by step for (2.4),
we have

W(t) = Cila -2 - I37g(),

uD@) = Crla —1)(a -2)- - (a — i)t* 1 —I&g(t), i=2,3,...,n-2.
On the other hand, the equality #"~?(1) = Z}Ofl nju(&), combined with

u"D(1) = GO - 15 2g(1),

gives
_ ! a- S)ot—n+1
G = /(‘) Mo -n+2)(O - Z/o:o1 7]jgjof,l)g(s) ds
g/ _ S oz 1
Z n’/ a)(@ Z, e g(s)ds
(1 S)ot n+1P )
/ p(o () (3) ds,

where

P(s) = ®‘Zm(?__s

a-1
s) 1-9"2 O=@-D@-=2)--(@-n+2).
s<§j
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Hence,

u(t) = Cit* ™ — 1. g(t)

- [ ctesaas
where
G(t,s) = _ i P(s)(1 - 5)* T - P0)(t—9)*!, 0<s=<t<1,
PO)T () | £21P(s)(1 - 5)* "+, 0O<t<s<l
and

a-1
P(S)=®—Z’71'(é;j_s> 1-9"2 O=(@-D@=-2)-(a-n+2).

=S
s<§

O

Lemma 2.6 The Green function G(t,s) defined in Lemma 2.5 has the following properties:

@)
o
ﬁG(t,s)ec([o,l]x[o,l]), j=0,1,2,...,n-2;
2)
O<ajG(t)< © (t,s) € [0,1] x [0,1],j=0,1,2 2
o ) T a0 S ) 1L =0,424,...,n—24;
=90 "= T(a-)P0) J
3)
1 8] d ta—j—l
—G(t, > , tel0,1],j=0,1,2,...,n—3
/0 o (&:s) S_(a—n+2)F(a—j+1) [0.1),/ "
and

Proof By calculating the derivative we get

P(s)t* 1 (1-5)2="*1_p(0)(£—s)* 71
P(O)T () ’
)0V B e

P(O)T (a—j) ’

o/
@G(t, S) = (25)

forj=0,1,2,...,n—2.

(1) Forn—1<a <n,j<n-2,wehave o —j > 1. Hence, by (2.5) we have that g—;G(t,s)
(/=0,1,2,...,n —2) are continuous on [0,1] x [0,1], and so (1) holds.

(2) By direct calculation we get P'(s) > 0, s € [0,1]. Thus, P(s) is nondecreasing with
respect to s € [0,1], and we easily get

a-1
p@):@-Zn,(?’__S) 1-9"2<0, sel01]

N
s<§j
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On the other hand, P(s) is nondecreasing on [0, 1], so we have

a-1
Pe)=0-Y" n,(i’:;) (152

s<§;

>P0)=0-Y n&" >0, se01].
j=1

Hence,
J P oz—j—ll_ a—n+l
Y Gleys) < P19
17 PO)T (a —j)

< © (t,s) €[0,1] x [0,1],j=0,1,2 2
/. Ap/ay’ »S ) y1Lb)=0,424,...,n— 2.
= T(a-)PO) !

Next, we will prove that

o/
ﬁG(t,s) >0, (ts) €l[0,1]x][0,1],j=0,1,2,...,n-2.

Since ﬁ is increasing with respect to s on (0, £), we get that E > % ForO0<s<t<1,we

get

P(s)t7 71 (1~ )" — P(O)(¢ — 5)° 7}

a—n+l
> P(0)(t - S)a—n+1 |:ta—j—1 <2) (- S)Vl—z—j:|
t—s

> P0)(t —s)* " [¢" 2~ (£ —5)" 2] > 0.

On the other hand, for 0 <t <s <1, we get

aj P ta—/’—l 1-— o—n+l
P Gy = PO U= 00,2, 2.
ov PO)T (x —j)

Hence,

o/
ﬁG(t’S) Z 07 (t,S) € [011] X [011])j: 0:1’2;-“)”_27

so the proof of (2) is completed. We further prove (3).
(3)Forj=0,1,2,...,n—3, n—j > 3, we have

Ly EP(s)te 711 - s)* 7 — P(0)(¢ —5)* 7!
/0 gG(t,s)ds = /o PO —)) ds
/1 P(S)ta—j—l(l _ S)a—n+1
. PO (@-))

P(O) o—j-1 ! o—n+l ! o—j-1
ZP—(O)F(oz—j)<t / /0 1-s) ds—/o (t-s5)7 ds)
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1 21 >
- F(a—j)(a—n+2_a—j>
T MNa—j -t —n+2)]
 (@-n+2)T(a—j+1)

ta—j—l
> )
T (a-n+2)(a—j+1)

te0,1]. (2.6)

Changing j of (2.5) by n — 2, we have

P(S)ta—n+1(1_s)ot—n+l —P(O)(t—s)ainﬂ

-2
a(n ) G(t S) _ EONCET) , 0<s<t<l, (2 7)
at(n_z) ) P(S)ta—n+1(1_s)a—n+l 0 <t<s< 1 *
PO (a—n+2) - =" =
Hence, for ¢ € [0,1], we have
fl an—2 G(t S) s /t P(S)ta—n+l(1 _ S)ot—n+l _ P(O)(t _S)oz—n+1 s
o g2 0 PO (o —n+2)

1 P(S)ta—nﬂ(l _ S)ot—n+1
* /t PO a-n+2) =

P(O) ot—;4+11 a-n+l ! a—n+l
= sorta ey (¢ [0 femoras)

1 po-n+l o-n+2
- F(a—n+2)(a—n+2 - a—n+2)
) 2411 — )
IMNo—-n+3)
t(1-t

It is clear that

L gn-2 t1-1t)
——G(t,s)ds> ———, te€][0,1].
/0 o2 (&:s) S_F(ot—n+3) €01

The proof of Lemma 2.6 is completed. O

3 Auxiliary regular problem
Let E = C"2[0,1] and define the cone K in E as

K={ueEu"0)=0,u"(t)>0,6€[0,1],i=0,1,2,...,n - 2}.
By Lemma 2.4 and (2.1) we have
Dyiu e C[0,1], Dyiu(t) >0, ueK,te[0,1,i=0,1,2,...,n-2. (3.1)

For any m € N, define the operator Q,, : K — E as follows:

1
(Quu)(t) = /0 G(t,8)f (s, 1u(s), Dy u(s), Dy us), . .., Dyt > us)) dis. (3.2)
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Lemma 3.1 Let (Ho)-(H3) hold. Then, for any m € N, Q,, : K — K is a completely contin-
uous operator.

Proof First, we show that Q,, : K — K. Given u € K, by Lemma 2.6 we get that

id G(t,s), j=0,1,2 2
— S =0U,L4,...,n— 24,
o0 /

are nonnegative and continuous on [0,1] x [0,1] and G(0,s) = 0 for s € [0, 1]. So we have

QuueC?[0,1],  (Qu)?(0)=0, j=0,1,2,...,n-2,

Quu)?@®) >0, te[0,1],j=0,1,2,...,n—2.

Asaresult, Q,,: K — K.
In order to prove that Q,, is a continuous operator, let {u;} C K be a convergent se-
quence. Suppose that limy_, o #x = u € K. Then

lim w6 =u?@), j=0,1,2,...,n-2,

uniformly for £ € [0,1]. Fori—1<u; <i(i=1,2,...,n—2)and ¢ € [0,1], we get

(n n-2)
it - Diguto] < M2 [ sy s < k=
F(n-2-pw) C(n-1-pw)

so we get
hm Dgiuk(t) Dyiu(t), i=12,...,n-2
uniformly for ¢ € [0,1]. Moreover, {u;} C K is a convergent sequence. There exists r > 0

such that |lug||; < r (k € N). Then ||u,(£)|| <r(j=0,12,....,n-2;keN).Fori—-1<u; <i
(i=1,2,...,n-2),by(2.1), for any ¢ € [0,1], we have

n—pu;—3
l)/ (t—3s) ds

i=0,1,2,...,n—-2,keN. (3.3)

n2)
0 < Dl e(t) < |
_”

ey r
T Tn-1-p) = Tn-1-pw)’

Let

,Ok(t) :fm(tv Mk(t);DgJ}Mk( ) D0+ Mk( ) D:)f 2uk(t))

(&) = fin (& u(t), Dyt u(t), Dy u(t), ..., Dy u(t)), t€[0,1],keN.

(3.4)

Fors € [0,1]\ T, where mes(I') = 0, f,,,(s, %1, %2, ..., x,,_1) is continuous on R”~! with respect

to x;, 8O fi, (S, %1, %2, ..., %,41) is uniformly continuous with respect to x; on

mﬂxp__L_ﬁxmx@ﬁ_J;_ﬁ.
C(n-1-pw) F(n—1- )
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Hence, for any ¢ > 0, there exists § > 0 such that, for any 2,47 € [0,7],%3,43 € [0, (5],

1_,2 1,2 1 2
Xl a2 €0, oty M1 —#11 < 8, % — %3] <6, |,y — %, 4] < 8, we have

V(850,55 .o %0 1) = fin (S 83,55, ) | < & (3.5)

Since ||ugx — ull; — 0, for the above § > 0, there exists N € N such that, for k > N,

Dyt u(t) — Dt ult)

|k (8) = u(®) Dyt~ ux(€) = Dy u(t)|

<llux—ull2 <8, Vtel0,1].

] ooy

Therefore, for k > N, by (3.5) we have

’pk(S) - IO(S)| =< Vm(sr Mk(S)»Dloquk(S):Dgfuk(S)»--'»Dgffzuk(s))

—fon (s, u(s), Dyt u(s), Dy2us), ..., Dyi~2u(s)) | < e. (3.6)
It follows from (3.6) that
ok(s) = p(s) fora.e.se[0,1]. (3.7)
By (1.4) we have
0 < pi(t) = fou (£ wac(£), Dyt (), D2 ue(£), ..., Dyt i (£))

< ﬂ(t)p(max{uk(t), % },max{DSﬂ1 ui (), % }, . max{Dgf2 ur(t), % })

+ y(t)h(uk(t) + %,Dgiuk(t) + %,...,Dgf‘zuk(t) + %)
1 1 1
Eﬂ(t)P<—7— —)

’
m m m

r r
+ (t)h<r+l,4+l,...,7+l)
v I'(n—1-p1) I'(n—1-pus)

=), k=12,.... (3.8)

By the integrability of B(t), ¥ (¢) on [0,1] we get that ¢, € L1(0,1), and by (3.7) and (3.8) we
have

|pk(t) - p(t)| <2¢,(t) fora.e.tel0,1],k=1,2,3,....

It follows from the relations in Lemma 2.6 and the Lebesgue dominated convergence the-
orem that, for any m € N,

Qi) (@) = (Qui) (1)

1 a]
/ ﬁG(t,s)[ (8> i (8), Dyt e (), D i (s), ..., Dy e (s))
0

= fn(s, u(s), Dyt u(s), Dy? us), ..., Dyt~ u(s))] ds
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@ 1
< s |, [ -p0las =0,

k— oo,t€[0,1], j=0,12,...,n-2.
Hence, for any m € N, we have
khm (le/lk)(j)(t) = (Qmu)(])(t)! j: 01 11 2; e — 2
—00

uniformly for ¢ € [0,1]. Therefore, for any m € N, Q,, is a continuous operator.

Now, for any bounded set D C K, we need to prove that {Q,,(D)} is relatively com-
pact in E. In order to apply the Arzela-Ascoli theorem, we have to prove that {Q,,(D)}
is bounded in E and that,for any m € N, {(Q,,(D))"~?(t)} is equicontinuous on [0,1]. By
the boundedness of D C K there exists a positive number R > 0 such that

|u?| <R, VueD,j=0,1,2,...,n-2.
Then (3.3) means that

| DG VueD,i=12,...,n-2.

R
| = o,
C(n-1-w)
Put p asin (3.4) and 0 < p(£) < ¢r(t). Then, for u € D, we have

VG(t,s)

() —
0 < (Quit)(¢) = /0 22 p(s)ds
@ 1
= e Jy 4O
Ozl ) )
—m, 0,1,..,” 2,

which shows that, for any m € N, {Q,,(D)} is bounded in E. Moreover, for 0 <t <t, <1
and u € D, we have

Q)" 2 (82) = (Quin)" (1)

1 an—ZG ty, an_ZG f,
= /0 ( (t2,9) _ (tr 5))/ Dgi s), DIQLEM(S),...,Dgf’zu(s)) ds

8tn—2 atn—Z
/1 0" 2G(ty,s) 0" 2G(ty,s) s)d
- s)as
0 a2 a2 p
1
< e(tg—nﬂ _ ti)(—ml) /0 (1 _S)a—n+1p(s) ds

1 2 o—n+l f a—n+l
+ m‘/o (82 —35) p(s)ds—/o (H —s) p(s) ds

t

(t2 = )" p(s) ds

1
<llplhe(ss™ " —71) +

I(

o[- - ) pio ds
0
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1

< elleela (57 = 57) + g

|:(t2 —1)* "l grllx
5]
+ / ((t2 =9 = (t1 = 9)* ") r(s) dS}
0
<ellpr ||1(t§t_”4rl - tfHHl) + €|:(t2 - 1) grllx

. / ((t = 9" = (6= 9% ) () ds}
0

where e is from (H3). Since (£ —s)*~"*! is uniformly continuous on [0,1] x [0,1] and £%~"*! is
uniformly continuous on [0, 1], for any € > 0, there exists § > 0 such that,for0 < < ¢, <1,
th—-141<6,0<s<H,

tg—rwl _ tix—n+1 <e,

(t2 _S)ot—n+l _ (tl _ S)ot—n+l <e.

Consequently, forall u € D, 0 < #; <, <1, and &, — t; < min{§, *"Y/e}, we have the in-

equality
[(Qutn) "2 (t5) — (Qun) "2 (1| < 3ellgrllie.

Hence, for any m € N, {(Q,,(D))"-?(¢)} is equicontinuous on [0, 1]. Therefore, for any m €
N, Qy, : K — K is a completely continuous operator. 0

To prove the main results, we need the following well-known fixed point theorem.

Lemma 3.2 [20] Let K be a positive cone in a Banach space E, 1 and 2, be two bounded
open sets in E such that 6 € Q and Q; C Q, and A: K N (Q, \ Q1) — K be a completely
continuous operator, where 0 denotes the zero element of E. Suppose that one of the following
two conditions holds:

(i) NAull < llull, Vu € KN 3Q2; [|Aull > |lull, Vu € K N 0S20;

(i) ||Au|l = |lul, Yu € KN OQ; ||Aull < |lull, Vu € K N 3Qy.
Then A has a fixed point in PN (Q, \ 21).

Theorem 3.1 Let (Hy)-(Hs) hold. Then problem (1.5) has a solution x,, € K, and
xm(t) 2 Mta_l;

G =2-pIM s a2t [0ALmeN,
(n—i+1)

Dlix(t) =
where M is defined by (H,).

Proof By Lemma 3.1, Q,, : K — K is a completely continuous operator. Then by (1.2) and
Lemma 2.6 we have

1
(Quu)t) > C /0 G(t,s)ds > Mt*, (3.10)
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and hence, ||Q,,u| > M and ||Q,,u| > M for u € K. Let Q1 = {u € E : ||u]|, < M}. Then
1(Qui) ||, = llulla  for u e KN aQy.

Let W, :p(#, i, ves i). For any 4 € K and ¢ € [0,1], by Lemma 2.6 and (1.4) we have
0 < (Quu) (1)

1
< e/ (ﬁ(t)Wm + y(s)h(u(s) + l,Dgiu(s) + i,Dgfu(s) + l,...,
0 m m m

1
Dy~ u(s) + ;)) ds
1 1 1
fe(||ﬂ||1Wm+h<llull +—, | Dotul| + =, | Dhrul + —,...,
m m m
Mn—2 1 .
Iy 2u) + = |yl ), i=0,1,2,...,n-3,n-2, (3.11)
m

where e is from (H3).
For any u € K such that |lu||y < S (S > M), by (3.3) and (3.11) we have

]l
1l Qe Se(llﬂll Wm+h<||u|| L, —— 41,
2 ! 2T T (n-1- )
llull )
—————+1 |yl
T(t—1—ping) )"
< (Ilﬂll W, h( 5 1 S 1
e m T +1, +14,...,
! T(n—1-pya)  T—1-p,,)
S
—_—— +1 . 3.12
F(n—l—un_2)+>||y|ll) (3.12)
By (H3), taking A > 0 such that
hix,x,..., — TI'(n-1-p,
imsup "% ®) 5 g Tl )
P x elylh

we have that there exists G > M + 1 such that, for any x > G,
h(x,%,...,%) < Ax. (3.13)

Taking

W, + e
S>max{M+1,(G—1)F(n—1—,un_2) ellBlh +erllylh },

"T—exllylh Dt n -1 -, s)

we have m +1>Gand S>M. Let @, ={u € E: ||u|| < S}. Then, for any u € KN

925, by (3.12) and (3.13) we get

xSyl -
I Quttll se<||ﬂ||lwm+ — iRy
I(n—1- )

alylh oo

=e W, + eh + .
813 Wan + Ryl + o S <
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Hence,
1Qumull2 < llullz  foru e KN oQs,. (3.14)

By Lemma 3.2 we get that the operator Q,, has a fixed point in K N (2, \ €), and, as a
result, x,, is a solution of problem (1.5). Since x,, is a solution of problem (1.5),

1
Holt) = / Glt, 5o (5 2m(8) DL (8), DL, ., D223 (5)) s,
0
te[0,1],meN, (3.15)
and x,, satisfies x,,(£) > Mt*~1. In addition, Lemma 2.6 and (1.2) imply

. Ly
(@) >C /0 o5 669 ds

Ctoz—/’—l
> )
T (a-n+2)I(a—j+1)

te[0,1,meN,j=0,1,2,...,n-3,

L gn-2 Ct(1—-t
w2 0) = C/ O Gsds= =D e o, me N,

o 0t"2 MNa-n+3)
By (2.1) we get
1 ' 3 (n—-2)
Dyixm(t) = t—s)" iy mH(s)d
branlt) = oy [ -0 ds

C
>
T T(n-2-pu))l(a-—n+3)

t
/ (t—-s)" 351 —-s)ds, i=1,2,...,nu—2.
0
Further, since

/t(t —s)"H35(1 =) ds 1 /t(t —§)"2HI(1 - 25) ds
0 ) Jo

U

1 ( pr-l-mi 2N Hi )
Cm=2-p)\m-1-p;  (m—1-p)(m—p)

gt n— -2t
(m=2—p) (n=1-p)(m— ;)

> Pl n—2-—u;
(m=2—p) (n=1-p)(m— ;)

-1

- , i=1,2,...,n-2,

(n =1 - pi)(n - )
we get
4 C gl
Dyixp(t) >
o F(n-2-pu)l(a-n+3)(n-1-pw)n-w)
Cn-2-p)

> g i =1,2,0,n =2, 3.16
T T'(n+1-pu)l(e—n+3) (316)
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Furthermore,
Fn+l-p)<T(n-(i-2)=m-i+1), i=12,...,n-2, (3.17)

and then it follows from x,,(t) > Mt*1, (3.16) and (3.17) that, for ¢ € [0,1] and m € N, we
have

, _2— u)M
() = MY, Dz, () > U =2=piM s i1, (3.18)

- (n—-i+1)
where M is defined by (Hy). O
In order to finish the main result, we also need the following lemma.

Lemma 3.3 Let x,, be a solution of problem (1.5). If (Ho)-(Hs) hold, then the sequence {x,,}

is relatively compact in E.

Proof For t € [0,1] and m € N, since p is nondecreasing, by (3.18) we have
g by

P(%m(8), Dyt (2), ..., Dyt 2x,(2))

Xy}

= t"_l_“"‘z) (3.19)
n. .

< p(Mt“‘l,
and by Lemma 2.6, (1.4), (3.3), (3.15), and (3.19), for ¢ € [0,1] and m € N, we get

0 < x9(t)

1 qn-2
5/ Py G, 8)fon (5, %m(5), D2 (S), ..., Dyt ,u(s)) dls
0

1
—2- M —2— fp2)M
< e/ ﬂ(t)p (Mta—l, %tn—l—m’ e %tn_l_ﬂn—Z) ds
0 ! 1

1 | 1 (1721 2 1 /1
veh| xmlla+ — ——————+ — e ——————— + — s)ds
(” e+ o Fn-1-pm) m "T-1-p.) m) ) 7s)

1% 12 1% 12
=e T+h<||x lo+l,————+1,..., —————— + 1} IvlL ),
( T T (-1 ) F(1 -1 fty0) '

i=0,1,2,...,n-3,n-2, (3.20)

where

' ~2— )M 2 )M
Y = / ﬂ(t)p<Mtal, Mti’klfﬂl’n . %t”lﬂn2> ds.
0 n! 1

By (H;) and (3.20) we have

EHE EHE
X <elY+H||x +], ——+1,..., ———— +1 ds |,
omll> < ( (n mlla +1, = For ey Il

meN, (3.21)
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By (Hj), taking A; > 0 such that

. hix,x,...,x) F(n—1- )
limsup —— =A<\ < ————
x—>00 X ellyli

we have that there exists A > M + 1 such that, for any x > 4,
hix,x,...,x) < Ax. (3.22)

In order to prove that {x,,} C K is relatively compact in E = C""-?[0,1], we need to prove
that {x,,} is bounded in E and {x,,} is equicontinuous on [0, 1]. First, we prove that {x,,}
is bounded in E. If {x,,} is unbounded, then there exists a subsequence {%m;} C {2} such
that [|%,y[l» — +00, and then there exists jo such that

eY +el
ll%m;, 112 >max{M+1, (A_I)F(”—l—un_z),l llylh }’

—ehllyh M t(m—1- pu)

ot 12

and then i j+1> A, and by (3.21) and (3.22) we get

n=1-fiy—3

ALyl 112

1% ll2 < e(T + + MIIVIIl)

['(n—1- o)
by 1
=eY +eA + — Xy
I+ e
< ”xmjo ”2'

This is a contradiction, which means that {x,,} is bounded in E. Next, we will prove that
{x%iz} (t)} is equicontinuous on [0, 1]. Since {x,,} is bounded in E, there exists A > 0 such
that |lx,,]| < A. Let

A A
Vi=h{A+]l, —+1,..., ———— +1},
I'(n—1-p1) I'(n—1-pus)

ey

o(t) = ,B(t)p(Mta_l, %t"—l—m’ . Wtﬂ—l—unq)’ (3.23)

t € (0,1].
Then Y = fol ¢(t)dt, and for any m € Nand a.e. ¢ € [0,1],
Sin(6:%m (), Dyt (£), Dy (2), ..., Dot (8)) < (2) + Viy (0). (3.24)
Assume that 0 < # < ¢, <1. Then by (3.24), for any m € N, we have
|x£Z‘2>(t2) - xﬁ;’_z)(ﬁ”
/ 1 (;t—z Gltrs) - %Gm,s))

Xfm (S’xm(s)ngixm(S)ngzxm(t)r cee ;Dgfizxm(t)) ds
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1
< e(tg"’”1 - tf"”*l) /0 (d)(s) + Vly(s)) ds

+e

/0 (1= 9 (B(s) + Viy () ds - fo (6= (B(s) + Vi (s)) ds

t2
<e(Y + Villylh) (& =57 + €|:/ (ty =) (T + Villy L) ds
5]

+ / 1((7-‘2 =) — (6 -9 (Y + Villy ) dSi|
0

<e(Y + Villylh) (& -5 + €|:(t2 1) Y + Vallylh)

. / (=9 = (61 ") (Y + Vally 1) ds}.
0

Hence, we can prove that {xﬁf,'_z)(t)|m =1,2,...} is equicontinuous on [0, 1]. O

4 Proof of Theorem 1.1

Proof of Theorem 1.1 According to Theorem 3.1, we know that (1.5) has a solution x,, € K
for any m € N. Moreover, Lemma 3.3 implies that {x,,} is relatively compact in E and
satisfies inequality (3.16) for ¢ € [0,1] and m € N. The sequence {x,,} has a subsequence
converging to x* C K. Without loss of generality, we still assume that {x,,} itself uniformly
converges to x*. So x* € K satisfies the boundary conditions of (1.1), and according to (2.1),

we get

lim Dyix, =Dyix*, i=12,...,n-2,

m— 00

in C[0,1]. Take the limit in (3.16) as m — oo. Then x* satisfies (1.3). Moreover, for a.e.
t€[0,1],

rr}gnoofm (t; X (1), Dgixm(t): Dgzxm(t), cen ;Dgfizxm(t))
= £ (6,26, D" (0), D2 (0), ..., DIt (0)).
By (3.3) we get

A

i
||D0+xm ” = F(I’l —1- ’ui)’

meN,i=12,...,n-2.
Therefore, for all m € N and a.e. (¢,5) € [0,1] x [0,1], we get

0 < G(t, )fin (5, %m(5), Dyt % (5), Dy 2 (5),s - . ., Dyt 2%, (s))

® A A
S m((p(s)-{-h([\-}'l,m +1,...,m +1)V(S)>»(4~1)

where ¢ is defined by (3.23). Taking m — oo in (3.15) and combining with (4.1), we obtain

1
x*(t) = / G(t,5)f (s,x*(s), Dyra*(s), Dy 2 x*(s), ..., Dyt x*(s)) ds, £ €[0,1],
0
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by the Lebesgue dominated convergence theorem. Hence, x* is a positive solution of prob-

lem (1.1) and satisfies inequality (1.3). O

5 Example
We consider the following nonlinear singular fractional differential equation:

D2, u(t) + 1 (u(t)* + l(Déu(t))*b + LD u(t) < + L (D u(t)

+ 2 (@5u(t) + (DL ()" + (DL u(®) + (DL u(d)y™) =0, 0<t<l, -
u(0) = /(0) = u’(0) = " (0) = 0,
u"(1) = 375 njul&)),

where o =3, u1 =5, u2=3, u3= 3, 1= 3, § = g,ae(o,z) be(0,1),ce(0,2),de
(0,2), by, c1,dy €(0,1). Letting y (t) = 3”Zl and B t) ”f , we easily get
2,100t2 t2

\1

7 105
X —=— =13.1250,
2 8

K\JIUJ
NIU‘I

0 7
Zn,é“ - Z—(i?) ~12.8492 < © =
j

/1}

oo
P(0)=© - ) n&f A~ 13.1250 - 12.8492 = 0.2758,
j=1

3\ 1._/1\ 17725
F(n—l—pc,,_Z):F(a—n+2):F(—):—F(—>% S =0.8863,

2) 72 \2
® 131250 131250
= ~ ~ 53.7029,
PO (@—n+2) 02758 x 0.8863  0.2444
T(n—1-p,. 0.8863
(=1 pua) ~ 5.0017.

blyl.  53.7029 x 0.0033
Then the function

1
1 1 1 1 3+1¢2
ftxy,zw) ==+ -y P+ Sz Sl 474 41(4.596 +yP 42 4 wdl)
£ £ ¢ ¢ 2,100¢2

satisfies the hypotheses (Hy), (H;), and (Hy) for

Py, zw) =5 vyl 1z w47,

1 1
3+t2 1+12
t) = 1> ﬂ(t) = 1’
2,100¢2 L2

h(x,y,2,w) = 4.5x + Y + 29 + wh,

and
. h(x,%,...,%) . 4.5x + xP1 + x1 4 x4
lim sup ———— = lim sup =4.5000
X—>00 X x—> 00 X
I'n—1- -
_p Dl ta) g o017,

elly
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so hypothesis (H3) is also satisfied. Therefore, Theorem 1.1 guarantees that the fractional
differential equation (5.1) has one positive solution u satisfying inequality (1.3) for ¢ €
[0, 1], where M = m.

Remark 5.1 In the examples of [15], the index of the independent variables of 4 can-
not be 1, but the index of the independent variables of /# can be 1 in this paper because

h(x%,.0%) _ 3 . h(x,%,...%) _ I(n—1-p;,_2)
=22 = () is replaced by limsup,_, o, =% =4 < Tl

1imx—> 00

6 Conclusions

In this paper, some existence results are obtained successfully for the boundary value
problem (1.1) for the case where the nonlinearity is allowed to be singular with respect
to not only the time variable but also the space variable and also the boundary conditions
may involve infinite number of points. Compared with previous work [15-17], we com-
plete the proof without imposing the third Carathéodory condition, that is, the condition
f (&, %1, %0, ...,%,-1)| < @u(2) is successfully removed, and, at the same time, the condition

lim M:O

x—> 00 X
is extended to

. hix,x,...,x) I'(n—1- w,_p)
limsup—M =A< ——==
x—00 X ellylh

which leads to more general results. Moreover, the results of [15] seem to be wrong when
h(xx,...x
X

lim,_, ¢ ) = 0.So we have improved the result of [15-17]. The method we utilized for

the analysis is the sequential technique and regularization, and the existence of positive
solutions is obtained by the fixed point theorem.
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