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Abstract

In the paper, we investigate the least energy sign-changing solution and the ground
state solution of a class of (p, g)-Laplacian equations with nonlocal terms on R",
Applying the constraint variational method, the quantitative deformation lemma, and
topological degree theory, we see that the equation has one least energy
sign-changing solution u. Moreover, we regard ¢, d as parameters and give a
convergence property of such a solution ucq as (¢, d) — 0. Finally, using the Lagrange
multiplier method, we obtain a ground state solution of the equation and show that
the energy of u is strictly larger than two times the ground state energy.

Keywords: (p,g)-Laplacian equation; sign-changing solution; ground state solution;
nonlocal term

1 Introduction
In this paper, we discuss the existence of a least energy sign-changing solution and a

ground state solution of the following equation:

—<a+c/ |Vu|p)Apu— (b+d/ |Vu|q>Aqu+h(x)|u|p_2u +g(x) || u
RN RN

=f(w), xeRY, (L)

where 2 < g < p <q*, N <2p, A, = div(|Vu|"2Vu) is the m-Laplacian operator, m* = 0o
for N < m, and m* = Nm/(N — m) for N > m. a, b are positive constants, ¢,d > 0. We
assume that 4, g are continuous, coercive and positive functions.

When ¢ = d =0, equation (1.1) is the following (p, g)-Laplacian equation:

—alpu—bAyu+h)|ulP?u + gx)|ul'u = f(u), xeRN. (1.2)

A special situation for (1.2) is the case where p = g > 1, i.e., a single p-Laplacian equation.

When p = g = 2, (1.2) becomes the nonlinear Laplacian type equation

—Au+au=f(xu), =xe€ RV, (1.3)
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Equation (1.2) appears, for example, as the stationary version of a general reaction-
diffusion equation

Uy = div[D(u)Vu] +f (e, ),

where u describes a concentration, D(x) = |Vu|?~2 + |Vu|?2 is the diffusion coefficient,
and f(x, u) is the reaction term connected with source and loss mechanisms. This equa-
tion has extensive applications in physics and related sciences such as biophysics, plasma
physics, and chemical reaction design. Typically, in chemical and biological applications,
the reaction term f(x, &) is a polynomial of u with variable coefficients (see [1-4]).

The differential operator A, + A, is known as the (p,g)-Laplacian operator, if p # q.
The single p-Laplacian operator has been studied for at least four decades (see [1, 5-19]),
whereas a deeper research involving the (p, g)-Laplacian operator has only arisen in the
last decade (see [2—4, 20-22]).

In [16], the authors investigated the existence of a positive solution of equation (1.3)
where a > 0 is a constant. In [8], the authors proved the existence of sign-changing so-
lutions of equation (1.3) where a € LﬂfC(RN ) and essinfa > 0. We also refer the inter-
ested reader to more related results as regards equation (1.3) in [9, 10] and the references
therein. In [7], the authors proved the existence of least energy positive, negative, and
sign-changing solutions for the p-Laplacian equation with potentials vanishing at infinity.
In [1], the author obtained multiplicity solutions of the p-Laplacian equation with a critical
nonlinearity. Since the (p, g)-Laplacian operator is not homogeneous, some technical dif-
ficulties appear when using the common methods of the elliptic equations. The existence
of a nontrivial solution to equation (1.2) was obtained in [4, 20, 21]. In [4], the authors
dealt with the situation 2 < g < p < N with # € LY"?(RN) and g € L}"*(RN), whereas in
[21] the authors considered the case 1 < g < p < N, but there /4, g are positive constants. In
[4, 21], the nonlinearity f (x, s) was suitably controlled by the variable s as s — 0 and also as
|s| = 0o, uniformly with respect to the variable x. In [20], the authors discussed the case
that 1 < g < p < g*, p < N with /4, g continuous, positive, and coercive functions on RN and
f(x,s) a Carathéodory function satisfying some conditions.

To the best of our knowledge, there is little work researching the sign-changing solu-
tion and the ground state of the (p,g)-Laplacian equations (1.1). Recently, Shuai in [23]
discussed the following Kirchhoff type problem:

—(a+b [, |Vul)Au=[(u), x€g,
u=0, x €092,

Motivated by [23], we investigate the sign-changing solution and the ground state solution
of (p, g)-Laplacian equation with nonlocal terms.

In general, the working space to study (p, g)-Laplacian problems in a bounded domain
Qs Wé’p (€2), by taking advantage of the compact embedding Wé‘p () — L5(2) for all
s € [1,p*). When the domain is the whole RV, Sobolev’s embedding loses compactness. In
order to overcome these difficulties, various methods have been developed. The radically
symmetric Sobolev spaces have been applied to (1.3) (see [24, 25]), and the concentration-
compactness principle or the constrained minimization method has been used to find
solutions in W (RN) N WH4(RY) (see [1, 3, 4, 21, 26]).
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In this paper, we intend to choose an appropriate approach by taking into account the
Banach space,

W:{ueDl’P(RN)ﬂDL"(RN):/ h|u|”,/ g|u|q<oo}.
IRN RN

We recall that the space D (RYN) is a reflexive Banach space which is characterized by
(see [11])

ou

DM(RN) = {u eL™ (RY): ”

e " (RY) }
and its norm is equivalent to the norm || V|| mgn). We denote the norm of L"™(RN) as
| - |,» hereafter. Moreover, W (RN) c D¥(RN) < L™ (RN).

We take /,g as continuous, coercive, and positive functions on RN and define normed
spaces (Wp,a,hr Il - [l1) and (Wq,b,g: - 1l2), reSPeCtiVEIY, bY

Wpan = {u eDY(RY): | hluf < oo},

RN

Wobe = {u e DM(RN): /Nglulq < oo},
R

with norms

1/p

il = (/ (4l Vul? +h|u|P]> ,
]RN

1/q

||M||2=(/ [b|Vu|q+g|u|‘1]) .
RN

Then W), and W, are reflexive Banach spaces. The embedding W), < L*(RY) is
continuous for all s € [p,p*] and compact for all s € [p,p*). Similarly, the embedding
Wobe = L*(RYN) is continuous if s € [g,4*] and compact if s € [g,4*) (see [20]).

Now we can define our working space W:

W = Wp,a,h N Wq,b,g
endowed with the norm
llzell = Nlully + llzell2-

Then it is easy to see that W is a reflexive Banach space and the embedding W < L*(RY)
is continuous if s € [g, p*] and compact if s € [g, p*).

For brevity, we omit the integral domain R when no confusion arises hereafter.

We assume that f € C!(R, R) satisfies the following hypotheses:

(f1) limg_qf(s)/|s|! =0;

(f2) for some constant r € (2p, p*), limys— o f(s)/]s]"~! = 0;

(f3) limysj— oo F(s)/|s|*? = 00, where F(s) = fotf(t) dt forallse R;
(f1) f(s)/|s|?7! is increasing on (00, 0) and (0, 00), respectively.
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Define the energy functional /: W — R of (1.1) by

2 2
I(u):;||u||f+é||u||g+i</‘|Vulp) +%</|Vu|q) —/F(u), ueW. (1.4)

Then the functional I is well defined on W and belongs to C*(W,R). Moreover, for any
u,p € W, we have

(1’(u),(p) = /[a|Vu|p_2Vu Vo + h|u|"_2u(p] + /[bWulq_zVu -V +g|u|‘1_2u<p]
+c/|Vu|”/|Vu|p‘2Vu~V<p
+d/|Vu|qf|Vu|q_2Vu~V(p—/f(u)(p. (1.5)

A critical point of I corresponds to a solution of (1.1). Furthermore, if # € W is a solution
of (1.1) with u* # 0, then u is a sign-changing solution of (1.1), where

u* (x) = max{u(x),0}, u” (x) = min{u(x),0}.
Obviously, the energy functional I : W — R of (1.2) is given by
1w, 1. a
Io(u) = —llully + —llull - | Fw), ueW.
p q
Forue W,
Io@)=To(u*) +Io(uw), (o), u™) = (I)(u*), u™). (1.6)

When ¢,d > 0, the nonlocal terms (/ |Vul?)Apu, ([ |Vu|?)Au are involved in equation
(1.1), for the functional I given by (1.4) it is apparent that

9 (1.7)

_ + - £ +|P 4 z +14 -
1) = 1(u*) + I( )+p/|w | /wu | +q/|w | /|w
(I'(u),ui):<I/(ui),ui)+c/‘Vu*!p/|Vu_‘p+d/‘Vu+|q/‘Vu_’q. (1.8)

Clearly, the functional / does no longer satisfy (1.6), since it contains two nonlocal terms.
Hence, there may be some differences in investigating the sign-changing solution of equa-
tion (1.1) between ¢,d >0 and c=d = 0.

In order to obtain a sign-changing solution of equation (1.1), we try to seek a minimizer
of the functional / over the following constraint:

M= {u eW u* #0,(1/(u),u+) = <1/(u),u_> = 0} 1.9)
and

m = inf {1(u) ‘u € M} (1.10)
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Then we show that the minimizer is indeed a sign-changing solution of (1.1). As we have
mentioned before, the functional I no longer satisfies the properties (1.6), so it is more
difficult to prove that M # (4. Actually, we will obtain M + @ by using the Brouwer fixed
point theorem, which is different from the approach in [23].

In order to get the ground state solution of equation (1.1), let
N ={ue W\ {0}:(I'(u),u) =0}, (1.11)
and consider the ground state energy
m= inf{[(u) ‘U € N} (1.12)
Now, we state our main results.

Theorem 1.1 If the assumptions (f;)-(fs) hold, then equation (1.1) has one least energy

sign-changing solution.

Theorem 1.2 Suppose the assumptions (f1)-(fy) hold. For any sequence {(c,,d,)} with
¢ dy >0, as (¢, d,) — 0, there exists a subsequence, still denoted by {(c,,d,)}, such that
Ue, 4, — Uo in W, and uy is a least energy sign-changing solution of equation (1.2).

Theorem 1.3 Suppose the assumptions (f;)-(f4) hold.
(i) There exists a ground state solution v of equation (1.1).
(i) m > 2m. In particular, the ground state solution must maintain the sign unchanged.

Remark 1.4 The three results above are also valid for (p,q)-Laplacian problems in a

bounded domain 2. Consider the following two problems:

~(a+c [y IVulP)Apu— (b +d [, |Vul?)Au
+ () |l u + g (%) |u|u = f (u), xeQ, (1.13)
u=0, x€0Q

and

—alpu—bAgu+h(@)|ulPu+ gx)|uliu=f(u), x€Q,

u:o, x€3§2,

where Q is a bounded domain in RV, #, g are continuous and non-negative functions,
including the case 1 = g = 0. Because the embedding Wé"”(Q) < L*(R2) is continuous if
s € [1,m*] and compact if s € [1,m*), we find solutions in the space Wé’p(Q) N Wé‘q(Q),
and then can also obtain the same conclusions as Theorems 1.1-1.3 for (1.13).

Both the conclusions of (1.1) and of (1.13) are true when p = g, i.e., these results are true
for a single p-Laplacian equation with nonlocal term.

The paper is organized as follows. In Section 2, we prove several lemmas, which are
important to prove our main results. In Section 3, we first show that the minimizer of the
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constrained problem (1.9) is a sign-changing solution. Then we prove the convergence
property of solutions of (1.1). Finally, we prove the existence of the ground state solution
and give the energy comparison.

Throughout this paper, C and C; denote various positive constants, which may vary

from line to line.

2 Preliminaries
We use constraint minimization on M to seek a critical point of /. We begin this section

by doing some preparation work.

Lemma 2.1 Assume that (f,)-(f4) hold. If u € W with u # 0, then
(i) limyo [L52% = 0;

Isl71

(ll) lim‘s|_>oo f ‘{‘(ZS;—);‘S = 00;

e . F

(iii) limy—oo f ‘s(‘szl;) = 00;

. o4 : F(sut)+F(tu™) _
(iv) moreover, if u™ # 0, then lim( |- o0 [ W =00.

Proof (i) By the conditions (f;) and (f,), for any given ¢ > 0, there exists C > 0 such that

Ifs)| <elsl”™ + ColsI”™, seR, 2.1)

C
EG)| < Z1s7+ =2|sf", seR. 2.2)
q r

By the condition (f;), we have, for each n € R,

!L‘%{; (;'2 0. (2.3)

Thus, by (2.1), (2.3) and the Lebesgue dominated convergence theorem, the conclusion (i)
holds.
(ii) By the conditions (f;) and (f3), we have

SO (2.4)

m =
Is|>o00 |s|2~2s

It follows from (2.4) that, for any given M; > 0, there exists R; > 0 such that

s)s
]|(s(|—2)1” > M, |s|>Ry. (2.5)

By the condition (f;), we have

— M, |s|%
(Sl Mylsl
s—0 |S|q

Then there exists Cyy, > 0 such that

f(s)s = Mls|*

> _CMI) |S| € (O»Rl]‘ (2'6)
Is|4
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It follows from (2.5) and (2.6) that
f(s)s = Myls| = CagyIsl7, s €R. 2.7)

It follows from (2.7) that

C
limint [ L6904 >M1/|u|2p— lim —2h /|u|q:M1/|u|2p.

Isl>o0 J |s|2P2s ls|—o00 |s|2P~4

Then, by the arbitrariness of M, the conclusion (ii) is true.

(iii) By the condition (fs), for any given M, > 0, there exists R, > 0 such that

7 > M, |s|>R,. (2.8)

F(s)
HE
By the condition (f;), we have

_F(s) - Myls|*?
lim — =
s—0 |S|q

Then there exists Cyz, > 0 such that

F(s) = Mals|*

|s|‘1 = _CM2’ |S| € (OxRZ] (29)

It follows from (2.8) and (2.9) that
F(s) > My|s|”? — Caylsl%, seR. (2.10)

Then it follows from (2.10) that

F(su C
liminf ( )ZM2/|M|21"— lim —2%2 /|u|‘7:M2/|u|2p.
|s|]— 00 |s|2p s|— 00 |S|2p—q

Thus, by the arbitrariness of M,, the conclusion (iii) is also true.

(iv) For convenience, we denote functions y(s) = [ F(su*) and v(s) = [ F(su~) for all
s € R. Then, by (iii), we have

Y1(s) — oo, Va(s) > 00, |s| - oo. (2.11)
Because of (2.11) and the continuity of ¥, ¥, there exists C > 0 such that
Y(s) > -C, Ya(s) = -C, seR. (2.12)

By (iii), for any given M > 0, there exists R > 0 such that

c c
% > M, % >9M, |s|>R. (2.13)
S S
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When |(s, £)| = v/52 + £2 > /2R, by the inequality
Vs +2 < s/imax{lsl, |t|},

max{|s|, |t|} > R. We may suppose that |s| > |¢|, so that |s| > R. Combining with (2.12) and
(2.13), we have

Y1) + C+ o) +C _ a9 +C _
sPe el T 2

Then we have

C t)+C
lim i)+ C+ @)+ C (2.14)
I(s,8)|—>00 |2 + |¢]|2P
Therefore, it follows from (2.14) that (iv) holds. O

Remark 2.2 By the condition (fy), for each n € R\ {0}, we see that f(sn)n/|s|??~! is in-
creasing on (—o00,0) and (0, co), respectively. Therefore, for each u € W with u # 0, we see
that ffzp T is increasing on (0, 00).

Now we start to check that the set M is nonempty.

For each u € W with u* # 0, for convenience, we denote the positive numbers
Avy = ([IVUtP)?, Ay = ([ IVuP)?, Az = [IVu'lP [|Vur1P; Buy = (f [Vut|9)?, Byy =
([ IVu|9)?, Bs = [|Vut|? [ |Vur |1,

Lemma 2.3 Assume that (f,)-(f,) hold. If u € W with u* # 0, then there is a unique pair
(Su» ty) of positive numbers such that s,u* + t,u~ € M.

Proof For any given u € W with u* # 0, we define a function ¥, : R, x R, — R by
W, (s, t) = I(su® + tu™), where R, = [0,00), that is,

W, (s,t) = —sp”u ||p sq”u ||q+ —Alus 2 4 A3 PP
p q 2p P
d d
+ Z]BL,,S%I + EBg,usqt" - /F(su*)
1 _ 1 B c
Sl s A

d
g Baul- / F(ur). (2.15)

For s,t > 0, since

VW, (5,8) = (
= ({7
_ (_( o+ ), ) 1 o m—),m—)),

N

v, v,
‘o), )

sut +tu”),ut), (I'(su” + tu”),u”))

—_
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we have su* + tu~ € M if and only if (s, ¢) is a critical point of W,. Next we will prove the
existence of a critical point of W,,.

For any given ¢, € R,, we have, for s > 0,

0
& qju (S» tO)
=51 ” u* Hf +5171 H u* ”Z +CAL s+ cAg st
+dBy %17 + ng,usq_ltg - / f (szf)u’r

=T 7wt |7+ |t |2+ cALus™ T + cAs st
[ 17+ [l + cAn 3G

+dBy s + dBs ! - W] (2.16)
o=

! 1 t
_ o l[s_p s+ g et 2 v+ 2

dB 1dB Nt
L todBs,, Sflsu)u (2.17)
§2p-2q §2r-q §2r-1

Since u* # 0, it follows from (2.16) and Lemma 2.1(i) that \IJ u(s,t0) > 0 for s > 0 small. It
follows from (2.17) and Lemma 2.1(ii) that W, (s,20) <0 for s> 0 large. Thus there exists
so > 0 such that £ 7 Wu(s0,20) = 0.

Suppose that there exist s1, s, with 0 < s; < sp such that %\I/u(sl, ty) = %\Du(sz,to) =0
Then (2.17) implies that

1 p q t dB,  tidBs,
S_}] HM+ ”1 + SZp—q HM+ ”2 + CAL” * S_I?CA?”” + SZp—Zq + SZp—q
i i i i
(su®)u*
/ f 2p T i= 1,2.
Hence

1 1 + 1 1 N 1 1
()1t (s = I i (= et

1 1 1 1
q
+ ( B T zq>d31u <m - m)todB?w

5 2 51 52
( +\,,+ )yt

:/[f SIZL; zu _f(szzz; zu ] (2.18)
MY Sy

But according to Remark 2.2, the right side of (2.18) is negative and (2.18) is absurd. There-
fore there exists a unique sy = 5o (o) > 0 such that %\IJM(S(), to) = 0.
Now we can define a map ¢; : R, — (0,00) by ¢;(¢) = s(¢), where s(¢) satisfies the prop-

erties just mentioned previously, with ¢ in the place of ;. By definition, we have

ow
as

“(1(0),£) =0, teR,,
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that is, for t > 0,

GOt [P+ ol Ot |2+ cALugi T (8) + cAs g OF

+ dByupi 7 (t) + dBs T (D)1
- [ rowu e 219

We will prove some properties of the function ¢;.

(a1) ¢1 has a positive lower bound.

In fact, suppose there exists {t,} C R, such that ¢;(¢,) — 0. Then, by (2.19) and
Lemma 2.1(i), we have

||u* ”Z < lim f(<ﬂ1gt_nl)u+)u+ _
e o1 ()

This is absurd. Thus there exists C > 0 such that ¢;(s) > C for all s € R,.

(az) ¢1 is continuous.

In fact, let ¢, — £ in R,. We firstly prove that {¢;(¢,)} is bounded. Suppose, by contra-
diction, that there is a subsequence {¢,,} of {t,} such that ¢;(¢,,) — oo. It follows from

(2.19) that
1 dB t! dB
[ 7 [+ A+ i Ay
@ () o (ty) @1 (En) o tw)  er ()
t,, )ut
- f—((ﬂ;(_f(k: ))m. (2:20)
2] ny

Letting k — o0 in (2.20), according to Lemma 2.1(ii), we have a contradiction cA;, = oco.
Thus, {¢:(t,)} is bounded. For any subsequence {¢i(t,)} of {¢:1(t,)}, since {¢i(£),)} is
bounded, there exists a subsequence {¢;(£,)} of {¢1(£,)} such that ¢, (£)) — s and it follows
from (a;) that sy > 0. Passing to the limit as # — oo in (2.19) with ¢ = £, we get

s"é_l I ||’f + sg_l [[e* HZ + cALus(z)p_1 + CAgyuSg_ltg + dBLMs(Z)q_1 + ng,Msg_ltg
= /f(solf)u*. (2.21)
Thus (2.17) and (2.21) imply
o
a—u(So, to) = 0.
s

Consequently, by the uniqueness, sy = ¢ (to). Therefore ¢; is continuous.

(as) ¢1(¢) <t for ¢ large.

In fact, if there exists a sequence {¢,} with £, — oo such that ¢;(¢,) > ¢, for all n € N,
then ¢;(¢,) — oo and it follows from (2.20) that co < cA;, + cAs,. This is a contradiction.
Thus ¢ (t) < ¢ for ¢ large.

Similarly, for each s € R,, we consider the function W,(s,-) and consequently, we can
define a map ¢, : R, — (0, 00) which satisfies

v,

9t (S; ‘/’2(3)) =0, se R+1
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that is, for s > 0,

G| [+ 08 @[5 + cAru@d” T (5) + cAsugh T (95

+dBo,u 03"\ (s) + dB3,, T (s)s

:/f(q)z(s)u_)u_, (2.22)

and it also satisfies (a;), (a3), and (a3) above.
Now we prove the existence of a critical point of W, by the Brouwer fixed point theorem.
By (a3), there exists C; > 0 such that ¢;(¢) < ¢ for all £ > C; and @,(s) < s for all s > C;. Let

C :max{ max t), max s }
2 el i(t) o] @a(s)

Let & = max{C}, C,}. We define T : [0,&] — R, as T(s) = ¢1(p2(s)). Now we show T(s) €
[0,&] for all s € [0,£&]. In fact, let 0 < s < & = max{Cy, Cp}. If £ = ¢5(s) > Cy, then

S, s> Cy,
T(s) = ¢1(f) <t =gals) <
maXSE[O,Cl] ‘PZ(S), §< Cl:

)
T(s) < max{Ci, C,}.

If t = g5 (s) < Cy, then
I(s)=g(t) < max (1) = G

Note that T is continuous. Then, by the Brouwer fixed point theorem, there exists s, €
[0, £] such that ¢;(¢o(s,)) = s,. Let £, = ¢2(s,,). Then we have

i = Q1(ty), Lty = @a(sy). (2.23)

Since ¢; > 0, (2.23) implies s,, ¢, > 0. By the definition we have

o ow
a—su(su; t,) = a—tu(surtu) =0.
Thus, (s, £,) is a critical point of \W,,.

Now we prove the uniqueness of (s,, £,). In fact, considering w € M we have

v, oW

vV, (1,1) = <?(1, 1), E)—tW(L 1))

=((I'(w" +w),w"),(I'(w" +w),w)) =(0,0),

which implies that (1,1) is a critical point of W,,. Now we prove that (1,1) is the unique
critical point of W,, with positive coordinates. In fact, we may suppose that (so, ) is also
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a critical point of ¥, with 0 < £y < s¢. Then it follows from (2.19) and (2.22) that
2 2
so|w' Hf +sg|w' HZ + CA1LwSy + CAsyshth + dBy s, + dBs,sitd

- f F(sow)sow", (2.24)

w7+ & w2+ cAnuty” + cAsushth + dBaty! + dBsusitd
:L/f(mwf)mwf. (2.25)
From (2.24) and ¢y < so, we have
Sl 1+ o+ Asa)sF AP+ B = [l )sont. (226)
On the other hand, since w € M, we have
o I [ 15 v e+ B+ s = [ £ @2)

Hence, from (2.26) and (2.27), we get

1 . 1 N 1
(1Y (1= g o 2 (1 s

= [y Lo |

From the above inequality and Remark 2.2 we conclude that sy <1and then 0 < ¢, <so <1.
Now we prove that £y > 1. In fact, from (2.25) and 0 < £y < sg, we have

t ”w_ Hf +t] H w” HZ +c(Agy + As,w)tép +d(Byy + Bs,w)tgq < /f(tow_)tow_. (2.28)
On the other hand, since w € M, we get
WW$WWM+mm+mm+ww+wW:/ﬂWWi (2.29)

Now from (2.28) and (2.29), we obtain

1 1 1
(I—K)WVM+(}—%;%NW/M+<1—%;z>ﬂ8mﬁ3mﬂ
thww-ﬂggﬂ}

Ly

By Remark 2.2, we conclude that £, > 1. Consequently, £, = so = 1, this shows that (1,1) is
the unique critical point of W,, with positive coordinates.

Now we assume that u € W with u* #0 and (s, #,), (s, £,) are both critical points with
positive coordinates for the map W,,. Then

wi=siut +u” e M, wy =Sout + thu” € M.
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Therefore,

S t S t
Wy = 2 siut + 2 thu = 2 wi + 2 w; € M.
51 4] 81 h

Since w; € M and (i_f’ i—f) is a critical point of the map W,,, with positive coordinates, by

the uniqueness we have

S ty

= = 1,
S1 t
which implies that (s;, ) = (s2, £2). a

Lemma 2.4 For a fixed u € W with u* # 0, the vector (s, t,), which was obtained in

Lemma 2.3, is the unique maximum point of the function V,(s, t).

Proof From the proof of Lemma 2.3, (s,,t,) is the unique critical point of W, in (0, 00) x
(0,00). By (2.15), we have

o) = () S e e S el
pSP+ P q sP + tP p St +tP
o]
+ (s + th)I:%Bl,u% + g 3,u% + %Bwﬁ]

F(su*) + F(tu™)

— (5% + %) / T

= (321’ + tzp) |:\Ill(s, t) + Wy(s, t) + W3(s, t) —/

F(su*) + F(tu™)
$20 4 12 '

It is clear that W(s,t), Wa(s,t) — 0 as |(s,t)] — oo and Ws(s,t) is bounded. Then, by
Lemma 2.1(iv), we deduce that W, (s,£) — —00 as |(s, t)| — oo. So it is sufficient to check
that a maximum point cannot be obtained on the boundary of R, x R,. Without loss of
generality, we may assume that (0, ) is a maximum point of W,. Similar to (2.16), we can
get ;’—S\IJM (s,£) > 0 for s small. Then W,(s, ) is an increasing function with respect to s if s is
small enough, the pair (0, ¢) is not a maximum point of ¥, in R, x R,. O

Lemma 2.5 Let (f;)-(f4) hold. Suppose that u € W with u™ # 0 such that (I'(u),u*) <0,
(I'(n),u”) < 0. Then the unique pair (s,,t,) of positive numbers obtained in Lemma 2.3

satisfies 0 < s, t, <1.
Proof We may suppose thats, > ¢, > 0. Since s,u™ + t,u” € M,

sh || ut ||119 +s1 H ut ||Z + cALusip + cAg,usip + dBLusiq + ngyusiq

> sb|ut ”f +52|ut ||Z +CALuSY + cAz, SLE + dBy,s* + dBs ,s1t1

=/f(s,,u+)suu+. (2.30)
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The assumption (I'(x), u*) < 0 gives
[ 7 + | + cAry + cAny + By + By < / Flu )t (2.31)

Combining (2.30) and (2.31), we get

1 1 1
()1l s (g =)ol (g 1)
( +\,,+
/|:f52b;1 —f(u)u:|

If s, > 1, then the left side of this inequality is negative. But by Remark 2.2, the right side

is positive, thus we must have s, < 1. Then the proof is completed. O

From Lemma 2.3 and M C N, we know that A/ is nonempty and m, 71 is well defined.
Now we prove the following lemma.

Lemma 2.6 Assume that (f1)-(f4) hold. If ve W with v # 0, then there is a unique s, €
(0, 00) such that s,v € N'. Moreover, if (I'(v),v) <0, then s, € (0,1].

Proof For fixed ve W with v #0 and s € (0,00), sv € NV if and only if (I'(sv), sv) = 0, where

2
I'(sv),sv) = 57 Sp_q”VHp + ||v||q + s |Vv|P
1 2

2
vas(frowe) - [1E7] (2.32)
2
- s”’[sipnvnf b Vg c(/ |Vv|p>
d 2
+szp—zq(/ 'V"'q) - ];(zspv)lv] (2:33)

Since v # 0, it follows from (2.32) and Lemma 2.1 (i) that (I’(sv),sv) > 0 for s > 0 small. On
the other hand, it follows from (2.33) and Lemma 2.1(ii) that (I’(sv),sv) < 0 for s > 0O large.
Thus there exists s, > 0 such that (I’(s,v),s,v) = 0.

Now we prove the uniqueness of s,. Suppose that there exist s;, s, with 0 < s; < sp such
that (I'(s;v), s1v) = (I'(sav), s2v) = 0. Then (2.33) implies that

?”V”p ||V||2+C(/|Vv|p) 217 2q <\/‘|V |q) /fzp 1 i:1;2~

l

Hence,

=) (=gt (=) (o)
vt 4 g — g ) IV + (g - V!
( & SP)” I sP1 e 2 R

i /[f(slv)v f(SzV)V]
- -1 Sgp—l .

S

Similar to (2.18), it is absurd in view of Remark 2.2.
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Now we claim that s, € (0,1]. It follows from (2.33) that

1 1 24 [ flsw)v
57 ||V||f + m ||V||g + C(f |VV|p> + T_Zq </ |VV|‘1) = 2;_1 . (234)
v Sy Sy Sy

The assumption (I'(v),v) < 0 gives

2 2
vy + ||v||g+c(/|Vv|p> +d</|Vv|q) §/f(v)v. (2.35)

Combining (2.34) and (2.35), we have

2
(1—3%)Ilvllf+(1—5?%)”1/“%<l—ﬁ)d</lvvlq) sf[f(wv—%}

According to Remark 2.2, it is absurd if s, > 1. Thus s, € (0,1]. O

Lemma 2.7 Assume that (f,)-(f4) hold. Then m > m > 0, and m, m can both be obtained.

Proof (i) For any given ¢ > 0, by (2.1), we have

f@u<e [ |u?+Ce | lu|", ueWw. (2.36)
Jreze fursc. |

Hence, for some ¢ > 0 small, by the continuous embedding of W, < L"(R") and
W pe <> L1(RN), we get

1
/ Sl < 2l + Cllulf, we W, (2.37)

For every v € N, we have (I'(v),v) = 0, that is,

V1Y + v+ c(/ |Vv|1’)2 + d</ |VV|‘1’)2 = /f(v)v. (2.38)
For every u € M, we have (I'(u), u™) = 0, that is,

[+ o]+ c / Vul? / Vit 4 d / Vul? / |Vat|? = / Flt)t. (2.39)
Hence, for some ¢ > 0 small, it follows from (2.38), (2.39), (2.37), and (2.36) that

+
Iwliy + Iwly < Sllwl3 + Clwlly,  w=v,u*, (2.40)

N =

i+l < [ itec. [ wr wevt, (2.41)
So, by (2.40), there exists a constant « > 0, which is not dependent on ¢, d, such that
+

”W||1 =, w=v,u-, (2.4'2)

and then |[v[; > «, [|4* [ > a.

Page 15 of 28
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By the condition (f;) and f € C'(R,R), we have

f©)s" = 2p-1f(s)s=0, seR. (2.43)
By (2.43), we have

f(s)s—2pF(s)>0, seR. (2.44)
Then

I(w) = I(w) - %(ﬁ(u),u)

gt (g e (o)
+ % / [f (w)u - 2pF ()]

> = ulf + (; - i) Julld = . (2.45)

2p 2p “2p

This implies that /1 > o /(2p).

(ii) Let {v,} C NV such that I(v,) — . Then it follows from (2.45) that {v,} is bounded
in W and there exists v € W such that v, — vin W.

Let {u,} C M C N such that I(u,) — m. Then it follows from (2.45) that {u,} is
bounded in W and there exists u € W such that u — u* in W (see Lemma A.1).

Since v, € N, u,, € M, it follows from (2.41) that

+

Olpf”WVIHIfSS/|Wn|q+C£/|Wn|r: Wy =Vp, U, .

Using the boundedness of {w,}, there is C; > 0 such that
o <eCi+C, [ (W,

Choosing ¢ = o?/(2Cy), we get

where C, = C,. By the compactness of the embedding W < L"(RN), we get

P
/|w|’ > 2‘% w = v, u*. (2.46)
2

Thus w # 0. Equations (2.1) and (2.2) combined with the Lebesgue dominated convergence

theorem give

lim [ f(w,)w, =ff(w)w, nli)rgO/F(wn)sz(w). (2.47)

n—00
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(iii) By the weak lower semi-continuity of the norm, we have

2 2
||v||’;’+||v||§+c</|w|’”> +d</|w|q)
2 2
51iminf{||v,,||1f+||vn||g+c<f|VV,,|p> +d</|w|q> }
n—0o0

Then from (2.47) we get

2 2
vII¥ + ||v||g+c(f|Vv|p) +d</|Vv|q) E/f(v)v. (2.48)

From (2.48) and Lemma 2.6, there exists s, € (0,1] such that v =s,v € \V.
It follows from (2.43) that G(s) = f(s)s — 2pF(s) is a non-negative function, increasing on
[0, 00), and decreasing on (—00, 0]. Then we have

1

m<I{)- %Q/(D),f/)

Lo (LA (L1 )
_2p”V”1+(q 2p)||v||2+<2q 2p>d</|w|q)
+$ [f(f/)l'/—ZpF(f/)]

1 11 11 2
= —slIvIly + (— - —)sznvnz + (— - —)ds%"(f IVvlq)
2p q 2p 29 2p

+ %/[f(svv)svv— 2pF(s,v)]

1 1 1 1 1 2
L (— - —) i+ (— - —)a’(/ |VV|Q)
2p q 2p 2qg 2p

1
+ o /[f(v)v— 2pF(v)]

IA

n—00

< liminf{l(v,,) - i([’(v,,), V,,>} = .

We then deduce that s, = 1. Thus, ¥ = v and I(v) = 7.
(iv) By the weak lower semi-continuity of the norm, we have

Jo g+ 3+ [19up [ 9P a [ 19 [[9u”
<timine| 1z |7+ o |5 [ 19,0 [19p vd [ 9w floay].
Then from (2.47) we get
[ |7 + |ut ]+ c / Vul? / Vil +d / Ve / V| < / Pt (249)
From (2.49) and Lemma 2.5, there exists (s,, ,) € (0,1] x (0,1] such that

u=s,u" +t,u e M.
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Note that G(s) = f(s)s — 2pF(s) is a non-negative function, increasing on [0, c0) and de-

creasing on (—o00, 0]. Then we have

m < I(i1) - %(1’(&), it)

1 1 1
=—Jalf+(--=lall+ —-=— Vil —f it)it — 2pF (il
Sl + (q 2P)nunz ' (2q zp) (/ Vi)« — [ [f@i - 2pFG@)]
1 1 1 >
- gl (2= o Yl g+ (5 - 55 Jasto( [ 19w
2p \g 2 g 2q 2p
+—/[f Syl suu —ZpF(su (—— —) sqtq |Vu+|q/|Vu_|q
1 11 11 2
et (2= 5 el 13+ (5 = 5 )an ([ 1o
2p q 2p 2qg 2p
1
o / [ (1)t - 20F (1007)]
1 11 11 S|
< ulf + (— - —)llunz ; (— - —)d(/ |W|q> e oo [ [t -2pr ()]
T 2p q 2p 29 2p 2p
1
< liminf{l(u,,) - —(I’(un),un)} =m.
n—00 2p
We then deduce that s, = £, = 1. Thus, i = u and I(u) = m. |
3 Proof of the main results
The purpose of this section is to prove our main results. We start to prove that the min-
imizer u for the minimization problem (1.10) is indeed a sign-changing solution of (1.1),
that is, I'(u) =
Proof of Theorem 1.1 Using the quantitative deformation lemma and topological degree
theory, we prove that I'(x) =0
It is clear that (I"(u),u") = (I'(u),u”) = 0. It follows from Lemma 2.4 that, for (s,t) €
R, x R, and (s,2) # (1, 1),
I(SLfr + tu‘) < I(Lfr + u‘) =m. (3.1)
It follows from (2.46) that [ |[u*|" > &”/(2C;) := t". Then |u*|, > 7. We denote by y, the
embedding constant of W < L7(RN),
If I'(u) # 0, then there exist rg, o > 0 such that

| =p,  lv-ul <r. (3.2)

Let § € (0,min{t/(2y,),r0/3}) and let o € (0, min{1/2,8/(2||u|l1),8/(2||%||2)}). Let D = (1 —
o,1+0)x (1-0,1+0)and ¢(s,£) = su* + tu~ for all (s,£) € D. It follows from (3.1) that

= (Snt}axDI (¢(s,t)) <m (3.3)
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Let ¢ = min{(m — m1)/2, p6/8} and S = B(u, §). Then it follows from (3.2) that
||I’(v) || >8¢/8, ve 1_1([m —2&,m + 28]) N Sys. (3.4)
Applying (3.4) and Lemma 2.3 in [27], p.38, there exists a deformation n € C([0,1] x

W, W) such that

(b1) n(,v)=vifveé I ([m—-2e,m+2¢e]) N Sys;
(by) n(L,I"™*NS)CI™*;
(b3) |In(L,v)—v|| <Sforallve W.

By Lemmas 2.4 and 2.7, for (s, £) € D, we know I(¢(s, )) < m < m + ¢, that is, (s, £) € I""*.
Since
lo(s,6) - u? = sut +tu —u —u |
= Is =11 lu [{ + 1e =17 |}
< o?lluly
< (8/2),

and similarly |l¢(s, t) — ullg < (8/2)1, we have ||p(s, t) —ull = ||@(s, t) —ull1 + llo(s, £) — ull2 < 6.
Thus ¢(s,£) € S. By (by), we have I(n(1, ¢(s, t))) < m — ¢. Then it is clear that

max_I(n(l,go(s, t))) <m-g<m. (3.5)
(s,t)eD

We will prove that n(1,¢(D)) N M # @, which is a contradiction with (3.5). Therefore,
I'(u) = 0, that is, u is a sign-changing solution for equation (1.1). In fact, on D we also
define ¥ (s, t) = n(1, ¢(s, t)) and

Do(s, 1) = ((I'(@(s, 1)), su™), (I'((s, 1)), tu7))
= ((1/(514+ + tu’),su*), (F(su* + tu’), tu’)),
CDI(S! t) = (<1/(1/f(5y t))’ 1//-*'(S’ t))! (II(W(S: t))r T/f_(S» t)))'
Let
P(s,t) = <1/(Sl/l+ + tu‘),su*)
=g || ut Hf + s || ut HZ + A% + cAs PP
+dBy,s* + dBs st — /f(su*)su*,

Q(s,t) = <1/(Sl/l+ + tu‘), tu‘)

Pl e e

+dBy, t*1 + dBs,,s7t7 — / S ).
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By direct calculation, we have

dP(s,t
(i ) ‘ =(p-1) H u* ”117 +(@-1) H u* ”Z +(2p—1)cA1, + (p—1)cAs,
(68

d

2

’

+(2q - 1)dBy, + (g - 1)dBs, — / It |

0P(s, t 0Q(s, t
(s ) ZPCAS,u + quB,w & :pCAB,u + quS,u;
it |ay s la
0Q(s, t) _ _
2| = =D+ @=D]ur ]y + @p - Dedsu + (o - Deds,,
@y

+ (2q - l)de_u + (q - 1)d33,u - ‘/.f,(u_) |u_ |2'

By (2.43), we get

dP(s,t
O (peAs, + qdBs,)
as @y
and
00Q(s, t
Qs ) < —(pcAs,, + qdBs ).

Set the matrix

aPA1)  9PA,1)
_ as at
M= |:3Q(1,1) 2)Q(1,1)i| :

as at

Then we get
Jo,(1,1) = detM > 0.

Since @, is C!, (1,1) is the unique isolated zero of ®,, by Lemmas 1.5 and 1.6 in [28], p.112,

we have
deg(dbo, D: O) = ind(cDO’ (1, 1)) = Sgn]q)() (]-r 1) =1
It follows from (3.3), m < m — 2¢, and (b;) above that ¢ = ¢ on dD. Hence deg(®;,D,0) =

deg(®y, D,0) = 1. Thus there exists a pair (so, £y) € D such that ®(so, y) = 0. Since |u*|, >
T, (S0, o) € D, we have |¢*(so, o), = Solu* |, > /2 and ¢~ (so, to)|, = to|u”|, = ©/2. By (b3),

we have
| (s0,0) — (50, £0) |, < ¥ | ¥ (50, 20) — @ (50, £0) | < ¥46.
This implies that

Wi(so, tO) - (Pi(SO: tO)’r < |'ﬂ(50,t0) - 40(50, tO){r < yr8

Page 20 of 28
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Thus we have
T
|¢i(501t0)|r > |§0i(50,t0)|r - Vr8 = 5 - yr8 >0.

That is, ¥*(so, £y) # 0. Then n(1, ¢(so, o)) = ¥ (so, o) € M. O

Now, we are in a situation to prove Theorem 1.2. We first claim that equation (1.2) has
one least energy sign-changing solution.

Remark 3.1 The proof of equation (1.1) is still suited to (1.2) where ¢ = d = 0 although the
proof for equation (1.2) may be easier than (1.1). So, if the assumptions (f;)-(f4) hold, there
exists a least energy sign-changing solution of (1.2).

In the following, we regard ¢,d > 0 as parameters in equation (1.1). Let u,; € W be the
least energy sign-changing solution of (1.1) obtained in Theorem 1.1. The relative func-
tional and constraint are denoted by 1., and M, respectively. We will analyze the con-

vergence property of u.4 as (c,d) — 0.

Proof of Theorem 1.2 (1) We first of all claim that, for any sequence {(c,,d,)} with
(cnydy) = 0 as m — 00, {Uc, 4,} := {u,} is bounded in W. In fact, choosing a function ¢ €
CO(RN) with o* #0, [ hlgl?, [ glg|? < co. Forany ¢,d € [0,1], since ¢,d < 1, Lemma 2.1(ii)
implies that there exists a pair (11, o) of positive numbers, which does not depend on c,
d, such that

2,
et I+ ndllo* 113 + cAvp i + cAs ol b
2
+dByouy? +dBsouipd — [ f(uet)met <0,
_ _ 2
el IE + ndllo 13 + cAspy’ + cAs i b

+ dBo 15" + dB3 1! 1l — [ f (129 ) 2™ < 0.

In view of Lemmas 2.3 and 2.5, for any ¢, d € [0, 1], there is a unique pair (s, (c, d), t,(c, d)) €
(0,1] x (0,1] such that

@ =sy(c,d)p1@" + ty(c,d)urp™ € Mca.

Thus, for any ¢, d € [0,1], combining (2.1) and (2.2), we have

1 -
Ic,d(uc,d) < Ic,d((p) - E(Ié,d((p)r (/)>

1 1 1)\ _ 1 1 N\
= —|lgl} + (— - —)Ilfpllg + (— - —)d(/ |le">
2p q 2p 2qg 2p

1 o _
o f [f(@)é - 20F@)]

1 1 1 11 2
s—4@M+(—r—>wﬁ+<———0d([wwﬂ
2p q 2p 2qg 2p

1
+E/MWMqu
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1 1 _ 1 1 1 1 _
< ol e il (5 - o Jutlor i (5 - o )utlol

1 1 2 2
+ <2 - E) [Bromi® +2B3 ol il + By 137

C + - C r| +|" r| -
v oo [tle sl 32 [ Tile |+ wilo = Co

where Cy does not depend on ¢, d. It follows from (2.45) that, for n large enough,

1, 1 1 1
Co > I,(uy) = I, (u,) - _<In(un): un) = _”un”{ |l - — ||Mn||gy
2p 2p q 2p

where I, denotes I, 4,. Then {u,} is bounded in W.

(2) There exists a subsequence of {(c,, d,,)}, still denoted by {(c,,d,)}, such that u,, — u,
in W. Now we will prove that u is a sign-changing solution of (1.2). Indeed, by (2.1), the
Hoélder inequality and the compactness of the embedding W < L*(RN) for s = g, r, we get

/ )t = 00)|

-1 -1
ff[cnum 6 = th0] + Calttn "t = 1]

< Cilu 4 |ty = tiolg + Colttn]; ™ |t = o] — 0 (3-6)
and
[ o), - )| (37)
We have

(Ii;(u”) _Ié(uo), Uy — u0>

:/a(|Vun|”‘2Vun — [VuolP*Viug) - V(uy — uo)
+ / h(|u,,|p’2u,, - |M0|p—2u0)(un - up)
+/b(|wn|q—2wn— |Vuto| 72 Vug) - V(1 — tho)
+ /g(lun|q_2un = |10l 10 (14 — 100
+ Cn/ IVunl”/ |Vt P2Vt -V (s — o)
+dn/ IVunI”/ IV | T2V ity - ¥V (14 — t10)
- [ )= )+ [ ), = 0

> C1/a|V(un —u)|” + CZ/hlun — gl

+Cs/b|V(Mn—M0)|q+C4/g|Mn—Mo|q
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+ Cn/ IVunI”/ |Vt |P~>Vtty, - V(4 — 1)
+d, f V|0 f IVt TVttt — 1)
- / Flttn) 1 — ) + / Fluto) it — )
> (1l — tio 2+ Nty — pl12) + / Vil / IVt P>Vt - ¥ 2t )
+dn/ IVuan/ |Vt | T2 Visy, - V(1 — tho)

—/f(un)(un—uo)+/f(uo)(u,,—u0),

where we have used the inequality (|&[*2& — [n|*%n,& — n) > C,|&é — n|* for all £,n € RN
and s > 2 (see [29]). By (3.6) and (3.7), it follows that, passing to the limit on n — oo,
we deduce ||u, — uoll} + ||ty — uo||3 — 0 as n — oo. Then u,, — ug in W. It follows from
(2.42) that |luZ||; > &, where « is not dependent on ¢, d,,. By Lemma A.2, we know that
||u0i l1 > . So ug changes sign and uy is a solution of (1.2).

(3) Now we prove that iy is also a least energy sign-changing solution of (1.2). In fact,
suppose that vy is a least energy sign-changing solution of (1.2). Then by Lemma 2.3, for

each ¢,,d, > 0, there is a unique pair (s,, t,,) of positive numbers such that
SuVy + tavy € My,

where M,, denotes M., 4,. Then we have

2 2
el +stlve]e+ cnsgp( / Vv |P) . d,,sgq( / \Wg\")
+cnsﬁtﬁ/‘VV$’p/’VV5‘p+dnsZth‘va‘q/’Vv5’q=/f(snvg)snvg (3.8)

and

2 2
gl + a2 ( [ 19t ) +dute( [19l")
+cns’2t{j/|VV8|p/|Vva|p+dV,SZtZ/|VV8|q/|Vv5|q:/f(t,,va)ty,vg. (3.9)

We first claim that (s,, £,) is bounded. Otherwise, we may assume there is a subsequence
such thats, > t,,s, — co. Thus, by (3.8) and Lemma 2.1(ii), we get 0 = co. This is a contra-
diction. Therefore, there are sy, £y > 0 and a subsequence (s, £,,) such that (s, £,) = (so, £o)-
If so = 0, by (3.8) and Lemma 2.1(i), we have

Il = Jim, [ F50 <o

-1
st

It is absurd in view of v§ # 0. Thus sy # 0. We also get £y # 0 by (3.9) in the same way.
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Recall that v satisfies

12 + 5 1= [ £ 05)9%- 610)

Passing to the limit on n — oo in (3.8), we have

1 j2 1 q S(sovg)vg
?6||V6||1+S§p—_q||v6||2= I (3.11)

Combining (3.10) and (3.11) we get

1 » 1 S(sovg)vg
(S_p - 1) Ivolly + (m - 1) Il = /[% ~f ()7 | (312)
0 So So
As follows from (3.12) and Remark 2.2, we just get sop = 1. And £, = 1 is similar available.
That yields
(Surtn) = (L,1), n— 0. (3.13)

Now, we can prove u is a least energy sign-changing solution of (1.2). In fact, from (3.13),
we have

Io(vo) < Io(uo) = lim I, () < lim Ly(s,vg +tavg) =1Io (v + Vo) = To(vo)-

Thus, Io(uo) = In(vo) and then iy is a least energy sign-changing solution of (1.2). This
completes the proof of Theorem 1.2. O

Proof of Theorem 1.3 (i) Let A/ and 7 be given by (1.11) and (1.12), respectively. We prove
that the minimizer v for the minimization problem (1.12) is indeed a ground state solution
of (1.1), thatis, I'(v) = 0.

We define a functional H(u) = (I'(x), u) for all u € W, that is,

2 2
H(u) = ||ul? + ||u||g+c(/|Vu|p> +d(/|Vu|q) —/f(u)u, ueWw. (3.14)

Since v € N, I(v) = m, there is a Lagrange multiplier / € R such that
I'(v)-IH'(v) =0. (3.15)

Hence, [(H'(v),v) = (I'(v),v) = 0. But it follows from (3.14), (2.43), and H(v) = 0 that

2 2
(H/(v),v)=p||v||’f+q||v||;’+2pc( / |Vv|1”) +2qd( f |Vv|q> - f [f'wv? + f(v)v]
2
< —p||v||i’—(2p—q>||v||§—(2p—2q)d(/ |Vv|q) <0.

Thus we have / = 0. Then (3.15) implies that I’(v) = 0. Therefore, v is a ground state solution
of (1.1).
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(if) From Theorem 1.1, we know that equation (1.1) has a least energy sign-changing
solution u. Let u = u* + u~ with u* # 0. Then, combining (I'(u™), u*) < (I'(u),u™) = 0 and
Lemma 2.6, there is a unique t,+,s,~ € (0,1) such that #,+u*,s,-u~ € N. Then it follows
from the definition of 7 that

m < I(tu+ I/l+)

I(tu) - i(['(tm ut), by’

A I Y ey P Y EA S P 0 )

o [y~
<l 1 (g W (55 ([ 1)
+$ U(M+)”+—2PF(”+)]' (316)

Similarly, we have

gl (- Wi (33 (1w

+ % [f(«)u —2pF(u7)]. (3.17)

Combining (3.16) and (3.17), we have

2 < o (B Q) + (5 = 0 ) 1 Lo )

q 2p

(o))« (frver)

- /[f(u+)u+ —2pF (u) +f (™) — 2pF ()]

1o, (1 1 s (1 1 2
gt ()t (g ([ 7e)
1
+ Z /[f(u)u - 2pF(u)]
=I(u)u - %(F(u), u)
=l(u)=m

That is, m > 2m. This implies that 7z cannot be obtained by a sign-changing solution. This

completes the proof. O

Appendix
Lemma A.l Ifu, —uin W, then ur — u* in W.
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Proof We only prove u; — u* in W, u;, — u~ in W is similar.
Since u, — uin W, {u,} is bounded in W. Moreover, {1} } is bounded in W. Then there

exist a subsequence {u;;k} and v € W such that

+ .
U, —v inW.

Then
Uy, — v in LS(RN),S € [q,p*),

u;kv(x) — v(x) a.e. onRN.
)
Since {u,} is bounded in W, we have

Uny, = U inW,

U, — 4 in L'(RY),s € [q.p"),
u”k/, (x) —> u(x) a.e.onRN,

u' (x) > ut(x) ae onRM

"k,

Thus, v = u*. Then the proof is completed. O

LemmaA.2 Ifu, — uin W, then ut — u* in W.

Proof Since u,, — u in W, by the definition of W and Lemma A.1, we have

ug—~>u in Wyap, ug—>u in Wy,
Uy —u in Wy, Uy —u in Wy,
uf —~uE in W, uf —~ut inW, bg

By the weak lower semi-continuity of norm, we get

| |)? < liminf]|u

=+ ||#
imntc, |

Then

ot 17+ 0T = el

lim |22, ]I}
n—00

v

timint |7 + imint

= Jur |7+ |-
Hence,

FI7 = timinf a7

[«
n—00
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Then there exists a subsequence {u,, } such that

i i |7 = [u |

Similarly, we can get

im [a 14 = o]

Then

tim [, | = [,

Combined with the fact that W is a reflexive Banach space, we can get ;" — u® in W.
O
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