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Abstract

In this paper, we develop a full-discrete adaptive FEM for a quasi-parabolic
integro-differential PDE-constrained optimal control problem. Firstly, we present
weak formulations and optimal conditions and, by using the backward Euler scheme,
we deduce equivalent a posteriori error estimators. Then we derive lower and upper
bounds for the error estimates by bubble function techniques and use these
indicators in adaptive finite element schemes. Furthermore, we carry out some
numerical experiments to test our theoretical results.
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1 Introduction

In many applications such as mechanics, heat conduction in materials with memory, and
so on, models are often described by quasi-parabolic integro-differential PDEs (IDPDEs).
In any subdomain, these models maintain conservation of energy at any moment. In [1],
the authors presented the existence and uniqueness of the solution to a quasi-parabolic
IDPDE. In [2], the authors studied the finite element methods (FEMs) for quasi-parabolic
IDPDE problems.

For classic linear PDE-constrained optimal control problems (OCPs), such as elliptic,
parabolic, and hyperbolic equation constrained OCPs. there has been much work on the
existence and optimality conditions (see [3]). In [4—11], the authors have already carefully
studied the FEM approximation and obtained a priori error estimates. Recently, in [12,
13], the authors concentrated themselves on OCPs governed by IDPEDs such as elliptic,
parabolic, and quasi-parabolic IDPDEs. However, although we often encounter those con-
trol problems in many practical applications, as far as we know, there has been little study
on full-discrete adaptive finite element methods (AFEMs) for quasi-parabolic IDPDE con-
strained OCP.

As is well known, AFEM can efficiently decrease the computational work among dif-
ferent FEMs in the literature, and it has become one of the main methods in developing
FEMs in real scientific and engineering applications. The principle of this method is to use
the a posteriori error estimate indicator to guide local mesh refinement in computation;
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in such a way denser meshes are only used where the value of the indicator is larger and
the solution is more singular, and consequently the degree of freedoms may be greatly re-
duced on those only locally refined meshes. One of the keys to make AFEM work is that
the value of the error estimate indicator has to be highly positively correlated to the singu-
larity of the solutions to be approximated. So the quality of the a posteriori error indicators
is vital for effectiveness of AFEM [14]. In [15-18], the authors present the effectiveness of
AFEM and carry out tests to illustrate that AFEM can indeed reduce computational work
for PDE-constrained OCP.

In the following, we investigate the following quasi-parabolic IDPDE-constrained OCP:

in ] (u,y(u)) lan 12 dt+“/T|| 13 ¢t (L1)
min . ={- - — .
ueX,u(t)ek hy\i 2 Jo Y~ %dlog 2 Jo #log
subject to

y: —div(AVy; + DVy + fot Ct,T)Vy(t)dr)=f +u, (x1t)eQx(0,T),
y=0, (x,6) €0 x [0,T], (1.2)
Yle=0 = Yo, xeq,

where « is a positive constant, u = u(x, £) is the control, y = y(x, t) is the state, f = f(x, t),
z4(x,t), and yo = yo(x) are some suitable functions, A = A(x) = (4;;(-))uxn, D = D(x) =

(dij(-))nxn € (C®(R2))"*", there exists a constant ¢ > 0 such that A, D satisfy
X'AX > c||X |5, X'DX > c|| X||3:, VX €R",

and C = C(x,£,7) = (¢ij(%, £, T))nxn € (C*(0, T;L>®(Q)))"". Here Q, X, K are the sets de-
fined in Section 2.

In this paper, the a posteriori error indicators are presented for AFEM approximation
of (1.1)-(1.2). For this control problem, by carrying out a very detailed analysis, we obtain
the a posteriori error estimates for the full-discrete AFEM on multimeshes. Here we also
employ and extend the existing techniques in [12, 13, 19-21] to (1.1)-(1.2).

The outline of the paper is as follows. In Section 2, we present the weak formulation
and optimal conditions for (1.1)-(1.2). In Section 3, the semidiscrete and full-discrete FEM
approximation forms for (1.1)-(1.2) are established. In Section 4, we derive upper and lower
a posteriori error bounds for (1.1)-(1.2). Finally, we carry out some numerical experiments
to show the effectiveness of the indicators derived in Section 4.

2 Model problem and the optimal conditions
In this paper, 2 is a bounded open set with Lipschitz boundary 92, and 2, is another
bounded open set in R%, wherel <d < 3.

In the following, we use the standard notation W™4(2) for Sobolev spaces on Q
equipped with norm || - |ln50, and seminorm | - |,40. We denote Wy %(Q) = {w €
W™4(Q) : wlpq = 0}. For convenience, we use H™(Q) (HJ'(2)) to denote W™2(Q)
(W(’)“’Z(Q)) equipped with norm|| - ||,;,,o and seminorm |- |,,,o. The Banach space of all L® in-
tegrable functions ((0,S) — W”4(Q2)) is denoted by L*(0, S; W™4(£2)), which is equipped
with norm |[v||zs(0,5;wma(q) = (f(;g ||v||SWm,q(Q) dt)% for s € [1, 00) and with the standard mod-
ification for s = oo. In the same way, we also define the spaces H'(0,S; W"4(2)) and
C*(0,S; W™4(2)). In [22], we can find the details.
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Throughout the paper, we denote by ¢ or C general positive constants independent of
any unknowns and mesh parameters.

Let V = Hi(R2) and U = L*(Q2); as the state and control spaces, we take W = L?(0, T; V)
and X = L*(0, T; U).

Also, we let K = {u(t) € L*(Q) : fQ u(t) > 0,Vt € [0, T} be a closed convex subset of U,
and as the control set, we take U,,; = {u € X, u(t) € K}.

In order to present the weak formulation and regularity of the solution of (1.1)-(1.2), we
first introduce the following bilinear forms: Vz,w € V x V,

a(z,w) = (AVz, Vw), d(z,w) = (DVz, Vw),
c(t,t32,w) = (C(£,7)Vz, Vw), c(t,T52,w) = (Cilt, T)Vz, Vw),
where C; is the partial derivative of C(x, ¢, 7).

We suppose that these bilinear forms satisfy the following condition: there exist con-
stants ¢ > 0 and C > 0 such that

@) alzz)>clzliq d(z,2) > cllzll} g Vz€V,
(b) |a(z,w)| < Clizlelwlie |d(z,w)| < Cllzlhelwlhe, VYzweV, 1)
(© |clt;Ts2,w)| < Clzliallwlh,e
|Ct(t) T75%, W)| < C”Z”l,ﬂ ”W”l,fb VZ7 we V) t1 T E [O; T]
Therefore, (1.1)-(1.2) can be restated as the QCP

i ) 2.2

min_ T (u,y(w)) (2.2)
subject to
(e, w) + aly, w) +d(y,w) + fot c(t, T;9(1), w)dr
=(f+uw), YweV,te(0,T], (2.3)

y|t:0 = )/Oy

where (2.3) is the weak form of the state equation (1.2). From [1, 2] we know that there
is at least one solution y of (2.3) that satisfies y € N(0,T) = {y : y € L*(0, T; Hy(R)),y: €
L*(0, T; H'(Q))}.

From [13] we know that the OCP (2.2)-(2.3) has a unique solution (y,u) € N(0,T) x X,
and (y, u) is the solution of OCP iff there exists a costate p € N(0, T) such that the triple
(y, p, u) satisfies the following optimal conditions QCP-OPT:

VW) + alye, w) + dy,w) + [y ct, T;5(), w) dt
=(f+u,w), YweV,te(0,T],

Ye=o = yo(x),

~(g.pe) - alq.p) + d(q.p) + [ c(z,:q,p(1)) dT (2.4)
=(y-z4,9), VqeV,tel0,T),

Pli=r =0,

fOT(om +p,v—u)dt>0, VYveX,v(t)eK.
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3 Full-discrete FEM approximation
We now consider the full-discrete FEM approximation to (1.1)-(1.2). For simplicity, here
we only consider triangular conforming elements and suppose that Q" = Q.

Let T" and T}, be two different polygonal approximations to ". On T", we set the finite
element subset S” of C(Q2") that satisfies: Vx € S",Vt € T”, x| is an m-polynomial, where
m > 1is the degree of the polynomials. Let V" = {v;, € §" : v,(P;) = 0,i=1,...,J} and W" =
L?(0, T; V"), where P; is the boundary vertex of the domain T” (i = 1,...,J). Obviously, we
have V' c V, W" ¢ W.On TZ, we set the finite element subset 1" in L2(2") that satisfies:
Vyx elU" VY, € T{’[, X |z, is an m-polynomial (m > 1). Let X" =120, T; U"). Note that we
do not require the continuity for U/". Then we obviously have X" C X.

Let the diameter of the maximal circumcircle of an element t () in 7" (TZ’,) be de-
noted by 4, (h,), and the diameter of the maximal inscribed circle of element = (7y)
in T" (TZ) be denoted by p. (o). Suppose that there exists a positive constant R such

hr“) <R, and let i = max,.x b, and hy =

hr
that 1 < max,eTh(p—T) <Rand1< maxrueTZ(pru

max, .k Ny,

Here piecewise constant FE space is used for the approximation of the control due to
the limited regularity of the optimal control (normally, H'). We will use higher-order FE
spaces when approximating the state and costate. We denote all 0-order polynomials on 7
by Po(t;) and always set X" = {(u € X : u(x, B)lxer, € Po(ty),Vt € [0, T]} and K" = {uy(¢) €
u': [, us(t) > 0}.

Then we can easily present the semidiscrete FEM approximation (OCP)" for (OCP) as

follows:

: 1t 2 a [* 2
min — lyn = zallg o dt + = s llo o dt (3.1)
2 Jo 2 Jo

uy eXh,uh(t)eKh

subject to

(& wi) + a(L g wi) + d(yp wi) + [, c(t, T59u(T), wi) dt
= (f + Uy, Wh)) th € Vh, te (01 T]x (32)

h
Yilt=0 = Yo

where y, € W, and % € V" is an approximation of y,.

Following from [3] and (2.4), we have that there exists a unique solution (yy, ;) € W" x
K" of (OCP)", and we know that a pair (y;, uy) is a solution of (OCP)" iff there exists a
costate pj, € W and the triple (y;, py, u;,) satisfies the optimality conditions (QCP-OPT)"

as follows:

(& wi) + a(L g wi) + d(yn wi) + [, c(t, T5yu(T), wi) dt
= (f + Uy, Wh)) th € Vh:

Vi, 0) = yh(x),

(g Zpw) - alqi, 2pi) + diqpi) + [ ¢, &g pu(z)) dr (33)
= ()’h —Zd, lIh), vqh S Vh,
pix, T) =0,

(aup + ppyvi —up) >0, Vv, e K"
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Now we use the backward Euler scheme in time to construct the full-discrete FEM ap-
proximation of (3.3) and obtain its full-discrete form. For convenience, we suppose that
Q2 is a polygonal area with boundary 9€2.

Let0O=ty<ti<---<tn=T, k=t —ti1,i=12,...,N, kK = maxj<;<n{k;}. For i =
1,2,...,N, we similarly to V" construct the FE space V/ C H}(S2) on mesh T”. We also
construct the FE space L[ih C L*(2) on mesh (Tf,)i. Here we denote the maximal diameter
of the element 7/ (7},) in Tih ((Tlh])i) by i (hfiz)' Then we define the mesh functions 7(-)
and 1y(-) by T(8)lee 61 = T and 1(8)lieqy 51 = T[;- We also define the mesh size func-
tions /1. (-) and A, (-) by A (O)lie_,1 = Bri and By, (B)lreq_ 10 = hfi)' In the following, for
convenience, we use 7, 7y, /i, and /i, to denote t(¢), t;(¢), /i, (¢), and &, (£), respectively.
Let K! CU"NK.

In order to present the full-discrete FEM approximation of (OCP)", we set t = ¢; in the
first formula of (3.2), and in order to approximate derivative in time, we adopt the 1-order
backward difference quotient. We also use the left rectangular quadrature formula to nu-
merically approximate the integration.

Then the full-discrete FEM approximation form (OCP)"* of (OCP)" is as follows:

N
.1 ; 2 112
s ki{ H}’Z _ZdHO,Q + O‘Hulh ”o,sz}
uy, €K; i-1
subject to
BB )+ (B )+ Ay wi) + 5 Kot b5 )
Kk h K’ h wWh m=1KmClistm-1Y; ~H Wh

= (o, ;) + ul,wy), VYwye VP, (3.4)
YW =yix), xeQ,

where (y}q, uZ) € Vl.h X Kl.h (i=1,2,...,N), u;I = uh(ti),yz =yu(t),i=1,...,N.

Following [3] and (2.4), we have that there exists a unique solution (yz,ujq) € Vih X Kih
(i=1,2,...,N), and we know that a pair (y},u}) (i=1,2,...,N) is a solution of (OCP)"* iff
there is a costate pi! € V| (i=1,2,...,N) and the triplet (y,,pi},u}) € V¥ x VI x K
(i=1,2,...,N) satisfies the following optimality conditions (OCP-OPT)"*:

i _ i1 i_ i1 .

(yh_kfh W) + a(yh_kjilh swi) + A, wi) + Y k(i b1 Y W)

=(flxt;) + uz,wh), Ywy, € Vih,i: 1,...,N,

Y=y, xeQ

i-1_ i i—1_ i .
(22, g3) + alqn 22) + dlqu ) + s k€l tioss i 1)) (8:5)
=0 =yarqn), YaueVI,i=N,...,1,
pN=0, xeQ,
(el +pit vy —ul) >0, Vv, eKli=1,2,...,N.
We extend {(y;,,pz, ui)}ﬁl on [0, T and define:
_ i-1 i
Yh'(ti,l,ti] = ((tl - t)yh + (t - ti—l)yh)/ki’
Pyl = (& = t)pj, " + (£ = ti1)p),) K (3.6)

i
Unlt;_ 1,01 = e
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For any function w € C(0, T; L*(R2)), let &(x, ) |te(t;_y 1) = @, £), @, ) |re(ty_y ) = @&, Eim1),
and Y} = Y;,(t;), P} = Py(t;),i=1,...,N.

Therefore, we can restate the full-discrete FEM optimality conditions (3.5) as follows:

(& Y5, wi) + a( Y, wy) + d (Vi wh) + §(Y, wy)
= (f + Upwy), YwueVPi=1,.. N,

Yi(x,0) = yi(x), xe€%,

~(2Pr i) — alqns 2 Py) + d(qn, Pr) + h(qn, Pr) (37)
=V -zaqn), YgneVI,i=N,...1,

Pyx,T)=0, xe€9,

(@l + Ppvy—Uy) >0, U, €K' Vv, ek i=1,2,...,N,

where

i N
W win) =D k(b tuss Yy wn), g Pi) =Y kn(tms ti;qm Py). (3.8)

m=1 m=i

From [23] we have the following conclusion.

Theorem 3.1 Suppose that Py is known. Then we have the following solution for the vari-
ational inequality in (3.7):

Llh:él'[h(—Ph+max{O, fQP”D, (3.9)

Jol

where Tj,: L>-projection (L*(Q2) — U").

4 The upper and lower bounds of the a posteriori error estimates
Since there is huge computational work in computing (OCP-OPT)"X, we need to develop
a highly efficient algorithm to compute (OCP-OPT)"*. Here different partitions of meshes
are used for the state and control.

First, we present the following two lemmas. Lemma 4.1 can be found in [24], and

Lemma 4.2 can be found, for example, in Chapter 3 of [25].

Lemma 4.1 [24] Let 7wy, be the average interpolation operator defined in [24]. Then, for
m=0o0rl,1<g<o0,andve W (Q"),

1-
|V - nhv|m,q,r = E Cht m|V|1,q,r" (4'1)
TOTAD

Lemma 4.2 [25] Forallve W"(Q),1 < g < oo,

1

_1 1-1
”V”O,q,ar =< C(ht 1 ”V“(),q,r +h ? |V|1,q,r)o (4.2)
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4.1 Upper bound estimates
To obtain upper bound estimates, we need to introduce the following auxiliary system:

(Ly(Up), w) + a(Ly(Uy), w) + dy(Un), w) + [ c(t, T;9(Ui)(T), w) dT
=(f+Upw), YweH}Q),

y(UR)(0) =yo(x), x€g,

~(g, 2p(Uy)) - alq, Zp(Up) + dq,pUp) + [ c(t, t;q,p(U) (D) de
= ((Un) - zarq), Vg€ HyRQ),

pUp)T)=0, xeQ.

Lemma 4.3 Suppose that (y, p,u) and (Yy, Py, Uy) are the solutions of (2.4) and (3.7), re-
spectively. Then we have

”u - uh”iZ(O,T;LZ(Q)) S C{’?f + ||Ph _p(uh)HEZ(OYT;LZ(Q))}’ (4'4)

where n? is defined as follows:

N .y
2 - (P, — T1,P, )Z}dt. (4.5)
Ui ,21:-/;1{%:/&1 h 1y

Proof First, we have

T
ollu - Uh”iz(O,T;LZ(Q)) = vh(itglef](h\/o (Ph +aly, vy — M) dt

T T
+/ (Ph -p(Uy),u - LI;,) dt+/ (p(LIh) —-pu-— Llh) dt
0 0

=11 +12 +13. (46)

Letting vj, = T,u € U" in I}, we have

L=CE)) f {Z f (=TIpPy + Py)? } dt + 8llu— U320, 120y
i=1 ti-1 Ty u

(4.7)
L < C|| Py~ p(Uy) ”iz(o,mz(g)) + 8l — uhHIZ,Z(O,T;Lz(Q))'
From (4.3) and (2.4), for any t € (0, T], we have
9 ad
(&()’ —J’(Uh))rw> + ﬂ(a(y —J’(Uh)),W> +d(y - y(Up), w)
+ /Ot c(t, T; (y —y(L[h))(t), W) dt = (u-Uy,w), YweV= Hé(Q), (4.8)

and
3 d
- (q, < —p(Uh))) - a(q, Pl _P(Uh))> +d(q.p - p(Uy))

T
+/t (v, 6, (p - pWUp) (1)) dr = (y—y(Un), q), Vg € Hy(Q). (4.9)
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From (4.8) and (4.9) we obtain
T
Iy = / (p(Uy) - p,u - Uy) dt
0
T(/9 3
= / { <3t (v —y(Un), p(U) —P) + ﬂ(&(y - y(Uy)), p(Up) —P>
0
+d(y - y(Un), p(Uy) - p) + /0 c(t, s (y = y(Un)) (0), (p(Un) - p) () d‘[} dt
T 5 5
= / {— (y - y(Un), 3% (p(Un) —P)) - a(y —y(Uy), o (p(Un) —p))
0
T
+d(y — y(Un), p(Uy) —p) + / (T, 8 (v — y(Un) @), (p(Un) - p)(v)) d } dt
T
= /0 —(y=y(Un),y - y(Uy) dt < 0. (4.10)
We can obtain (4.4) from (4.6)-(4.10). This completes the proof. a

Since y - Y}, = y—y(Uy) + y(Uy,) = Yy, p — P, = p— p(Uy) + p(Uy,) — Py, we now first present
the estimates of Y, — y(U},) and Py, — p(Uy).

Lemma 4.4 Suppose that (Y}, Py, Uy) and (y(Uy), p(Uy)) are the solutions of (3.7) and
(4.3), respectively. Then we have

| Y _y(uh)||im(0,T;L2(Q)) % _y(uh)”iz(O,T;Hl(Q))

2

ad 2
8_(Yh - (uh)) 20.1H@) + th _P(Uh)”LOC(O’T;[)(Q))
2 il >
+ ||Ph _p(uh) ”LZ(O,T;Hl(Q)) 9t (Ph P(Uh)) = CZ nNi» (411)
L2(0,T;HY(R2))

where n; (i = 2,...,13) is defined as follows:

N

2=3 "k ith / (f/h —zq+ %Ph - div(A*V%Ph) +div(D* VD)
T T

i=1

+Zk d1v “(ts tic1) VP ) +Zh;/|:(A V— Ph> - (D*Vf)h).n
N 2
= kn(C o ti) VL) - n:| }

m=i

N

ko
h=d 5 1P Pl

i=1

N L N tm
=3 (3 It -yt e
i-1 tiq m=i tm-1
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N N k )
2 m m—1 V71

=3 ki) P =P
i=1 m=i
N

ne =Y KIPlg
i=1
N 3 9

ns = Zki{2h2/<f+ u, - Yh +c11v(Av8 Yh)
i=1 T
+diV(DVY3) + ) ko div(Clti, ) VY, ) +Zh1 f |:<AV Yh)

m=1
i 2
+(DVY,) -1+ ka (Clti tm1) VY - ni| }, (4.12)
m=1

2 12
g = f =fl20,r.020)

N

”§:Z_|Y1§ ' Yh|1sz’
i=1

CEL(E

’711 —Z/QZ m’Ym - Ym|1Q’

[ (Cltirtm) - CE D) VY0 dr) dt,
tm-1

N
2 319 12
Ma = Zki 1Yuliq
i=1

0% = [ Yi(%,0) = 3o () [ o

where l is a face of an element t, h; is the maximal diameter of |, and we denote the normal

derivative jumps over the interior face [ by [VB, -n] and [VY, - n] as follows:

[VP, - n]; = (Vf’hlfll - Vi’hlflz) -n,

VY, -nl = (Vf’hlfl1 - Vf’hlflz) -1,

where n is the unit normal vector on | = T} Nt/ For simplicity, we suppose that when | C 9%,
VB, -nl;=0and [VY, -n]; =0

Proof First, we estimate P; — p(Uj,). Suppose that the average interpolation operator 7y, is
defined as in [24] and define

(R(U),v) = —(%(P(Uh) —Ph),V) - a(v, %(P(Uh) —Ph)> +d(v,p(Up) - Pp)

T A~
+/ co(t, v, p(Up)(7)) dT = h(v, Py).
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Then, letting g = 7, v in (4.3) and g, = 7,v in (3.7), respectively, then subtracting (3.7) from
(4.3), for all £ € [t;_1,t;], we have

—<ﬂh% %(P(Uh) - Ph)) . ﬂ(ﬂh% %(P(Uh) - Ph)> +d (v, p(Uy) — Py)
T ~ A
+ / c(r,t; nhv,p(uh)(r)) dt — h(myv, Py) = (y(L[h) - Yh,nhv). (4.13)
So we have
- (ﬂhV: %(P(Uh) - Ph)) - ﬂ<7ThV: %(P(Uh) - Ph)) +d (v, p(Uy) - Py)
T ~
+ / c(r,t; nhv,p(Uh)(r)) dt — h(myv, Py)
= (W(Un) = Yy, r4v) + (v, Py — Py). (4.14)

Then from (4.14) and (4.3) we obtain

(Gatp - piv) ~a( G40 -20) +dlspttiy -

T R

o[ ettt (@) dr =it )
- 9 u,)-"Pr 9 u,) - P
_—<5(p( h) — h),v—n;,v)—a(v—nhv,a(p( ) = h)>

T
+ d(v — v, p(Uy) - Ph) + / c(r, tv— nhv,p(l,[h)(r)) dt — h(v — v, Py)
t

- (%(p(uh) —Ph),nhv) —a(nhv, %(P(Uh) —Ph)) +d(mp,p(U) - Pr)

T ~
+/ c(r,t;nhv,p(uh)(r)) dt — h(myv, Py)
- (L pwn-p O () -
——<&(P( W) — h):V—ﬂhV>_ﬂ<V—7Tth5(P( W) — h))

T
+ d(v — v, p(Uy) — Ph) + / c(t, tv— nhv,p(Uh)(r)) dt —h(v — v, Py)
t
+ (W(Uy) = Y, 0v) + d (v, Py — Py)

= _<%P(Uh); V- m,V) - a(V -, %MW)) +d(v— v, p(Uy))

r B 9
+ / c(r, tv— m,v,p(l,[h)(t)) dr + (&Ph,v - nhv) + a(v — LY, &Ph>
t

—d(v -1y, Py) = h(v — v, Py) + (y(Up) = Yy 70pv) + Ay, Py — Py)

= (y(Un) = za,v —mpv) + (y(Un) - f’h,nhv) +d(myv, Py, — Pp)

0 a A
+ (aph,v—nhv> + a(v—nhv, Eph> —dv—muw,Py) — h(v —m,v, Py)
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= (y(Up) = Yo + Y3 = za,v — ) + (9(Un) = Yoy av) + d(imyv, Py — Py)

0 B A
+ <£Ph,v—nhv> + a(v—nhv, &Ph) —d —mu,Py) — h(v — v, Py)

N A B d
= (y(L[h) - Yh,v) + (Y, —zg,v—mmpv) + aPh,v—m,V +al|v-myv, EP;,
—d(v—-mv,Py) +d(v, Py - P) - il(v — v, Py)

~ - N d
= (y(Un) = Yn,v) +d(v, Py — Pp) + (Yy — 24, v — 74v) + (&Ph,v - JThV>
0 - o
+ &Z<V — Ty, &Ph) - d(V - JThV,Ph) - h(V - ﬂhV,Ph). (4.15)
From the definition of a, d, /1, the Green formula, and (4.15) we have
0 d
_<§(P(Uh) —Ph)»V> —ﬂ(% E(P(Uh) —Ph)) +d(v,p(Up) - Pp)
T ~
. / (2, v, p(U)(2)) dT — (v, Py)
t
= (y(Uyp) - Y3, v) +d(v, P, —p)+2/ ¥ —za+ 2 py—div(avip
= Uy h , L — L rrhdath PYels
+ div D*VP;, Zk d1V *(tys ti) VP ))(V—nhv)
v 0Py .
> l AV=_ ) ~(D*VDy) - ka (s i) VL) - 11 | (v = 700)
I

211 + .- +I4,. (416)

Let

G= —(%(p(uh) —Ph),v> - a(v, %(p(uh) —Ph)) + d(V,p(Uh) - Ph). (4.17)

Then we have
. T
G=L+-+I,+h(v,Py) —/ c(t, v, p(Uy)(7)) d, (4.18)
t
where, for all t € [t;_1, #],
. T
J=h(v,Py) —f co(t, v, p(Uy)(7)) dT
t

N N .,
= Z/ ((C(tm,ti_l) - C(t, t))Vv, VPZ’) dr + Z/ C(‘E,t; v, Py — Ph) dr
m=i ¥ tm-1 m=i ¥ tm-1

N L, t
+ Z/z } (T, 6v, (Pn = P(Up))(7)) dT + /t 1 c(z, v, p(Uy) - Py) dx
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t t
+/ c(t,t;v, P, — Py)dt +/ c(t,t;v,Py)dt
ti1 ti-1

=h+-+Je (4.19)

Then from Theorem 3.1, Lemma 4.1, and 4.2, setting v = p(Uj) — Py, in (4.16)-(4.19), we

have

1d

5 234 (P () =i p(Uy) = Py) + | p(Ly) - Py} o (4:20)

1d
G> Sd HP(Uh) - Py ”(Z)Q

Then from [23], for all £ € [¢;_;, ], using

Bu-py= =0 (P - B,

i

we have the following estimates:

L+L < |y -1, Hisz

- 9 9 .
L+, < C[Zlﬁ/(}fh —zg+ ﬁph —div(A*VaPh> +div(D*VPy)

+C|Py = Pyt + €| p(Un) - Py ||is2’

N
+ 3 kon div(C* (b, tia) VYY) ) +Zh, / |:<A*V ph)

m=i

N 2
~(D*VPy) - n- ka(C*(tm, tia)VP)) - n:| } +é&||p(Uy) = Py ||ny,
N pom 2 2
h=CY /t |(C*(tmr ti1) = C*(2,00) VP [ o dT + [ p(Un) = Pa |
i 1
Nk 2 2
J < CZ ?'” LA A AR (4.21)

T
B=C [ - P qdr +elpti) - 2ill

t
f=c [ o=l gde el Bl
tiq

t; -
Js SC/ |Ph—Ph|issz+8||p(uh)_Ph”isz
ti-1

ki . .
<clppp

|LQ + 8||p(uh) _Ph 2

e

Jo < Ck? |Ph|1sz+8HP Up) - Hm

Setting ¢ small enough, from (4.20)-(4.21) we obtain:

1d

_Eanpuh Pillgq = 5 Za(p(Un) = Pap(Us) = Py) + | p(Us) ~ Pil

A ) . 9
< C Iy - Fillg g + 1Py = Pallg + Zh%/T(Yh AT



Shen Boundary Value Problems (2016) 2016:120 Page 13 of 25

2
. wo O -
_le<A VEP;,> +d1v D* VP;, E ko d1V “(tmr tic1) VP ))

N

2

+ Zhl /|:<A*V Ph> - (D*Vi)h) -n— ka(c*(tm,ti_l)VPZ’) . }'1:|

+ Z/ (i ti1) C*(t,t))VP,’," Hﬁg dr

Kin -1 i | 2 ’ 2 21D, (2
+ Z S P = Pihg+ | o) =Pl g dr + K 1Pulg ¢ (4.22)
m=i li-1
Then integrating (4.22) from 0 to T in time, we have
”p(uh) - Py ||iw(0,T;L2(Q)) + ”P(uh) - Py ||i2(O,T;H1(Q))
a A i) i) .
< C{;/@ (Z h? fr (Yh ~za+ 5 Py- div(A*V&Ph) +div(D*VP,)
+ Zk d1v *(tys ti1) VLY ) +Zh,f|:<A*V Ph> - (D*Vf)h) -n
_Zk tm,t,IVPh :| )+Z ’pll Pl|IQ+Zk3|Ph|19

+ Zf ( / *(ty ti1) = C*(2,8)) V]! ||(2)Q dr) dt
i1 m=i bin—
km -1 i | 2 X 12
+ Zki Z 3 |Ph - Py }1,9 + Z”J/(Uh) - Y, ”Lz(ti,l,t,';L2(Q))
i=1 m=i i=1

N
=C (n% D UAES? ||i2<t“,tﬁLz(m)>. (4.23)

i=1

In the same way, setting v = %(P(Uh) — Py) in (4.16)-(4.19), we obtain:

H%(P(Uh)—l)h)

2 N
2 2 &2
= C Ny+---+Ngt Z ||y(uh) - Yh ||L2(t,'_1,t,';L2(Q)) ’ (424)
L2(0,T;HY()) i=1

where

N
(LIRS N

i=1

N N
=< C(Z”J/(Uh) - Yh ||i2(ti_1,ti;L2(Q)) + Z ” Yh - Yh”iz(ti_l,t,’;L2(Q))>

i=1 i=1

ki
—C<H3’(uh)_yh”i2(o,n2 +Z Y - Yh‘m)
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Next, we estimate y(Uj,) — Yy, Let
(Quy),v) = (%()’(Uh) - Yh)ﬂ’) + ﬂ(%(y(uh) - Yh)’V) +d(y(Up) = Yn,v)
+/ c(t, t;y(LIh)(r),v) dt - g(Yy,v).
0
We obviously have
0 ad .
(350 =1).v) +a( 508~ 1).v) + dote) - iow) - 208
+ /tc(t,r;y(uh)(r),v) dt
0
= (f =fiv) +d(¥y = Yo v) + Z/ f+u 2y, +div(Av3Y)
) h— Yn, ], el PPl

i
F VDV T5) + Y K div(Clts tinr) V Yh’”‘l))

—Z/I(AV%Y;,) n+(DVY,) - n
!

+ka (i tm) VY ) ni“(v—m,v)

= L1 + L2 + Lg. (425)

Therefore,
0 d
(a(y(uh) - Yh),v> + a(a(y(uh) - Yh),v> +d(y(Up) = Yn,v)
=Li+Ly+Ls+g(Yyv)— /t c(t, ;3 y(Uy)(7), V) dr. (4.26)
0

Fort e [ti—lrti]’ let
t
é(Yh,V)—/ c(t, T3 9(Up)(t), v) dr

; .
Zf C(tl,tm ) =Clt ‘L’)) Ym 1 Vv) dt + Z/ C(t,‘[; Y;:"’l _ Yh,v) dt
tm-1

m=1"Y tm-1

i

tm t;
+ Z/ c(t,r; Y, —y(LIh),V) dr +/t c(t,t;y(uh) -Y, v) dr

m=1 tm-1

t; N 17 N
+ / ct, ;Y - Y, v)dr + / ct,; Y, v)dr. (4.27)
t t

Thenwesetv =y(U,)-Y,andv = % (Un)—Yy) in (4.26) and (4.27), respectively. Similarly
to (4.23), integrating in time from 0 to 7, we obtain:
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ly(Un) - Yo “L°° 0,T:L2(%2)) A NUARS? ||L2(0 FHIQ)
P 0 . 3 , .
< C{;I@ (Zhil(ﬁ Uy= o Yi+ dlv(AVaYh) +div(DV 1))
+ ka diV(C(ti: tm-) VY 1 ) + Zh[ /|:<AV Yh) -n+ (DV)A/h) -n
m=1
2
+Z’<m (8o tn1) VYY) n} )+ W =F 130,220
+Z/ (Z/ | (Clts, ts) - Cl&, 1)) VY 1||mdf)
i tm-1
kl i-1 i12 N d km -1 112
Z Y - Yh|1,sz + Zkiz ?|Yh -, |1,Q
i=1 m=1

N
+ Zkﬂffhﬁg + ” Yh(xr 0) _yO(x) ||§YQ]

i=1

=C(nj +---+ns) (4.28)
and
9 2
H o 0 - <C(2+---+nk). (4.29)
t 12(0,T;HY (@)

Combing (4.23)-(4.24) and (4.28)-(4.29), we can prove Lemma 4.4. This completes the
proof. O

Lemma 4.5 Suppose that (y,p,u) and (y(Uy), p(U},)) are the solutions of (2.4) and (4.3),
respectively. Then we have:

Hy‘y(uh)”ioo(o,ﬂﬂ(sz)) + ||y_y(uh)||i2(O,T;H1(Q))
2
<Cllu—-Uy, ”iz(O,T;Lz(Q))’ (4'30)

d
3% (v - y(Un))

L2(0,T;HY(Q))

2= U P mgnion * 12~ PUD |2 sy

3t (P p(Uh)) < Clly -y ”iZ(O,T;LZ(Q))' (4.31)

L2(0,T;HY(Q))

Proof Letting w =y —y(U)) and w = %(y —y(Uy)) in (4.8), we have

”y_y(uh)”iN(O,T;LZ(Q)) + ”y_y(uh)”iz(O,T;Hl(Q)) = Cllu~ Uh”iZ(O,T;LZ(Q))’
2 (4.32)

= C”M - L[h ”iz(O,T;Lz(Q))'
L2(0,T;HY(Q))

H— y —y(Up))

We can similarly obtain the estimate for p — p(U},). This completes the proof. d
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We now present an upper bound of the a posteriori error estimates.

Theorem 4.6 Suppose that (y,p,u) and (Yy, Py, Uy) are the solutions of (2.4) and (3.7),
respectively. Then we have:

”I/l - uh”iZ(O T'LZ(Q + ||J’— Yh”%oo(o,T;LZ(Q)) + ||J’— Yh”%Z(QT;Hl(Q))

2 2
0/ Yh + ||P - Ph ||L°Q(0,T;L2(Q)) + ||P - Ph ||L2(0,T;H1(Q))
L2(0,T;HY(Q))
9 13
—(p-Py) <C) n}, (4.33)
ot 1200, T;HL(S)) =

where n; (i =1,...,13) is defined in (4.5) and (4.12)

Proof From Lemmas 4.3 and 4.4 we have
= Uil 320 g2y = 01 + CIPL =W 3200 7120 CZ ;- (4.34)
By the triangle inequality we have

2 2
"y_ Yh||L°°(O,T;L2(Q)) + ||}’— Yh”LZ(O,T;Hl(Q)) +

a 2
Ly-y
8t()’ )

L2(0,T;HY(R))

< |ly -y HLoc 0,T5L2(Q) + [y =y ”L2 (0, T;HY(R))
2

d 2
at(y y(Un)) L2(0,T;H1(Q))+ ”3’(Uh)_YhHLOO(O,T;ﬂ(Q))
2 d >
+ ||y(L1h) - Y HLZ(O,T;Hl(Q)) at( y(Un) - Yh) 20 T~H*1(Q))' (4.35)

We have the same results for p — Pj,. Then from (4.35), Lemmas 4.3-4.5, combined with
(4.34), we obtain (4.33). This completes the proof. a

4.2 Lower bound estimates

For convenience, we first define the average integration of v in element 7, V|, = %, and
T
define R;, R}, T, T; as follows:

A 9 , 9 PSRN -
R, =f+U,- 3 Y, + le(AV& Yh> +div(DVYy) + ka dlv(C(t,-, tu-1)VY) 1),

m=1

9 . d o
R = [(AV&Y;,) -n+(DVY,) -n+ ka(C(t,», tu) VY - n:|

N d ) v 0 m
T, =Y, —zg+ &Ph —le(A Vgph) +div D VPh Zk d1V “(tms tii1) VP, )

L9 s al ) -
T = |:<A VEP;,> -n—(D*VPy) ~n—ka(C (tm> i) VP ”:|

m=i
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In order to present the main conclusion in this subsection, we first use the standard
bubble function technique in [11, 26] and give the following lemma.

Lemma 4.7 Suppose that (y, p, u) and (Y}, Py, Uy,) are the solutions of (2.4) and (3.7), re-
spectively. Then we have:

2 2 2 712 2
777 + 779 + 7711 = C{ ”.f _f”Lz(O,T;H’l(Q)) + ”M - uh”LZ(O,T;LZ(Q))

(Y Yh)

+Zk3|1/h|IQ

L2(0,T;HYQ) .1

" Z / (Z f | (Cleists) - &) VY0 dt) dt
+Zk Z/hzk -R,) +Zk2/th, R,)} (4.36)

= rerh =l egh

+ ||y Yh”LZ 0, THI(Q

Proof By using techniques in [23] we prove the lemma in three steps.
(1) First, we estimate %lefl Y liq
Let

=y h / R+l / R (4.37)
= T i l
By using the equalities %|Y;;‘1 —Yjiq= ftf’_l |y, - f/h|iQ dt and

(%(y— Yh),v> + a(%(y— Yh),v) +dy—Yyv)+ /Otc(t,r;y(T),v) dt —g(Yy,v)
(2o, -y, dy-Y, et d
= <5(y_ h),v) +a<&(y— h),v) +d(y—Yyv) +/0 c(t,r,y(r),v) T

i
= ke (ti tns; Y 0)

m=1

X n d d
=(f+u—f-Upv)+( +U,v—myv) - (5Yh,v—nhv) —a(&Yh,v—nhv)

i

— AV v=00v) = ke (tis by Y7~ v = mv) = d(Yy = Y3, v) (4.38)
m=1
we have
d(Yh - ?h» V)

=(f —fov) + (= Uy, v) + :Z/(f+ u, - %Yh +diV<AV%Yh> +div(DVY))

+ikmdiv( C(ts, by 1) VY, ) Z/|:<AV Yh) n+(DVYh)
m=1
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+ ka (C(t,», tm_l))VY}f”’l) . n:| }(v —T,v)

m=1
- (%0’— Yh):V) —ﬂ(%(y— Yh),V>
—dy-Y,v)+ kac(ti,tmfl; Y} *l,v) - /tc(t, 7;9(7),v) dr. (4.39)
m=1 0

Then

t; R
/ Y, - Yy, v)dt

i1

7112 2
= C{ IF _f”Lz(ti—l:tiiH_l(Q)) + llu— Uy ”Lz(ti—lvtiiLz(Q))

0 0
+ kl{ Z /h2 (f + Uy, - y —Y, + dlv(AV 5 Yh> +div(DVY,) + div(AVY;,)

reTh

2
+Zk d1v C(t t1)VY)™ 1) +thl|:<AVaa Yh) n+(DVY)) n

m=1

2
+ ka tl! tm 1 VY _1) . nj| } + ||)/— Yh”iz(ti,l,ti;Hl(Q))
2

2
+ VI, @)
L2ty t:HY(Q)

0
P

t
{ Kottt YL v) = / c(t,t;y(t),v)df}dt. (4.40)
0

Letting

J= / [ c(tis s Y v) - /tc(t,r;y(r),v)dr}dt
0
= /{thm ((C(ti,tm_l)—C(t,r))VY;,”1,Vv)dr}dt
tic1 | =1 VY Em-1

ti i tm
+/ :Z/ C(t,T;Y:I_l—Yh,V)dT}dt
ti-1 tm-1

m=1

TRb

/tm (675 (Yn = 9)(2),v) dr}dt

m=1 Y tm-1

ti ot ti ti ~

+/ / c(t,r;(y—Yh)(r),v)drdt+/ / c(t,t;(Yh—Yh)(r),v)drdt
tiq Jt tiq Jt
Lo rti .

+/ f c(t,T; Yy, v)dt dt
ti1 Jit

=N+ + e (4.41)
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we have

i tm
/t |(Cltis ) — C& D) VY2 dr} dt

]156/:{2

i m=1 Y tm-1

2
eV @)y

i
kin m—1 m|2 2
Jo = Chi ) Y =Yg+ eV,
m=1

Js - /i{[ic(t,r;(Yh—y><r>,v)dr}dt
ti 1 0
- / ( / c(f,t;m—y)(t),v(r))dr) dr (4.42)
0

tiq

< Ckill Y = yll} )+ eVl

0,t;;H(R2) ti-1,tHY ()

2 2
Ja = Chilly - Yh”Lz(ti—lrfi}Hl(Q)) + 8|V|L2(fi-1,ti;H1(Q))’

k2 . 212
i i-1 i 2
J5 < C§|Yh - Yh|1,sz + VI, | nan@)

31912 2
Jo < Ck; [Yuliq + 8|V|L2(tl._1,ti;H1(Q))‘

Settingv =Y} — ¥, in (4.39), from (4.38)-(4.42) we obtain:

k* P 212 ti A
§’|Y;11—Y,;|m=/t 1Yy = Vil dt
1

t; R R
fo Ay, -Y,Y,-Y,)dt
ti

i-1

12 2 2
= C{ ”f _f”Lz(t,;l,t,';H’l(Q)) + ||M - uh ”Lz(t,;l,t,';Lz(Q)) + kﬂ?z,'

2

d
2
+ly- Yh”Lz(ti,l,t,';Hl(Q)) + E(y -

L2 (ti1,t5HY(Q))

7 i tm
o {2/ ”@Wm-l)—C<t,r>>w;"-1u§,gd’}‘”
lir1 =1 Y tm-1

i

+/(,~Z%’”|Yhm-1_y,;“|iQ

m=1

+ k?lffhlig +killy = Yull 200,411 ) } (4.43)

(2) Using the bubble function methods in [11, 26] and the techniques in [23], we have:

2 712 2
ki = I =S 2 aprry + 1 = Unllag, a2

2

0
2
1y = Yullz2g, ey + 5()/ —Yi)

L2(ti_1,tHY(RQ))
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+ ft i] (Z‘ [ " 1(C s ) - €&, 1)) VY loe dr) dt

m=1"Y tm-1

i
ki 1 2 3.5 12 2
wki ) 2V =g + KT g+ Killy = Yil 2o e e

m=1

+ cm(Z / W2R =R+ / hy(R; — z‘el)z). (4.44)
rerh”’t legh !

(3) From (4.43) and (4.44) we obtain:

ki . )
vk,

72 2
N C{ W =S Wiyt * 1 = Uil g

a 2
-y
at()’ W)

2
+ “y - Yh”Lz(ti,ht,‘;Hl(Q)) +
L2(t;_q,t;:HY(RQ))

+ /:1 (Z/t i [(Ctes ) = Cle, ) VY [ dr) “

m=1
i

Ky -1 2 3,9 12 2
vk 2| =Yg+ KTl + Killy = Vil e

+ ki(Z H(Re R+ Y / (R, —1‘21)2> ] (4.45)
legh !

T
reTh

Further, from the Gronwall inequality, combined with (4.44), we have
07 + 03 + iy

N N oo >
< ka%i +(1+ T)Zéh/;;l _ Y;1|1,Q
i=1

i=1

72 2 2
E C{ ”f _f”Lz(O,T;H’l(Q)) + ||Ll - uh||L2(0,T;L2(Q)) + ||J’ - Yh”LZ(O,T;Hl(Q))

2

0
Ly-y,
+ Bt(y )

N
31912
+ E k1 Ynliq
L2(0,T:HY(Q) =1

N .y i m
£y f (Z / |(Cltsstws) — C&, D) VY o dt) dt
i=1 Yli-1 \ =1 ¥ tm-1
N
+ Zk,(Z /hf(Rt R+ Z/hl(ze,-iem) } (4.46)
i=1 rerh”’t legh !

This completes the proof. d

Similarly, we can also obtain the following lemma.
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Lemma 4.8 Suppose that (y, p,u) and (Y}, Py, Uy) are the solutions of (2.4) and (3.7), re-
spectively. Then we have:

2 2 2 2
’7% + 13+ 15 =< C{ ||J’ - Yh”LZ(O,T;Hl(Q)) + ||17 _Ph||L2(O,T;H1(Q))

2

d
Zp-p
+ at(lﬂ )

N
31D, 12
+ Y K1Pylig
L2(0,T:HY(Q) i

N ot; [N oty
> / (Z [ H(C*um,t,»_l)—c*(:r,r))vp;"uggdr) dt
i=1 Yti-1 \ =i Y Em-1

i - m

N N
£ kY /h%(TT ~T+ > kY /h,(T, - T,)Z}. (4.47)
1 T l

=l ceTh =1 [egh

Lemma 4.9 Suppose that (y, p,u) and (Yy, Py, Uy) are the solutions of (2.4) and (3.7), re-
spectively. Then we have:

7’]% S C{ ||l/l - L[h ”iz((),T;LZ(Q)) + ”P - Pl’l ”iz((),T;LZ(Q)) }' (4'48)
Therefore, from Lemmas 4.3-4.8 we can easily obtain the following theorem.

Theorem 4.10 Suppose that (y, p,u) and (Y}, Py, Uy,) are the solutions of (2.4) and (3.7),
respectively. Then we have the following estimates:

2,.2,.2,. 2, 2, 2, 2
M +nNy+03+05+07+19+ 11

2 2 2
= C ”M - Uh”LZ(O,T;LZ(Q)) + ||J/— Yh||L2(O,T;H1(Q)) + ||J/— Yh”LOC(O,T;LZ(Q))

8 2
Ly-v,
+ at()’ )

2 2
+ “p - Ph||L2(0,T;H1(Q)) + ||l9 - Ph”LOO(O,T;LZ(Q))
LX(0,T:HY(2)

d
Lw-p
+ Bt(p )

2
72
+ ”f _f||L2(0,T;H—1(Q))
L2(0,T;HY(R)

(s

i

N 4 (N tm
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5 Numerical experiment
In this section, we carry out a numerical experiment to verify the a posteriori error es-
timates derived in Section 4. Let Q = Q;; = (0,1). In order to approximate the state and
costate, we use linear FE spaces, and similarly to approximate the control, we use the piece-
wise constant finite element spaces. We also choose the Euler backward-difference proce-
dure to compute the full-discrete system for time variable.

Here we numerically compute the following quasi-parabolic IDPDE:

1
jmuigoéfo {/Q(Y—Zd)2+/ﬂ(u—uo)2}dt, (5.1)

{yt—Ay—Ayt—fot(t—t)Aydt =f+u, x€Q0<t<],

(5.2)
ylaq = 0.

The exact solution of (5.1)-(5.2) is as follows:

p=—(T-f)sinmx; sinwxy, T =1,
-p, X1 +x <10,
Uy =
0.0, x +x>1.0,
u = uy — p + max(p — iy, 0), (5.3)
¥ = txr (1= x1)x2(1 — x2),
Zg=y+ps+ Ap + Aps + ftT(t— T)Apdr,
f=y—-ALy- Ayt—fot(t—r)Aydt - U.

Here we use the AFEpack software package introduced in [27] to conduct our numerical
experiment. The experiment is conducted on a uniform mesh and an adaptive mesh. We
use the same time step dt = 0.05 for #, p, y. The initial mesh for adaptive mesh is shown in
Figure 1, and the tolerance for the adaptive mesh is 107°. We have used the estimators 1,
N2, N3, N5, N7, N9, M1, Whereas the others are higher-order terms, so omitted traditionally.
We use n; for adaptive control and use 15, 3, 175, 117, 119, 711 for state and costate adaptive,
respectively.

In Table 1, we present two different approximation error results for control u, state y,
and costate p, where E,, = u — uy, Ey =y — yi, Ep = p — pp, L*(L?) is L*(0, T; L*(R2)), L*(H")

Figure 1 The initial mesh for u, y, and p. . WAV ViV AVAVAVAYAYAVAVAVAS S ANANAN ]
igu init u,y,and p WA S S SIS SN S

v
Y ¥ ¥

NANENAN
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Table 1 Numerical result with time step dt = 0.05
On uniform mesh On adaptive mesh
N 50,421 50,421 50,421 22,769 3,549 3,549
S 147,168 147,168 147,168 64,463 9,576 9,576
E 96,768 96,768 96,768 41,715 6,048 6,048
error ”Eu”@(@) ”Ey“LZ(HW) lEp ”Q(HW) HEL/”LZ(LZ) ”Ey”@(;-ﬂ) ||Ep||L2(H1)
8.33e-02 1.28e-02 4.75e-01 8.16e-02 5.06e-02 7.70e-01
emor  IIEll202 IE/ 1242 1Ep 1l 242 1Eull 242 160,22, IEp 1l 242
8.33e-02 2.79e-04 1.01e-01 8.16e-02 2.09e-03 1.14e-01
error “EUHLOO(LZ) ”Ey”LOO(@) ”Ep ”LOO(LQ) HEUHLOO(@) ”Ey“LOO(LZ) ”Ep”LOO(LZ)
3.54e-02 3.88e-04 2.53e-02 3.53e-02 5.85e-04 321e-02
Figure 2 Adaptive mesh for the control and the SRk
approximation value of the control at t = 0. é ; A/ g J} =
L-?‘
KL
7 A T
(jf ¥ Jl?‘\.r.\ }{ e
4 T gt <l
Sl >
SRR
SRR
iRy e St
_i:fif‘»ﬂ ak
i A
P

0.9 F
0.8

0.7}
0.6
05|

0.4

0.3 |

is L2(0, T; H(2)), and L>°(L?) is L>(0, T; L*(R2)), N is the number of nodes in the mesh,
S is the number of sides in the mesh, and E is the number of elements in the mesh.

All data of the error estimates we obtain in the following tables are in norms of
L%(0, T;L%(2)), L*(0, T; HY(R)), and L=(0, T; L*(2)). We note that, on the adaptive mesh,
fewer nodes, sides, elements, and DOFs in the state variables are used. Since repeatedly

solving the state and the costate equations is the main computational work in computing

the control problem, we can save much computation work by using the adaptive mesh.
In Figures 2-4, we present the adaptive mesh for the control, state, and costate at differ-
ent times.



Shen Boundary Value Problems (2016) 2016:120 Page 24 of 25

Figure 3 Adaptive mesh for the state and the
approximation value of the stateat t=1.

Figure 4 Adaptive mesh for the costate and the
approximation value of the costate at t = 0.
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5.1 Conclusions

In this paper, a quadratic optimal control problem governed by a linear quasi-parabolic
integro-differential equation and its adaptive finite element approximation are investi-
gated for the first time. First, we present weak formulations for the control problem and
optimal conditions and establish the full-discrete finite element approximation and the
backward Euler scheme for the space and time approximation for optimal control problem.
Then equivalent a posteriori error estimators with lower and upper bounds for both state
and control approximation are derived. We use these indicators in our adaptive multimesh
finite element schemes. Numerical experiments illustrate that the adaptive multimeshes
can indeed significantly reduce computational work for this type of optimal control prob-

lems.
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