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Abstract

Under appropriate conditions on b(x) and g(u), we consider the singular Dirichlet
problems —A,u = b(x)g(u), u > 0, x € €2, u|so = 0. These problems are shown to admit
weak solutions, and we analyze their exact asymptotic behavior near the boundary.
As the main tools, we use Karamata regular variation theory and the method of upper
and lower solutions.
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1 Introduction and the main results
The purpose of this paper is to investigate the existence and exact asymptotic behavior of
the solution near the boundary to the following problems:

-Apu=>bx)gu), u>0,xecQulho=0, (1.1)

where A,u = div(|VulP~2Vu) stands for the p-Laplacian operator with p > 1, Q is a
bounded domain with smooth boundary in RN (N > 2), b satisfies the condition

(by) b e C¥(R2) for some « € (0,1) and is positive in €2,
and g satisfies the following conditions:

(g1) g€ CY(0,00),(0,00)), lim,_, o+ g(s) = 00, and g’(s) < 0 for all s > 0;

(&) fo gogiaw <00
(g3) there exists Cy > 0 such that lim,_.o —2 ( )g/(s) fgg"l/l’(v)dv =-C,,

_4
pgl Ps

where g stands for the Holder conjugate of p.
A solution of (1.1) is meant as a positive function u € C'(Q) with u(x) — 0 as d(x) :=
dist(x, 022) — 0 and

/ IVulP2VuVe dx = / b(x)g(u)p dx, Vo € C ().
Q Q

The class of problems (1.1) appears in many nonlinear phenomena, for instance, in the
theory of quasi-regular and quasi-conformal mappings [1-3], in the generalized reaction-
diffusion theory [4], in the turbulent flow of a gas in a porous medium, and in the non-
Newtonian fluid theory [5].
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The investigation of problem (1.1) has a long history. Early studies mainly focused on
problems involving the classical Laplace operator A, that is,

—Au=bx)gu), u>0,xeQ,ulyq=0. (1.2)

For b=1and g(u) = 47" with y > 1, in 1977, Crandall, Rabinowitz, and Tartar [6] have
derived that problem (1.2) has a unique solution z € C***(2) N C(R2). This paper is the
starting point on semilinear problem with singular nonlinearity. Moreover, the following
result was established: there exist positive constants ¢; and ¢, such that

a (d(x))ymy) <ux) <c (d(x))zmﬂ/) near 9L2. (1.3)

Lazer and McKenna [7] showed that (1.3) continues to hold on €, and instead of b =1
on £, they assumed that 0 < b; < b(x)(d(x))* < b, for all x € Q, where by, b, are positive
constants, and A € (0,2). Later, a lot of work has been done related to the existence and
asymptotic behavior of the solutions to problem (1.2); we refer to [8—16] and the references
therein.

It is worth pointing out that Cirstea and Radulescu [17-19], Cirstea and Du [20], and
Repovs [21] introduced the Karamata regular variation theory to study the boundary be-
havior and uniqueness of solutions for boundary blow-up elliptic problems and obtained
a series of significant information about the qualitative behavior of large solutions in a
general framework.

Recently, by using the Karamata regular variation theory Zhang and Li [22], Zhang [23],
Zhang and Cheng [24], and Mi and Liu [25] further studied the boundary behavior of the
solutions to problem (1.2).

Now, let us return to problem (1.1). When b(x) =1 and g(u) = u””, the first results con-
cerning (1.1) (0 < p — 1 < m) have been obtained by Ni and Serrin [26, 27], who gave a
priori estimates near a singularity. In particular, they show that m = N(p —1)/(N — p) is a
critical value. They also obtained nonexistence results for positive solutions in an exterior
domain for p —1 <m < N(p —1)/(N - p). Guedda and Veron [28] give Ni and Serrin’s es-
timates under a slightly weaker hypothesis. Later, Bognara and Drabekb [29] deals with
the existence and multiplicity results for radial symmetric solutions of problem (1.1) for a
more general nonlinearity g(u). In recent years, the existence and uniqueness of positive
solutions for the general quasilinear elliptic problem —A,u = Ah(x,u, Vu), u > 0, x € Q,
u|yq = 0, has been studied by many authors. Some sufficient conditions on % and 2 have
been proposed to ensure the existence or nonexistence of solutions; see [30—38] and the
reference therein. However, to the best of our knowledge, up to now, few papers have ad-
dressed the boundary behavior of solutions to problem (1.1) for more general nonlinear
terms g.

Inspired by the works mentioned, in this paper, by using Karamata regular variation the-
ory and the method of upper and lower solutions, we show the existence of a solution to
problem (1.1) and provide some asymptotic boundary estimates under appropriate condi-
tions on b(x) and g(u).

In order to present our main results, we introduce the following two kinds of functions.

Let A denote the set of positive nondecreasing functions k € C'(0, v) that satisfy

d t
t_l)%l+ T (%) =C, whereK(¢)= /0 k(s) ds. (1.4)
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We note that, for each k € A,

K(t)
t_l)r(r)am =0 and C;e€][0,1].

The set A was first introduced by Cirstea and Radulescu.
Next, we denote by ® the set of all Karamata functions L that are normalized slowly
varying at zero (see the definition in Section 2) defined on (0, 5] for some 1 > 0 by

L(s) = co exp </n }? dr), s€(0,n], (1.5)

where ¢y > 0, and the function y € C([0, n]) with y(0) = 0.
The key to our estimates in this paper is the solution to the problem

/m Sy tso. (1.6)
o) (f(s))P T

Our main results are summarized as follows.
Theorem 1.1 Let g satisfy (g1)-(g2), and b satisfy (b1)-(b2). Suppose that b also satisfies the
following condition:

(bs) the linear problem
-Apu=>bx), u>0,x€Q,ulye=0, 1.7)

has a unique solution vy € C**(2) N C(Q) for some a € (0,1).

Then, problem (1.1) has at least one solution u € C**(Q2) N C(S).

Theorem 1.2 Let g satisfy (g1)-(g2), and b satisfy (b1)-(bs). Suppose that b also satisfies the
following condition:

(by) there exist k € A and a positive constant by € R such that

b(x)
domo kP(d ()

= 0.

If
Ck +qCq > q,
then any solution u to problem (1.1) satisfies

. ulx) 1G
ANy sEa@ay) (18

where ¢ is uniquely determined by (1.6), q stands for the Holder conjugate of p, and

1

oY)
U\ -G+ G-q))
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Theorem 1.3 Let g satisfy (g1)-(g2), and b satisfy (b)-(b3). Suppose that b also satisfies the
following condition:

(bs) there exist L € © and a positive constant by € R such that

lim & =b
aw—0 (d@)PL(dx)
Then any solution u to problem (1.1) satisfies

. ulx) -G
o g -

where ¢ is uniquely determined by (1.6),

h(e) = / (L) ds, (1.10)
0

and

b\
A2:( ) .
p-1

The outline of this paper is as follows. In Sections 2-3, we give some preparation that will

be used in the next section. The proofs of Theorems 1.1-1.3 will be given in Sections 4-5.

2 Preliminaries

Our approach relies on Karamata regular variation theory established by Karamata in
1930, which is a basic tool in the theory of stochastic processes (see [39—-43] and the refer-
ences therein). In this section, we first give a brief account of the definition and properties
of regularly varying functions.

Definition 2.1 A positive measurable function f defined on [a, 00) for some a > 0 is called
regularly varying at infinity with index p, written as f € RV, if for each £ > 0 and some
pER,

tim 769 _ g0, @.1)

In particular, when p = 0, f is called slowly varying at infinity.
Clearly, if f € RV ,, then L(s) :=f(s)/s” is slowly varying at infinity.

Definition 2.2 A positive measurable function f defined on [4, c0) for some a > 0 is called
rapidly varying at infinity if for each p > 1,

limjﬁ:oo

s—o00 §P

(2.2)

We also see that a positive measurable function g defined on (0,4) for some a > 0 is
regularly varying at zero with index o (writtenas g € RVZ,) ift — g(1/t) belongs to RV _,.
Similarly, g is called rapidly varying at zero if t — g(1/t) is rapidly varying at infinity.
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Proposition 2.1 (Uniform convergence theorem) If f € RV ,,, then (2.1) holds uniformly
for & € [c1,co] with 0 < ¢; < ¢3. Moreover, if p < 0, then the uniform convergence holds on
intervals of the form (a;,00) with a; > 0; if p > 0, then the uniform convergence holds on
intervals (0,a1], provided that f is bounded on (0,a,] for all a; > 0.

Proposition 2.2 (Representation theorem) A function L is slowly varying at infinity if and
only if it may be written in the form

L(s) = ¢(s) exp(/s @ dr), s> ay, (2.3)

for some ay > a, where the functions ¢ and y are measurable and y(s) — 0 and ¢(s) — ¢y >

0 ass— oo.

We say that

L(s) = co exp (/S J@ d‘L’), s> ay, (2.4)

is normalized slowly varying at infinity and
) =cos’L(s), s=ay, (2.5)

is normalized regularly varying at infinity with index p (and written as f € NRV,,).
Similarly, g is called normalized regularly varying at zero with index o, written as g €
NRVZ, if t — g(1/t) belongs to NRV _,.
A function f € RV, belongs to NRV , if and only if

"/
feCap,00) forsomea; >0 and lim sf'(s)

o fis)

(2.6)

Proposition 2.3 If functions L, L; are slowly varying at infinity, then
(i) L? foreveryo € R, c1L + ¢aLy (¢1> 0, ¢ > 0 with ¢; + ¢3 > 0), L o Ly (if L1(¢) — +00
as t — +00) are also slowly varying at infinity.
(i) Forevery 6 >0, t’L(t) — +00 and t PL(t) — 0 as t — +00,
In(L(2) ln(t]/;Lt(l))

(i) For p e R, MWD 5 0 gnd

o — past— +00.

Proposition 2.4
(i) Iffi e RV, and f, € RV ,, withlim;_,o fo(t) = 00, then fi o fo € RV .
(ii) Iff € RV, then f* € RV ,q for every a € R.

Proposition 2.5 If a function L defined on (0, 1] is slowly varying at zero, then

L(t)
m W = (2.7)
1—0* ft e ds
If, moreover, 0" @ ds converges, then
L(t
O__, (28)

M T g

0 s
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Proposition 2.6 (Asymptotic behavior) Ifa function L is slowly varying at zero, then, for
a>0andt— 0%,

(i) fot SPL(s)ds = (o + 1)L PL(¢) for p > —1;

(i) [s*L(s)ds = (—p —1) P L(t) for p < 1.
Proposition 2.7 (Proposition 2.6 in [44]) Let Z € C*(0,n] be positive and lim;_, o+ % =
+00. Then Z is rapidly varying to zero at zero.
Proposition 2.8 (Proposition 2.7 in [44]) Let Z € C}(0,1) be positive and lim;_, o+ SZS) =
—00. Then Z is rapidly varying to infinity at zero.

3 Some auxiliary results
In this section, we collect some useful results.

Lemma 3.1 Let k € A. Then

(i) lim;_ o+ % =0, lim;_ o+

(
K(®)

. . / 1-C, . . /
(i) lim;_ o+ t]’;(g) = C—kk, i.e, k€ NRVZy_c,ycps limgo+ Kgfz)’(;)(t) =1-C.

% = Ci'ie. K € NRVZ1;

Proof The proof is similar to that of Lemma 2.1 in [23]; so we omit it. O

Lemma 3.2 Let
a(t) =tPL(¢)

and
h(t) = / ts’l(L(s))P%l ds,
0

where t € (0,8), [, S‘l(L(s))Iﬁ ds < 0o for some 1 > 0, and L(s) € ©. Then

(H &P _ ; e _ .

"Dad — 0 and hmt_,0+ VoR 0,

.. . th (t) _ .

(11) hmt—>0+ W -1

HQPHY _
a(t) - .

(1) limt—>0+

(iff) Timy_ o+
Proof (i) Since #'(£) = £ 1(L(£))71, we have

H (0)? _ fPLz%(t) _ L"%l(t)
HOa) o) [LALP T (s)ds [LsALPT(s)ds

and

1

g L)
h(z) fot s (s)ds

Hence, by Proposition 2.5 we get lim;_, ¢+ % =
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(ii) By a direct computation we get

W(0) =~ (L)) 7T + Iﬁrl (L)L)

and

') 1 ()
W)  p-1L@E

o _ 0. Hence,

Since L € ©, it follows that lim,_, o+ 5108

th'(t)
m =
-0+ J(t)

(iii) Since

(W @Oy 2h'(6) _th"(t) W@P~  th"(t)

ad) THe  tal) KW@
by (ii) we get
i BRI .
—0* al(t) -

Lemma 3.3 Let g satisfy (g1)-(g2)-
(i) If g satisfies (g3), then Cq < 1;
(ii) (gs) holds for Cy € (0,1) if and only ifg € NRV _pc, 1q0-Cp))3
(iii) (g3) holds for Cy = 0 if and only if g is normalized slowly varying at zero;
(iv) if (g3) holds with Cy = 1, then g is rapidly varying to infinity at zero.

Proof Since g satisfies (g1) and is strictly decreasing on (0, Sp), we see that

Ly S Vse(0,Sy)
</0 g7 () “" " gale(s)’ s € (0.5

that is,
/ .
alp
0<g (s)/o () dv<s, Vse(0,S), (3.1)
and
lim g7°7 (s) Tl dv =0. (3.2)
s—0 0 gq/P(U)
(i) Let
q S
I(s) = - 7 g/(s)f gPW)dv, Vse(0,s).
pg P(s) 0

Page 7 of 15
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Integrating I(¢) from O to s and integrating by parts, we obtain by (3.2) that

/0 I(t)dt:—gq/lﬂ(s)/0 md\) +s, Vse(0,s),

that is,

alp s 1 SI(2) dt
g(s) dv=1-01O% 050,
0o g77(v) §

It follows by I'Hospital’s rule that

. g7(s) .
0 < lim dv=1-lim I(s)=1-C,. (3.3)
s—0* S 0 gq/p(v) s—0t

o (i) holds.
(ii) When (g3) holds with C, € (0, 1), it follows by (3.3) that

q q/p s_1 g
g S Vv 1-—
gfs) - lim ) Jo 7P() _ _q( Cg)’ (3.4)
s—>0% sg’(s)  s—0* qsg (s) fo gq/p dvg L(s) pCqy

that is, g € NRV _,c,/(40-Cp))-

Conversely, when g € NRV_, with y > 0, that is, lim,_, o+ Sf,;g) = —y and there exist a
positive constant  and L € © such that g(s) = cos 7 L(s), s € (0, n], it follows by (2.6) and

Proposition 2.6(i) that

s qlp
g/(s)[) g_q/‘”(v)dv P 3L0+ Sj(g) s—>0+ g = ./ o v)dv

— lim

s—>0*

_4
pg P (s)

T

¥ im s (i(s))

/S v (Z(v))_g dv
0

(iii) By Cq = 0 and the proof of (ii) we can see that

/ S ﬂ_l
¢ _ . 1% g g )
0 gl 0t Dgt(s) fo g__‘ml?(_u) v

qlp -1 s
_P (i $7O) 1 lim —2 o) [ P ()dv
s>0t § q/p(u) s>o0+  1-1
1 08 pg 7 (s) 0

=0,

that is, g is normalized slowly varying at zero.
Conversely, when g is normalized slowly varying at zero, that is, hms_>0+ =< =0, it fol-
lows by (3.3) that

s Ip
lim —L—g(s) / ¢ P(v)dv = lim 1% (S)gq () / /
s—0t pgl—[; (S) 0 s=>0* p g gqp

Page 8 of 15
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(iv) By C; = 1and the proof of (ii) we see that lim,_, o+ sgfz) =0, thatis, lim,_, o+ Sg;g) = —00,

and by Proposition 2.8 we get that g is rapidly varying to infinity at zero. O

Lemma 3.4 Let g satisfy (g1)-(g3), and ¢ be the solution to the problem

#(t) ds
/ — =t Vi>O0.
0 (gs)rt

Then

(i) ¢'(¢) = (g(¢(t)))1%, #(t)>0,£>0,¢(0) =0, and ¢p"(t) = ,%(g(qﬁ(t)))z%pg/w(t)), t>0;
(ii) ¢ € NRVZ\_c, and ¢' € NRVZ_c,;

(iii) when Ci +qCq > q and k € A, lim,_, ¢+ m = 0 uniformly for & € [c1,cp] with

0 < ¢1 < ¢, where q stands for the Holder conjugate of p;

(iv) limy_, o+ m = 0 uniformly for & € [c1,co] with 0 < ¢1 < ¢a, where h is given as in

(1.10).

Proof By the definition of ¢ and a direct calculation we show that (i) holds.
(ii) It follows from (i), (3.4), and (g3) that

) ()
m = lim
t—>0+ ¢(t) t—>0+ d)(t)

@)PT f3 —2

(O

= lim
5s—0 S

-1-C,

that is, ¢ € NRVZl,Cg, and

90 _q . @ONe@@)? [20gw) 7T dv

S0 () p oo g(o(®)
a0 ) 7 ay
p s—0* g(S)
= -C,.

(iii) By Lemma 3.1(i) we see that K € NRVZ - It follows by Proposition 2.4 that p o K9 €

NRVZ 4a-cy . Since Cy + qC, > g, the result follows by Proposition 2.3(ii).
C

k
(iv) As in the proof of (iii), by Lemma 3.2(i) we see & € NRVZ,. It follows by Proposi-
tion 2.4 that ¢ o 1 € NRVZ,. Then the result follows by Proposition 2.3(ii). a

4 Existence of solutions to problem (1.1)
In this section, we prove Theorem 1.1.

Proof of Theorem 1.1 Let

H(u):/u 1 —ds foru>0.
0 (g(s)rt

Page 9 of 15
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It follows that H : [0, 00) — [0, 00) is strictly increasing and

1
H'(u)= ——— foru>0.

1

(g(u))P T

Let i1(x) := H ' (vo(x)), x € 2, where H! denotes the inverse function of H, and v, is the

unique classical solution of problem (1.7). We see that u|yq = 0 and

1(5 V_ p
—Apit + M =b(x)g(u), xeQ.
g(w)
It follows by (g;) that
-Apu > b(x)g(n), x€g,

that is, i = H~!(vp) is a supersolution of problem (1.1).
On the other hand, hypothesis (g;) implies that lim,_, o+ g(s) € (0, 00], so that

1

71
lim & =+00 and lim &l
s—>0t § s—>0F S

There then exists ¢ € (0,1) such that

a1
g(CO|V0|oo)>1 and (glcolvoloo)) T

Co Co

>1.
Let u = covp. It follows that
—Apu = cob(x) < b(x)g(colvolos) < bx)gw), x€ X,

that is, u = ¢ovy is a subsolution of problem (1.1). Moreover, we see that

covo (x)
H(covo(x)) :/ 1 —ds < ) — <wx), xe,
0 (g(s)PT (glcolvoloo)) T

that is, u < # on Q. Therefore, by the lower and upper theorem the claim follows. O

5 Boundary behaviors of solutions to problem (1.1)
In this section, we prove Theorems 1.2-1.3.

First, we need the following comparison principle for weak solutions to quasilinear
equations (see [45] for a proof).

Lemma 5.1 (Weak comparison principle) Let D C RN be a bounded domain, G:D xR —
R be nonincreasing in the second variable and continuous. Let u,w € WVYP(D) satisfy the
respective inequalities

/|Vu|1"2Vu~V¢§/G(x,u)¢ and
D D
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/|VW|P—2VW~V¢2/G(x,w)¢>
D D

for all nonnegative ¢ € Wé’p(D). Then the inequality u < w on 0D implies u <w in D.

Fix & > 0. For any § > 0, we define Q5 = {x € 2 : 0 < d(x) < 8}. Since Q is C2-smooth,
choose 8; € (0,8) such that d € C*(Q2s,) and

|Vdx)| =1,  Ad@x)=-(N-DH()+0(1), VxeQy, (5.1)

where, for x € Q5,, ¥ denotes the unique point of the boundary such that d(x) = |x— x|, and

H(x) denotes the mean curvature of the boundary at that point.

5.1 Proof of Theorem 1.2
Define r = d(x) and

Li(r)=(A; £ g)p_l(p _ 1)qp_1 (]9 (A1 £ 8)]<q(r)¢//((Al + £)K4(r)) EI<(7')/(/(I")>'

& (A £ £)K4(r) T TRm
i LK) bx) g(d((Ar £ e)KI()))
B == 0 A0 ) (s £ KT

By Lemmas 3.1 and 3.4, combined with the choices of A; in Theorem 1.2, we get the fol-

lowing lemma.

Lemma 5.2 Suppose that g satisfies (g1)-(gs) and b satisfies (by)-(bs). Then
(i) lim, o h+(r) = (A1 £ &) (p - 1)g? (g - qCq — Cr);
(i) limae—o L2(x) = bo = ~A] ™ (p - Dg* (g — 4C; — Co);
(iii) limgg—o(a(r) + L(x)) = (p — g (g - qCq — CO) (A £ eyt - A7),

Proof of Theorem 1.2 Let v € C1*%(Q2) N C'(2) be the unique solution of the problem
-Apv=1, v>0,x€Q,v[o=0. (5.2)
Then, we see that
Viv(x) #0, Vxe€dQ and c3d(x) <v(x) <cqd(x), VxeQ, (5.3)

where c3, c4 are positive constants.
By Lemma 5.2, since K € C[0,5p) with K(0) = 0, we see that there exist 81,82 €
(0, min{1, §o}) (which corresponds to ¢) sufficiently small such that
(1) 0 <K(r) <81, r € (0,82);
(i) Nie(r) + L(x) <0, V(x, 1) € Qs,, % (0,82);
(iii) Li—-(r) + Io(x) = 0, Y(x,7) € s, % (0,82).
Now we define

ite = ¢((Ar + ©)K(d(x))), x€ Qs,,.
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Before we prove the theorem, let us note the following. Suppose that z is a C? function
on a domain  in RN and v = ¢(z), where ¢ is uniquely determined by (1.6). A direct
computation shows that

Ay =(p-D|¢' @ ¢ @IVl + ¢/ ¢ ) Az (5.4)
Hence, by (5.4), Lemma 5.2, and a direct calculation we see that, for x € Qs,,
Ayt (x) + bx)g (. (x))
= (¢ (KU(d())))" "k (d(®)) (1 (1) + L) <0,

where r = d(x), that is, i, is a supersolution of problem (1.1) in Qj,, .
In a similar way, we show that

u, = ¢((A - )K(d(x))), x€ Qs

is a subsolution of problem (1.1) in s, .
Let u € C(Q) N C**(R) be the unique solution to problem (1.1). We assert that there
exists M large enough such that

u(x) < Mv(x) + it (x), u, (%) < ulx) + Mv(x), xeQs,, (5.5)

where v is the solution of problem (5.2).
In fact, we can choose M large enough such that

u(x) <its(x) + Mv(x) and u,(x) <u(x) + Mv(x) on{xe Q:d(x) =0}

We see by (g;) that i, (x) + Mv(x) and u(x) + Mv(x) are also supersolutions of problem (1.1)
in Q,,. Since u = i, + Mv =u + Mv = u, = 0 on 3L, (5.5) follows by (g;) and the weak
comparison principle (Lemma 5.1). Hence, for x € Q;,,

u(x) - Mv(x) i1
d((A1 +&)K1(d(x))) — ¢((Ar + £)K1(d(x)))

and

B Mv(x) - u(x)
(A1 - &)K9(d(x))) ~ (A1 — )K(d(x)))

Consequently, by (5.3) and Lemma 3.4(iii),

1 < liminf ux) < limsup ux) <
T dw—0 ¢((A1 - e)K1(d(x)) T aw—o P((A1+e)K1(d(x)))

and

P((A1 — )K(d(x)))

. (A _ -G
A pKide) T

Thus, letting ¢ — 0, we obtain (1.8). O
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5.2 Proof of Theorem 1.3
As before, fix & > 0. For any § > 0, we define Q5 = {x € Q: 0 < d(x) < §}. Since Q is C2-
smooth, choose §; € (0,3o) such that d € C?(£2,) and (5.1) holds.

Define r = d(x) and

(Az £ &)h(r)¢" (A2 £ &)h(r)) (K ()P
@' (A1 £ €)h(r)) h(r)r?L(r)

Lia(r)=(Ay e (p- 1)(
(0 (r)P=2H"(r) )
+ - =< )

rPL(r)
] Ly b g(@((Ar £ i)
B =06y A 6 s T

By Lemmas 3.2 and 3.4, combined with the choices of A; in Theorem 1.3, we get the fol-

lowing lemma.

Lemma 5.3 Suppose that g satisfies (g1)-(gs), b satisfies (b1)-(bs), and (bs) holds. Then
(i) lim,_o L+(r) = —(p - 1)(Ay £ &)™
(if) Timgg o Lo(x) = by = (p—1)A5
(iii) limgge—o(he(r) + L(x) = —(p - D((Az £ )™ - A5,

Proof of Theorem 1.3 By Lemma 5.3, since & € C[0,§y) with /(0) = 0, we see that there
exist 81¢, 82 € (0,min{1,80}) (which corresponds to ¢) sufficiently small such that
(i) 0=<h(r) < b1, 7 €(0,82);
(ii) L+(r) + L(x) <0, V(x, 1) € Q5, X (0,82);
(iii) fi-(r) + Io(x) = 0, Y(x,7) € s, % (0,82).
As in the proof of Theorem 1.2, we define

ite = ¢((A1 + )h(d(x))), x€Qs,,

where

1

t
h(t) = / s (L(s)) 7T ds.
0
By (5.4), Lemma 5.3, and a direct calculation we see that, for x € Q;,,
Apis(x) + b()g (i (x))
= (¢' (h())" ™ rPLO) (e () + L)) <0,

where r = d(x), that is, i, is a supersolution of problem (1.1) in Q;,, .
In a similar way, we show that

u, = $((As — O)h(d®)), xe€Qs,,

is a subsolution of problem (1.1) in s, .
As in the proof of Theorem 1.2, we obtain, for x € Qj,,

u(x) - Mv(x) 1
H((Az + £)h(d(x)) — ¢((Aa + &)h(d(x)))

Page 13 of 15
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and

B Muv(x) - u(x)
P((A2 - e)h(d(x))) ~ ¢((As - &)h(d(x)))

Consequently, by (5.3) and Lemma 3.4(iv),

1 <liminf u(x) < limsup u(x) <1
T dw—0 ¢((A2 —&)h(d(%) T a0 P((A2 +)h(d(x)))

and
P((Ar—e)hldx)) g
0 pldey) T
Thus, letting ¢ — 0, we obtain (1.9). O
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