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/2 is

with initial condition u(0,x) = 0, where B is a time-space white noise, Ay, = -(-A)
the fractional Laplacian with a € (1,2]. In this paper we study the quadratic variation
of the process W* = {W{ = u(t,-),t > 0}. We construct a Banach space ¢ of

measurable functions such that the generalized quadratic covariation (f(W/®), W*)@

of f(W*) and W¥ defined by

@ 1 a1

(Fowe),we) = lim — fo {FWe, ) = FWO) FWe, - W) ds 2
E 2u

exists in L2(£2), provided f € . Moreover, we consider some related questions.
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1 Introduction and main results
Recently, Swanson [1] (see also Pospisil and Tribe [2]) studied the exact variations of the
solution to the following one-dimensional stochastic heat equation:

2

B(t,x), t>0,x€R, (1.1)
x

with initial condition u(0,x) = 0, where B is a time-space white noise on [0,00) x R. It is
clear that the solution can be characterized as

t
u(t,x) = / /p(t - s,x —y)B(ds, dy), (1.2)
o JR
x2
here p(t,x) = ﬁe’ﬂ is the heat kernel of Lapalacian. Under the circumstance, we know

(see Swanson [1]) that

1

E[u(t, x)u(s, x)] = E

((t +s)2 - |t—s|1/2), t,s>0, (1.3)
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moreover, the process ¢ — u(t,x) has a nontrivial quartic variation. As a general conclu-
sion from these results, in Sun et al. [3] we considered the quadratic covariations and Ito’s
formula for the solution. The above results show that the process u = {u(¢,x)} as a noise
admits the next special structures. For more results for an It6 analysis of stochastic heat
equations one refers to Da Prato et al. [4], Deya and Tindel [5], Denis [6], Gradinaru et al.
[7], Ouahhabi and Tudor [8], Le6n and Tindel [9], Torres et al. [10], Tudor and Xiao [11],
Ciprian and Tudor [12], Wu [13], Zambotti [14], and the references therein.

In the present paper, we study the temporal variation of the solution {u(t, x),t > 0,x € R}
to the following fractional stochastic heat equation:

82
=Aqu+——B(t,x), t>0,xeR (1.4)

ot ot o
with initial condition #(0,x) = 0, where X is a time-space white noise on [0,00) X R, A, =
—(—=A)¥'? is the fractional Lapalacian with o € (1,2]. Let p,(t,,7) be the heat kernel of
operator Ay, i.e. the transition density function of one-dimensional symmetry a-stable
Lévy process. Then the solution u = {u(t,x),t > 0,x € R} is a two parameters Gaussian
process and

u(t,x) = /0 A;{pa(t — 5,5 —y)B(ds, dy). 1.5)

This paper is organized as follows. In Section 2, we establish some technical estimates
associated with the solution based on the heat kernel estimates of the operator A, =
—(=A)¥'2, In Section 3, as some applications of Section 2 we introduce Wiener integrals
with respect to the process W* = {W}* = u(t,-),t > 0}. In Section 4 we show that the pro-
cess W* admits a nontrivial strong p = %—variation, ie.

1 Dlotl —
811518/‘| s — W, ds=Cyt

in probability for every ¢ > 0. As arelated question, we introduce a so-called the generalized
quadratic covariation of f(W*) and W* defined by

()
o o _1
{f(we), we), ;g;gza

[ v s, ey

in probability. We construct a Banach space .7 of measurable functions such that the
generalized quadratic covariation (f(W%), W*)©@ exists in L*(Q2), provided f € . In Sec-
tion 5, we introduce that the Itd’s formula and Bouleau-Yor type identity for the temporal
process W<,

2 Preliminaries
In this section, we present some technical estimates associated with the solution

t
u(t,x):f /pa(t—r,x—y)B(dr,dy), t>0,xeR,
o Jr

with 1 < o < 2, where p,(t,%) is the heat kernel of the operator A, = —(~A)¥2. For sim-
plicity, throughout this paper we denote by C a positive constant depending only on the
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subscripts and its value may be different in different places, and this assumption is also

suitable for c. If there exist positive constants b; and b, such that
b1G(x) < F(x) < byG(x)

in the common domain of definition for F and G, then we employ the notation F < G.
It is clear that the heat kernel p, (¢, x) is the fundamental solution of the following equa-
tion:

8u_

a = AyglU.

Pa(t,x) is also the transition density function of one-dimensional symmetry «-stable Lévy
process X. Moreover, p,(t, x) satisfies (see, for example, Blumenthal and Getoor [15])

/pa(t,x)eixé dx=e", gcRt>0.
R
When o =1, we get

pi(t,x) = m

For all x € R and ¢ > 0, we have
_1 _1
pa(t’x):t “Pa(l,xt O‘)~

Moreover, for all x € R and ¢ > 0, we obtain

B t 1 t 1
Cc 1(w/\t °‘> fpa(t,x)ﬁc(W/\t 0‘), (21)

where ¢ > 1 is a constant.
Now, we present some estimates. Denote by W* = {W}* = u(t,-),¢ > 0} the temporal

process. For x € R and all £,s > 0, we have

SAE
E(Wf‘\/\’/s‘)‘):‘/o /Rpa(t—r,x—z)pa(s—r,x—z)dzdr

SAL
:f Pu(t +s—2r,0)dr
0

(/) [
T Tan 0
r'l/a)
T 2r(a-1)

(L‘+s—2r)_é dr
((t+s)wT_1 - |t—s|au;l).
Lemma 2.1 Forx € R and all t,s >0, we have

E[(We =W’ ] = (t-9)F. (2.2)
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Proof For x € [0,1], let

_.
2
L

o—

f@=1-28 (140 ~(1-0)F) + x5
Then, for x € [0,1], we have

flx) =< —x)o%l,
It follows that

E[(we - W] = (5 ok (49— (0-9)) +55)

Zén(a -1)
J W) ey -9 (2.3)
2am (o —1)
0

forall £>s>0.

Lemma 2.2 Forx € R and all t,s >0, we have

|E[W:{(Wta - VV:‘):” = (o —1) ¢
Proof By an elementary calculation, we have

[E[wy (Wi = we)]| = |E(wy W) - E(wywy))|

I'(1/a) a-1 a-1 a-1 ot
:m’(t+r) @ —|t—r|@ —(s+r) @ +|s—r|@ |
I'(1/a) a1 a1 -1 o1
_27T(a_1)|(t+r) @ —(s+r) e |+]|lt—r]@ —|s—r |
I'(1/a) o]
7 —1)
forx € R and all ,s,7 > 0. O
Lemma 2.3 Forallt>s>t >s >0 and x € R we have
a-1
t_ t/_ / e
(o - we)(w - w)| = AR 2

Proof By applying the mean value theorem, there exist some & € (s, ) and n € (s, ') such

that

-1 a-1

((t+t’)a";] —(t+s/)a";l)—((s+1.")T —(s+s) )

(e ) - (6 4d) )

4=

S =) E
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which gives

ol = (-5 s+ s) . 2.5)

By a similar argument, we get

-1 -1 a-1 a-1

- I 9le )t - e-0)

) aa—_zl(t‘s)(f/ ~s)(E - < aa_zl(t—s)(t’ ) (s—r)

for some n € (s',¢') and & € (s, ). It follows that

o o o o — F(l/a)
[EL(wy - we) (Wi - Wil = o =pla e
F(l/ ) / / AN
< e =)o) 26

forall £ >s>t >s >0.On the other hand, noting that

I'l/a)
(e —1)

[EL(wy = we) (W = wi)]| < [e-s)( -)]F,

it follows that

EIWE - WHWy - Wl _ (IE[(W? - W) (Wi - W)l )y

a-1
Tl —s)(t —s)) 7

a-1
Tl —s)(t —s)) 7

for all 8 € [0,1]. By this, together with (2.6), we obtain

E[(Wr - wy) (Wi - wi) ]

a-1

<Cle-9)(¢ -5)] = 7 |E[(we - we) (W - w)]|”

= C[(t -s) (t/ - s/)]%(l‘y)w%
(s=t) 7

[(t-s)(t -5

=C————— (2.7)
(s—t)«
and by taking y = %, the lemma follows. O

Lemma 2.4 Forallt>s>0,let o = E[(W/)?], 02 = E(W¥)?], jtes = EIWZ WE]. Then we
have

2 a-1

olol - /Lis = [s(t - s)]T. (2.8)
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Proof Letk, = _TWe)_ and
2 7 (a—1)

2(a-1)
o

G)=2"¢ & — (1+0)F - (1-2)% )
with x € [0,1]. Then

2.2 2 2
0,0, — g = Ka{(SIf)

a-1 2(1-a)
]

-2« ((t+s)aTi1 - (t—s)%)z}

2 2(1-a) 2(x-1)

=k,2"« t o Gx)

forall£>s>0andx = 3. We get

a-1

S 2T (10T (-0 2T x % (10T — (1

We first estimate G;(x). By an elementary calculation we can show that
a1 el el o1 ol
(+v-1) e« <ue +ve —1<(u+v-1)a +(uv) @

holdsfor u+v>1,0 <u,v<1,0 <K <1. By taking

2/x 1-x
U=

Cl+x 1+x

in (2.9), we have

2%+ (1 —x)—(1+x) -0
1+x -

O0<uv<l u+v-1=

and

() e (1)

l+x 1+x
< va-20)F + (25 (1-x) ©
< (2/E-26)F 4 (243 (1-x) T

a-1

< CxT (1-x)F

—
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_x)‘”a;l}

(2.9)

i
L
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for all x € [0,1]. On the other hand, for all x € [0,1], we have

a-1

Gi(x) = (1+x)a(<f;/;) +(%)a—1>

2J3 1-x )T

1+x 1+x

> (1+x)<

a-1
o

2V/x+(1-x) - (1+x)
(1-2) - (1-2ﬁ+x))°'7'1
VI—x—(1-x)© (\/1 24 (- vm) T

1

—1-VE) T -,

(
(
(
= (Vi-x

Noting that
=V1-x+x<V1-xV/x+(V2-1)1-xA V%)
by using the Bernoulli inequality
1+x)f <1+pxf (0<xB=1).
We further get
VT=r+ i1 SVisanva
V-2

=

N = N

for 0 < x < 1. It follows that

Gi(x) > (VI—x-(1- V&) T 1-0% >

for all x € [0,1]. Therefore, the desired estimates
Gx) <« X a- x)Tf1
hold and the lemma follows. a

At the end of this section, we investigate Skorohod integrals associated with the tempo-
ral process W* = {W}* = u(t,-),0 < ¢ < T}. From the previous discussion, we have shown
that the process W* is neither a Markov process nor a semimartingale, thus many power-
ful techniques of stochastic analysis are not available. Noting they are Gaussian processes,
so we can develop the stochastic calculus of variations with respect to them. One refers
to AlGs et al. [16] and Nualart [17] for more details of stochastic calculus for Gaussian
processes.
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Denote by £ the set of linear combinations of elementary functions {1jo,0 <t < T'}.

Let the Hilbert space H be the closure of £ with respect to the inner product

r 1/0[ a— a—
(Lo, Lio,6) 4, = ( ))((f+S)Tl —|t—S|71)'

27 (o — 1

The map 1j — W} is an isometry between £ and the Gaussian space W*(¢) of {W}, ¢t >
0}, which can be extended to H. We denote the extension by

o> W) :/0 o(s) AW,

Let f € C;°(R"), ¢; € H, and let S denote the space of all smooth functionals of the fol-

lowing form:

F =f(Wa(<P1); W“(wz)» ey Wa((pn));

where f' € C)°(R”) means f and all their derivatives are bounded. The derivative operator
D (the Malliavin derivative) of functionals F of the above form is defined as

"9
DF=Y)" a—ii(wa(gol), W(@2)s.., W) 9
j=1

Then D” is closable from L?(R2) into L2($2;H). Denote by D' the closure of S endowed
with the norm

IFull = EIFI2 + E| DeF 7,

The divergence integral §* is the adjoint of D*. Its domain is denoted by Dom(6%). We say
that a random variable u € L?(Q2; H) belongs to Dom(§¢) if, for all F € S,

E|(DYF,u),,| < cllFll;20-
In these cases, for any u € D2, §%(u) is defined by

E[F5%(u)] = E(D*F, u),,. (2.10)
We have D'? ¢ Dom(8%). We will use the notations

T
§%(u) = / us AWy
0

to express the Skorohod integral, and the indefinite Skorohod integral is defined as

t
/ Ug dVVsa = 5“(u1[0,t]).
0
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3 The variation of temporal process
Let {u(z,x),t > 0,x € R} be the solution to the Cauchy problem (1.4). Then we have

u(t,x) = /0 pra(t —s,x —y)B(ds, dy), (3.1)

where p,(t,x) is the transition density function of a one-dimensional symmetry «-stable

Lévy process X satisfying

/poz(t, x)e""g dx = e‘ﬂé\“
R

for £ € R and ¢ > 0. In this section, we investigate the strong p-variation of the temporal
process W* = {W} =u(t,-),t > 0}.
Recall that a continuous process X has a strong p-variation (p > 0) if

1 t
ucp-lim — [ Xsse — Xs|P ds
el0 & 0

exists, where the notation ucp means the uniform convergence in probability on each com-
pact interval. The limit is denoted by [X, X ]ip) and is called the p-strong variation. If the
p-strong variation exists, then for every g > p > 0, [X, X] Eq) =0.When p =2 we call [X, X] Ep)

the quadratic covariation of X and is denoted by [X, X], i.e.

t

1
X, X] := ucp-lim = | (X,e — X;)? ds. (3.2)
elo &g Jo

For ucp-convergence we have the next perfect result due to Russo and Vallois [18].

Lemma 3.1 (Russo and Vallois [18]) Let {X*®,& > 0} be a set of continuous processes. We
assume
+ Forany ¢ > 0, the process t = X} is increasing.
« There is a continuous process X = (X, t > 0) such that X; — X; in probability as & goes
to zero.

Then Z° converges to X ucp.

Theorem 3.1 Let 1<« < 2. Then, for every t > 0, we have

£l¢l’glg‘/‘0|st+s—VVs|“’ ds = kot

in probability, i.e.
[we, we]® = it

with p = az%‘ where Ao =

1 )
able.

r'(l/a)

ﬂ(afl))aaTlHS | &1 with & being a standard normal random vari-
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Proof Let ¢,t > 0 be given. Set
o 1 ! o o 27&1
C (t,e);:g i |We, — We| =T ds.

By Lemma 3.1 one only needs to show that C*(¢, ) converges to A,t in L2(Q2), as ¢ — 0.
Note that

—

a-1

E[(Wg, - \/Vs“)z] =ko((s+8) @ —25((s+£ +5)

= k(s + )T f(x)

a-1 a—
a

i

—saT_l)+s

)

for x = - and s > 0, by (2.3). It is clear that
1 P S | el 1 el a-1
fx)=1-2a(2-x)a —x« )+(1-x) @ =2axa +o(x@
asx — 0, and

a\2 _ F(l/a)
10 gt “fJK)]‘nm-n

lim alfl E[(Wg (3.3)
&

for s > §. We have

1 20 et 20 P
i LI = W =t B (B (- W) )

o

20 '(1/a) m_
- ()

for s > 0 and
IimE(C“(t, €)) = Agt.
lim (C¥(t,8)) t
Thus, to obtain the result it suffices to establish that
. o 2 2.2
limE , = (Ag
lim (C¥(t8))" = (o)t
for all £ > 0. We get

t s
E(ca(t,s))z _ 32/ ds/fg(s,r)dr,
I 0 0
where
20
felsr) = E|(W, = W) (W, — W) [T

r+e

Recall that if (By, By) is a Gaussian couple, then we can write

_ COV(BerZ)

C0V2 (Bl; BZ)
2T Var(B;)

Var(B;) 77: 34

G+ \/Var(Bz) -



Cui et al. Boundary Value Problems (2016) 2016:123 Page 11 of 27

where 7 is a standard normal random variable independent of B; and Var(-) denotes the
- W& By = W2, — W, ue(s,r) = EB1By, and

o
variance. Let By = W, e —

Y,(s,r) = Var(B;) Var(By) — e (s, )%

We get

1 1 20
8_2fs (s,7) = 8—25|3le| -l

20
a-1

e (s, 7) By 1 /
gltb «/Var(Bl RS

He(s, T )§+ IL .G

F Ot—l Ea-1

i E(’ JVar(B)) >
_E(|§|M al) (3.5)

with a standard normal random variable ¢ independent of 7.

By Lemma 2.1, it is obvious that

V(1) < \/E we, - W, (W,";g W;’)ZXC.

ga gotl

Combining this with (3.5) and Lemma 2.3, we have

& s 1 t s 1
/ ds/ —ng(s,r)dr,f ds/ —ng(s,r)dr—>0
0 o € e s—¢ €
as ¢ — 0. By (3.3) and (3.5) it follows that
2 t s
8—2‘/0 ds‘/ofs(s,r)dr
2 t s—& 2 t s
= 8—2f dsf fs(s,r)dr+8—2/ ds/ fe(s,r)dr
e 0 e s—&
2 € S
+ —2/ ds/fg(s,r)dr
& Jo 0

t s
— 2/ ds/ (o) dr = (0y)%8?
0 0

E(C*(t,¢))

as ¢ — 0, by Lebesgue’s dominated convergence theorem, the theorem follows. O

From Yan et al. [19] and the above theorem, we can naturally introduce the next defini-

tion.

Definition 3.1 For all £ > 0, define the integral

IS(f? t) s+£ _ )}(‘)Vsoj-e ‘)Vsa) dsaT_l’

where f is a measurable function on R. We call the limit lim,_,¢ I, (f,¢) the generalized
quadratic covariation of f(W%) and W, denoted by (f(W*), W*)@), provided this limit
exists in probability.
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Proposition 3.1 Foralll <o <2 andt> 0, we have

P(Ve) e
-1

B -

Moreover, for every f € CY(R), we have

« (a)_ I'(1/a) 265
{f(we), we)” = o 1)ff : (3.6)

Proof 1t is suffices to estimate

2

t o o el F(1/a) a1
/O(WW wey ds - )

t o w2 Tl/a) o a-1
((W“S V) i@’ )ds

/sz, dsadra

for all € > 0, where

X.0,2) =E((Ws‘is weyr _ T 8121)((%,18_ weye - TWe) Saal)

2

(o —1) (o —1)
:E(( s+e Wa) (Wro-tw Wf)z)
F/a) o N ) "2 F/a) o1\’
_7'[(0[—1) “ (E(WS+£ ) +E(Wr+£ Wr) )+<7T((X—1)8 )

- (- W) (w - we)) -

s+¢& r+e

F(U/a) o« 2
n(a—l)g )

for every t > 0 and y,z € R. By an elementary calculation we can show that

E((W, -

we) Wy, - wr)')
- E(W2, - W) E(We, - W)’

s+¢& r+e

+2E(Ws, - W) (e, - W)

s+¢& r+e

- (RO ) ol - w) (v, - w

T ((X _ 1) s+& r+e

for all ¢ > 0 and y, z € I, which implies

X.(,2) = 2[E(W, - W) (W, - wy) ]

S+¢& r+é&

It follows from Lemma 2.1, Lemma 2.3, and the fact

S+& r+é&

[E(we, — W) (W, - )| = Ce
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for |s — r| < & that

t t
/ / X (s, 1) ds’s dr's = O(s‘s+2(o§1)) (4 0)
o Jo

for some B > 0, which gives

(@ I'l/a)

a-1
= t«
¢ (o —1)

(W, we)

forall ¢t > 0.
On the other hand, by Hélder continuity of W* we get

a-1

t
o [ ol - we)(w, - we) a0
0

almost surely. It follows that

tim—r [ AW - £ (0 (W, - W) s

el0 o5

— i 1 t/ o o )2 @_F(l/a) t/ o a-1
~tim— [ - wey s - s [ a

almost surely. By the next lemma and the proposition the result follows. O

Recall that the local Holder index y; of a continuous paths process {X; : t > 0} is the
supremum of the exponents y verifying, for any T > 0,

P({a) :dL(w) > 0,Vs,t € [0, T7],

X(@) - X(@)| < L@)[t-s]"}) = 1.
Recently, Gradinaru-Nourdin [20] introduced the following very useful result.
Lemma 3.2 Assume that f : R — R is a function such that for all x,y € R,
[f(x) = f0)| < Cle—y|"(1 +4° +y2)b (C>0,0<a<1,b>0). (3.7)

Let X be a locally Holder continuous paths process with index y € (0,1). Assume that V is
a bounded variation continuous paths process. Fort > 0, ¢ > 0, set

‘ Xs+s _Xs

Ifforeacht >0,

2

lim = | X0 - Vi, -

O(%) (3.8)

with o > 0, then for any t > 0, lim,_, XL(t) = V, almost surely, and if f is non-negative, for
any continuous stochastic process {Y; : t > 0},

e—0 ey

‘ Xs+s - Xs !
lim Yj( ) ds — / Y, dVs, (3.9)
0 0

almost surely, uniformly in t on each compact interval.
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4 The existence of the generalized quadratic covariation
In this section, we consider the existence of the generalized quadratic covariation of f(W*)

and W, we do not need that f is a C!-function. The main idea is from Yan et al. [19]. Let

Vo = (i/ "‘1 and 8 = “_1. For ¢ > 0, we consider the following decomposition:

/ {f s+s - )}(‘Vsoj-a ‘Vsa) dsﬁ
/ f S+F S+€ Wa dS / f Wa S+<‘,‘ Wa) dS
=I'(f,t) - I.(f>1), (4.1)
and define a set

I = {g : g is a Borel function on R such that ||g|| s# < oo},

where

T
o [ [t i)
2T VesT 0

Then 57 = L*(R, u(dx)), where

r__« ds
u(dx) = (/ e 2vash 4ﬁ) dx
0 V2T Ves 2

and w(R) = T? < 0o, which indicates that the set

&= {all the elementary functions of the form g (x) = Z 8l 1z (x)}

isdense in .7, where {x;,0 < i <[} isan finite sequence of real numbers satisfying x; < x;,1.
In order to get the existence of the generalized quadratic covariation, we need first to
present the following two statements:
(i) Forte[0,1]andany & >0, f € C° N, IX(f,t) € L*(R). That is,
_ 2
E|LL(f,0)]" < Clif 1% (4.2)
+ 2
E|L}(f, 0] < CIIfII%- (4.3)
(ii) Foreveryf e C3° N and t € [0,1], I (f,£) and I (f,¢) are Cauchy sequences in
L?*(2). That is, for all ¢ € [0,1],
_ 2
E|I; (f,0) - I, (f, )] — 0, (4.4)
+ + 2
E|L (f,0) - I, (f, )] — 0 (4.5)

as e, 4 0.
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We divide the proof of the two statements into several parts which is similar to Yan et
al. [19]. For simplicity, let T = 1. We need the next elementary lemmas. Let ¢(x, ) denote
the density function of (W, W) (s >r > 0). That is

1

1
w(x,y):%eXp{ % — (P%* = 2pxy +s yz)}

where p1 = E(W2W?) and p? = (kg )2 rPs? — 2.

Lemma 4.1 Let f € CY(R) admit a compact support. Then we have

L7 (21 093] = s L 9 P (9D

S—r

Bl (W W) = s W) L (7))

foralls>r>0.

Proof By using an elementary calculation it follows that

2
[ 0(5- L50) oty dsds
R2 Kol

A
e 2l dy= WEW(WQ)

1
0)——35
2K

kot? IR

which implies that
: / ’ / dxd
ot Rzlf(x)f(Y)(Kas y — ) (karPx — p1y) @ (x, y) dxc dy
or9)"" . .
Ko \7S (E[V(M)|2]E[V(Wr)|2])1/2

02
= m(E[lf(Wf‘)mEW(Wf)|2])1/2

Csﬁ/z

by Lemma 2.4, we have

8 y)dx dy‘

el (war w)l - | [ s

= Vsz(x)f(y){ Py — px) (karPx — puy) + %}w(x,y)dxdy‘

Cshr? 2\1/2
< m(E[lf(Wsﬂ JE[lF (W) D)

This gives the first estimate, by a similarly argument, one can obtain the second estimate.
O

Proof of the statement (i) Let f € C{°. Noting that for all ¢ > 0 and ¢ > 0, we have

() = zﬂ// W) (W, — W) (We, — We)]ds” dr.
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For all s,r > 0 and ¢ > 0, let us estimate the expression

A1) 1= E[F (W) (W) (W, - W) (Wi, - W)

s+e r+e

Note that

Asg(s,r) = E[f(Wf‘)f(W ) (Wi = W) /rHS dW,"‘:|

= <Daf(VVf)f(Wr°‘)(VVS‘iS Wa) 1[hr+s])
= E[Wy Wy, - W) JEL (W) (W) (W3l = W) ]

S+é&

W (W, = W) JELF(WE)f (W) (W

(We = W) (We, - W) JE[F(BE)f (BY)]
= E[Wy (W, — W) JE[We (Wi, — W) JE[F" (We)f (Wr)]

r+e

- wy)]

Wi (W = W) W) JEL (W3 )f (
Wy (W, = W) JE[W (W, - )]E[f/(W;")f/(Wf‘)]
Wy (W - W) JE W) 7

i JE[wy (W — Wy
(W = W) (W - W) JELf (B f(Bf’)]

s+& S
5
=D Vls,r)).
j=1

JE[w (s, - we

S+¢& S

+E|
+E|
+E|
+E|

By Cauchy’s inequality, it is easy to see that, for [s—r| <& <1,

28
[E[(wg, .

r+e

- W) (Wi, - W] < Cef < ST

It follows from Cauchy’s inequality, Lemma 2.3, and the fact

E[f*(W, / f1@) ﬁ_wme e d

B2 *2 B2

_S s
rl‘m f (x )J—ﬂ/ze s dx—ﬁE[f (Wsa)]’

we have

2
2 <Clfl%

t t
/ / W, (s,r,5)ds’ dr?
o Jo

forall0<e <1.

Combing Lemma 4.1, Lemma 2.2, Lemma 2.3, and (4.6) we get

t t
//\I’g(s,r,l)dsﬁdrﬁ

//|E[f” Y (We)]| drf dsP

por

Page 16 of 27

(4.6)
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t s$ 3 ) rﬁ
C//(s_r)ﬁEV(Ws)f(Wr)ld ds

¢ s 814
c/ E[f2(Wg)]s%ﬂ—1ds/ S ar<CIfI,
0 0 (s—r)fri-if

for all ¢ > 0 and ¢ > 0. In a similar way, we can estimate

1
5 /0 /0 W, (s,r,j)ds? dr
for j € {2,3,4}. Thus, we have given the estimate (4.2). In the same way, one finds (4.3)
O

Proof of the statement (ii) By the first statement we can give the second statement with

f e Ce. In fact, for all &1,&5 >0 and £ > 0, we have

wy)

1 t t
]1;1(f,t)—1;2(f,t)]2=7ﬁ//Ef(W
&1 0 Jo
(Ws‘ig1 W) (W, - W) drf ds?
g | aerom
5182
(‘)Vsojrsl )(W)?igz )drﬂ dS
t
e [ [ Emrom
&y 0 JO
(W, - W) (W, - W) drf dsP.
Set
W) (W = W)

or(L ) = E[f (W) (W) (Wi ~

and
W) (Wi, = W)

W (W) (Weie, =

ch,r(z’ &1 82) = E[f(

for all s, > 0 and ¢;, &2, ¢ > 0. Then we have

ﬂ@«ﬁ—r«ﬁf
//EQSMa>qs@a@mm“mm

B afﬂsf
e [ [ et onten - donaen)ondrds
81 )
for all £ > 0 and &y, &, > 0. Thus, in order to see that {I_(f,£),e > 0} is a Cauchy sequence
in L*(Q2), we show that
(4.7)

2,3 ;3/ / & CI>S,(1 &) —&; d>s,(2 81,82)}(51”)'3 Ydrds — 0
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forall i,j € {1,2}, i #J, as €1, &, — 0. Without loss of generality, we assume that &; > &;. By

the proof of (i), it follows that

®,,(1,) = E[W (W, - WP)]E

r+é&

+ E[W (Wr,. = W) JE[Wy (W, = W) JELF (W) (Wy)]
+ E[Wy (Wi, - W) JE[We (W3, - W) TE[F (W5 ) (W)]
+E[Wy (W, — W) JE[W; (W, — W) JELF (W5 )f " (W)
+ E[(Wr, = W) (Wi = W) JELF (W )f (W)
and
Dy (2,61, 82) = E[W(Wy,,, - W) [E[We (W, — W) JE[F" (We)f (We)]

+ E[W (W, = W) JE[Wr (Wi, — W) ELF (W)f (W,

s+e1

(W (w)]

+E[B (W), = B) JE[WS (We.., — B JE[F (WS)f (W))]
[w (
[

E[W} (W, = W) JEL (W) (W))]

S+&1 r

(We, = W) (We,, - W) JE[F(We)F (We)]-
For €1,€2,&,5,1> 0 andj € {1, 2}. Denote

A(sr,e,)) = el E[(W,

r+é&

—&‘ﬂE[(

- W) (W

S+¢&

- W]

- W) (W, - W) ],

As(s,re,j) = o E[W (W, = W) JE[ W (W, — W)

~ e PE[W (Wi, — WE)E[W (W, — W)
Agls, o) = el E[ W (Wi, — W) JE[We (W, - )]

e[ (W, W) LW (W, - W)
Aus(s,re,]) = e E{We (Wi, - we)[E[we (e, - we)

~ ePE[ W (W, — W LW (W, — W)
Asals, ) = el E[We (W, - we)JE[we (e, - we)

- E[W (W, - W) LW (W, - W)

r+&g r S+€&1

One obtains

el 0, (1, e) — f By, (2,81,6)

= E[f(W)f (W) ]As(s, 7 20.))
+E[f(W)f" (W) ]Aa(s, 7, e0) + E[f" (WE)F (W) A3 (s, 7, €1.)
+E[f" (W) (W) (Au(s 7 €0)) + Aaa(s, 7 €1,)))
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with i #j and i,j € {1,2}. In the sequel, we prove the convergence of (4.7). By symmetry,
one only needs to show that, for i = 1, j = 2, the convergence holds. We divide the proof
into four steps.

Step 1. The following convergence holds:

lim %8/3/(; /0 Al(s,r,el,2)E[f(VVS“)f(Wf‘)](sr)ﬁ_ldrds=0. (4.8)

£1,60—0 &
It is clear that, for i,j € {1,2}, 0 < |s—r| <&; Ag; <1,0 <A <1 - B, we have

[E[(Wee, = W) (W, = W)

S+é&; r+éj

< JE[(We, ~we)E(Wz, —we)']

V+81‘
B+ B
g el
2 B2
<CePPePr<c L
i S |s — r|B+

Combining this inequality with (2.7) (by taking y = %), we have

[E[(We, = W) (W = W)

s+e1 r+e1 ~ r
2B+1 2B+1 2B+X
C e’ 1 e 1 <C il
- -~ PR S _ -
= s—r|>e O<|s—r|<e =
|S_r|[3+)L {l [>e1} |S—r|ﬂ+}h {0<| |<e1} |S—V|ﬁ+)‘

and

[E[(We, = W) (W, = W)

s+&1 r+eg ~ r

v A
e 8{3+2 8§+2 . {:‘f”L&g . - 81ﬁ+)~8/25
= s — r|B+> {ls=rl>e2} + |s — r|B+r {O0<ls-rl<e2} | = |s — r|B+2

for0 <A <1-pBand|s—r|>0.Wededuce that

1 &t

1
- < - -
257 A1 e12)| < Cy P

3 — 0 (&1,60—0)
&1 &

forO<A<1-pBands,r>0.
Besides, from the above proof, we also have

1 1
—p gl ren2)| < =5 [E[(WE,, - i) (Wr, - W) ]|
) &

s+€1 r+é1
1

1
* g EL(W = W) (Wi, - 7))
12

1
=
Is —rlP

forall £1,6, >0, |s—r| >0, and

[ [ e ey v aras < cii
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for every O < 1, &3 < 1. By Lebesgue’s dominated convergence theorem it follows that (4.8)

is convergent.
Step I1. We show that the following convergence holds:

5152*}0 82ﬂ ﬁ/ / A2(S’rr81’2)5[f(Wa)f”( f‘)](sr)ﬂ'ldrdsz()

From Lemma 4.1 and Lemma 2.2, we obtain, for &1,&, > 0,

1
o8 8 AZ(s,r;glfz) = C
7 |

and
t t
/0 fo [ELF (W) (W)]|(sr)P ™ drds < CIIf I,
On the other hand, by the fact that
b* —a” <b*7V(b-a)

withO<a <y <1,b>a>0,and Lemma 2.2, we get

1
ﬁ /3 ’Az(s; v, €1, 2)| = Zﬁ ‘3 |E[ (‘)Vsoj-el - VVSO[):”
&y &1 &

- |85E[Wa(wa -] - e[ (W

r+é&1 r+&g

= Slzﬂgg ’E[ (‘Vsoisl "Vsa)]’

§|82ﬂ((}"+ &)’ —rP) —ef((r+ &2)f —rP)|

<P/ 50 (61,6, 0)

(4.9)

(4.10)

ol

r

(4.11)

for all » >0 and B < y <1, by the Lebesgue dominated convergence theorem it follows

that the convergence of (4.9) hold.
Step I11. We show that the following convergence holds:

lim —z ﬂ/ / As(s,r,e0, 2E[f" (W) (WE)](sr)f " drds =0

£1,62—0 &

By (4.10) we get

[E[ws (W7 = W) ]|

e ’(r+8)‘3—|s—r—8|’3—rﬁ+|s—r|‘3’

|(r+8)ﬂ—r’3|+%||S—r|ﬂ+|s—r—8|ﬁ|

IA

IA
N= N~ N -

("7 +1s—r|P77)e?

(4.12)
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for <y <1,¢>0,and |s—r| > 0. By Lemma 2.2 and (4.11) it follows that, for all 5,7 > 0,
B<y =1,

1
ﬂ s+€1

1
W|A3(s,r,81,2)| = ﬁ| [we(we,, - W)
&) &y &y

|8§’E[ S (W, = W) = el E[ W5 (W, = W)

r+ée1 r+é&y

<PV Pl + (PP 4+ 1s =117 )e” P L ps0) — O

as €1, &3 — 0. Noting that for all &1,, > 0,

//|A3(s,r,81,2)E[f”(\Vs‘)‘)f(Wf’)]|(sr)ﬁ’1drds5CH|[f||2%o,
0 JO

we obtain the convergence (4.12) by using Lebesgue’s dominated convergence theorem.
Step IV. We show that the following convergence holds:

1 t t
lim 2—ﬂ / / (A41(S, r, 81;2) +A42(S) r, 8172))
2 YO JO

limg,e5 0 & €

E[f (W) (WE)](sr)f " drds = 0. (4.13)
For r >0 and 8 <y <1, from Step Il it follows that

1 1
—5 7 An(sr,e02)] < 5 [E[W (W, - Wi)]|
& ey e

s+e1
1 ©2

| E[W (Wi, = W] = el E[W (W, = W)

r+e] r+&y r

<rP7el P 0

as 1,6 — 0. fors,r >0 and B <y <1, from Step III we get

1 1
g7 [Ansren2)| = g5 [E[W (W, - W)
1 &2 & &
b E[We (W, - Wi)] - el E[Wy (W, - W) ]|

r+é1 r+&g

<P Pl + (PP + Is = 11P7)e” Pl o) — 0

as &1,&2 — 0. On the other hand, for all 1,5 > 0, we have

26 ,sf / |Asi(s,7,€1,2) + Aaa(s, 7, e, | [E[f (W2 ) (W) |(sr)P " drdis

& e
<C/ / |E )]\(sr)ﬁ 1drds<C|[f||%;

by Lebesgue’s dominated convergence theorem, the convergence of (4.13) follows.
Therefore, {I7(f,t),e > 0} is a Cauchy sequence in L?(€2). Similarly, we can also show
that {I}(f,t),e > 0} is a Cauchy sequence in L*(2), and the lemma follows. d
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Theorem 4.1 Let g € 5. Then the generalized quadratic covariation of W* and g(W*)
exists in L>(Q) and for all t € [0,1],

E|lg(w=), we)”|” < Cllgl1%- (4.14)

Proof Let g € 7 be given. Since & is dense in J7, we can take the sequence {gp,} C &
such that ga , — f in JZ. If the theorem is true for all functions belonging to &, then for
all &1,6, >0 and n > 1, we get

E|L, (g 8) — I, 8)|* < Cllg - ganll>e + CE| Ly @am ) — I, @am D]

Thus, to end the proof, we only need to verify the theorem for g € &.
Letga(y) = > _; bil(y, 1) Itis obvious that g, is bounded and left continuous. Consider
the function & defined on R by

E(x):= kebv=, y€(0,2), (4.15)

0, otherwise,

where k is a normalizing constant satisfying [, £(y)dy = 1. For all y € R, we define the
mollifiers and the corresponding sequence of smooth functions, respectively, by

&x(x):=nE(nx), n=12,..., (4.16)

2
gn,A(y) = /l\{gA(y_x)‘i:n(x) dx = /0 8n <y_ ;)E(&C) dx? n=12,.... (417)

Then, for every n, g, » € C3°(R) N S is bounded, and g, » converges to g, in JZ, as
n — 00. Moreover, by the smooth approximation and the statement (i) we obtain

2
E|lE(ga t)|" < Cligall%s
for all £ € [0,1] and ¢ > 0. Thus, for all # and &1, &5 > 0, it follows that

2
)

2
E|161 (gA) t) - 152 (gA) t)’ =< C”gA _gn,A ”?}f + CE’IEI (gn,A: t) _182 (gn,A) t)

which implies that {I,(gx, ), > 0} is a Cauchy sequence by (ii). This means that Theo-
rem 4.1 is true for g € &. O

5 Itd’s formula and local time
In this section, we investigate Itd’s formula and the local time for the temporal process W*
by using the result of the previous sections. The first result is It6’s formula.

Theorem 5.1 Assume that f € 7 is a left continuous function and F is an absolutely
continuous function satisfying F' = f. then, for all t > 0, the Ité type formula

R

holds.
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This is an analog of Follmer-Protter-Shiryayev’s formula. For more details and works
one may refer to Follmer et al. [21], Eisenbaum [22], Russo-Vallois [18], Moret-Nualart
[23], and the references therein. Recall that (see AlGs et al. [16]) the Ito type formula

¢ t
FW) = F0) + [ V) aws s g [ (wr) a5 (52)
0 0

holds for all F € C*(R) satisfying the condition

P <ce”’, yeR (5.3)

I(1/a)

. 1o
w1th0§,3<ﬁta ,wherelca—2 =y
amT(o—

Proof of Theorem 5.1 If f € CL(R), (5.1) is Itd’s formula since

1/
o) w28 [ o)

For f ¢ C}(R), we can assume that f is uniformly bounded by using a localization argu-

ment. In fact, for every k > 0, let

Qi = { sup |[Wy| <k}
0<t<T

and

fx), xe€l[-kKk],

0, otherwise,

be a measurable function. It is clear that f) € S for every k > 0 and fi is uniformly
bounded. Set Fy) = F on [-k, k] and d%F(k) = fx). If the result of theorem is true for all
uniformly bounded functions f € ¢, then the formula

1 o
Fuo Wy /fk ") AW + o, —fio (W), W)

holds on €. Letting k — 0o, we deduce the It6 formula (5.1).
Let F' = f € 5 be left continuous and uniformly bounded. For every n € N*, we define

Fu(y) = / F(y-x)&,(x)dx, yeR,

where §,, n=1,2,..., are defined by (4.16). It is obvious that F,, € C*°(R) for n > 1 and the

It6 formula,

F,(W?) = F,(0) +/otﬁ4(Ws°‘)dV\’/s“ " %/{a /otﬂ(wg)dsc%l, (5.4)
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holds with f, = F,,. By Lebesgue’s dominated convergence theorem, we can show that, for
each x,

F,(x) — F(x),  fulx) — f(x) (n— 00),

and f, — f in €. We further deduce that
BN B P (R S Py )
o [0 "2 =27 (v ) — b v
and

Ja(WE) — (W)
in L2(2) as n — oo. Therefore

[ twe)aw = (w50 - L) e
0 ta

1 «
eyl e

— F(W}) - F(0) -
in L2(2) as n — co. The proof is completed. O

At last, we investigate the local time of W¥. It is well known that for any x € R and any
closed interval I C R,, the local time L(x, 1) of W* is defined by

i) = [La(we)ds
1

that is, the density of the occupation measure ;. It is also shown (see Geman and
Horowitz [24], Theorem 6.4) that the occupation density formula holds:

/Ig(Wsa’S)dP/Rdx‘/lg(x,S)L(x,dS),

where g(x,t) > 0 is a Borel function on / x R. Thus, by Theorem 21.9 in Geman-Horowitz

[24] and Lemma 2.1, we get the following result.

Lemma 5.1 Let L(x,t) := L(x, [0, £]) be the local time of W* at x. Then, forallt >0, L €
L%(\ x P) and (x,t) — L(x, t) is jointly continuous, where A denotes the Lebesgue measure.
Moreover, the occupation formula

/0 W(VVs,s)ds:/Rdx/O ¥ (%, s)L(x, ds) (5.5)

holds for any t > 0 and every continuous and bounded function ¥ (x,£) : R x R, — R.

We now conclude this section with a comment on a generalized Bouleau-Yor identity.
For more details and works one refers to Bouleau-Yor [25], Follmer et al. [21], Eisenbaum

Page 24 of 27
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[22], Feng-Zhao [26, 27], Rogers-Walsh [28], Peskir [29], Yan et al. [19, 30, 31], and the
references therein.
For ¢ > 0 and x € R, define the weighted local time .Z* by

t
LU t) = Ky [ s°T dL(s,x)
0

t
:/ca/ (W —x) dsv,
0

where § denotes the Dirac delta function.
In the sequel, we consider the integral

/Rf(x).f"‘ (dx,t) (5.6)

and obtain the following Bouleau-Yor identity:
o a\(@) L o
{F(we), we),” = -2« fR fx)-2%(dx,t) (5.7)
forallf e 7.

Let F(y) = (y —a)* — (y — b)*, it is clear that F is an absolutely continuous function with
the derivative F' = 1(,) € &, by using Itd’s formula (5.1) it follows that, for all £ > 0,

t
L a o« o« o
270 (L (W), W) = 2F(W) - 2F(0) - 2/ L) (W) AW
0
= L%(a,t) - L% (b,¢).
Therefore, by the linear property we obtain the following result.

Lemma 5.2 For any fp = Zjﬁ]‘(ﬂj—lﬂj] € &, the integral

/R fa@). L% (dx, )= Y _fi[.L (@) t) - L (aj,1)]

J

exists and
2% /R Fa@) L% dx, 1) = ~{fa (W), W) (5.8)

forallt> 0.

Noting that & is dense in .77, the definition of integration with respect to x > 2% (x, £)
can be extended to the elements of 77 in the following manner:

/ f(x)ZL%(dx,t) := lim / Sanx) L% (dx, t)
R n—00 R
in L2 for f € ¢ provided fa, — f in %, as n — oo, where {fa ,} C &. Thus, the integral

/ F)2dx, 1)
R
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is well defined and we obtain the desired Bouleau-Yor type identity

(F(we), we) = —2a / (%)L (dx, t)
R
forall f € 2.

Corollary 5.1 (Tanaka formula) For any x € R we have

t
| W — x| = |xl +/ sign(W2 —x) dWS + L% (%, ).
0
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