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Q4 being a smooth bounded domain diffeomorphic to the expanding domain
Ar={xeMR<rx) <R+ 1}inaRiemannian manifold M of dimension n > 2
endowed with the metric g = ar® + Sz(f)ggn—1 . After recalling a result about existence,
unigueness, and non-degeneracy of the positive radial solution when 2z = Ag, we
prove that there exists a positive non-radial solution to the aforementioned problem
on the domain §2z. Such a solution is close to the radial solution to the corresponding
problem on Ag.
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1 Introduction

Many authors studied the following boundary value problem:

Au+iu+u? =0 inA,
u>0 inA, 1
u=0 onodA,

where A C R”, n > 2, is an annulus, that is,
A= {xe]R" 1Ry < r(x) <R2},

with r(x) equal to the distance to the origin. The radial solution always exists for any p > 1,
it is unique and radially non-degenerate. This result is shown in [1] by Ni and Nussbaum.

We would like also to mention the work [2] by Kabeya, Yanagida, and Yotsutani where
general structure theorems about positive radial solutions to semilinear elliptic equa-

© 2016 Morabito. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13661-016-0631-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-016-0631-6&domain=pdf
mailto:morabito.math@gmail.com

Morabito Boundary Value Problems (2016) 2016:124 Page 2 of 25

tions of the form Lu + h(|x|,u) = 0 on radially symmetric domains (a,b) x S, —oo <
a < b < +00, with various boundary conditions are shown. Precisely, if u = u(r) then
Lu = (g(r)u/(r))’, with r = |x|. A classification result for positive radial solutions to the
scalar field equation Au + K(r)u? = 0 on R” according to their behavior as » — +oo has
been shown by Yanagida and Yotsutani in [3]. Furthermore in [4] the same authors proved
some existence results for positive radial solutions to Au + h(r, u) = 0 on radially symmet-
ric domains for different non-linearities.

The invariance of the annulus with respect to different symmetry groups has been ex-
ploited by several authors to show the existence of non-radial positive solutions in expand-
ing annuli with Ry, R, big enough.

In the recent work [5] Gladiali et al. considered the problem (1) on expanding annuli,
Ap:= {xeR”:R<r(x)<R+1},

A < ALags A4, being the first eigenvalue of —A on Ag. They have showed the existence of
non-radial solutions which arise by bifurcation from the positive radial solution.

On the other hand in recent years an increasing number of authors turned their attention
to the study of elliptic partial differential equations on Riemannian manifolds. We mention
only the following work: [6] by Mancini and Sandeep, where the existence and uniqueness
of the positive finite energy radial solution to the equation Agnu + Au + ¥ = 0 in the
hyperbolic space are studied; [7] by Bonforte et al., which deals the study of infinite energy
radial solutions to the Emden-Fowler equation in the hyperbolic space; [8] by Berchio,
Ferrero, and Grillo, where stability and qualitative properties of radial solutions to the
Emden-Fowler equation in radially symmetric Riemannian manifolds are investigated.

In [9], under the assumption A < 0, the results shown in [5] have been extended to annu-
lar domains in an unbounded Riemannian manifold M of dimension # > 2 endowed with
the metric g := dr? + S?(r)gsn-1. ggn1 denotes the standard metric of the (n—1)-dimensional
unit sphere S*1; r € [0, +00) is the geodesic distance measured from a point O. In this case
A is replaced by the Laplace-Beltrami operator Ag.

Problem (1) has been studied also in the case where the expanding annulus is replaced by
an expanding domain in R” which is diffeomorphic to an annulus. For example in [10, 11]
the existence is shown of an increasing number of solutions as the domain expands. Fur-
thermore in [11] the authors show such solutions are not close to the radial one, indeed
they exhibit a finite number of bumps.

In [12] Bartsch et al. show instead the existence of a positive solution to the problem (1)
on an expanding annular domain Qg, which is close to the radial solution to the corre-
sponding problem on the annulus Ay to which Q is diffeomorphic.

In this article we extend the result of [12] to the case of an unbounded Riemannian
manifold M of dimension n > 2 with metric g given above. The function S(r) enjoys the
following properties:

+ S(r) € C%([0, +00)); S(r) > 0 for r > 0 and increasing;

o lim,_, 00 % =1 < +o0, (%)’ =o(1);

- (GRS R = oS (RIS"(R)).

All I”-norms are computed with respect to the Riemannian measure on M given by the
density dvol = S"(r) dr d6, with 6 € S" 1.
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The function S(r) satisfies sufficient conditions (see Lemma 4.1 in [8]) which allow us to
show that M,Cp,» the first eigenvalue of —Ag on Cp, := {x € M : r(x) > Ry}, is non-negative.
Such a lemma also provides sufficient conditions to show that 1, 4, the first eigenvalue on
M, is non-negative. Since the first eigenvalue on A, A, 4, is a decreasing function of R, and
Cr, =limp,_, 100 A, the first eigenvalue on A satisfies A 4 > )‘LCRI > 0.

In this work we consider the case A = 0 but some of the results presented here are valid
alsofor 0 <A <Apg.

First we recall the result concerning the existence, the uniqueness, and the non-
degeneracy of the radial solution to the problem

Agu+uP =0 inA,
u>0 inA, ()
u=0 onoaA,

withp>Tland A:={x € M| Ry <r(x) <Ry} C M. This is done in Section 2.

The existence of the radial positive solution # in an annulus suggests that a positive
solution exists also on a domain which is diffeomorphic to an annulus and is close to it,
and such a solution is a small deformation of .

Let g: S"! — R be a positive C*-function and Qz C M be the set

Qri={(r0) eR* x S":R+g(0)S(R) <r <R +1+g(0)S™(R)}
forR >0,

max{O,%(m—S)}«Sf%(n—l). (3)

In [12] § is chosen to be equal to 0 if 2 < n < 4. The reason why we make a different choice
is explained in Remark 6.5. The upper bound is used in Section 7.2.

Then the following map is a diffeomorphism between Q25 and the annulus Ag = {x € M :
R<r(x)<R+1}:

T(r,0) = (r—g(6)S(R),0).

Clearly if R > 1 then Q, is a small deformation of Ap.
If wg € H}(AR) denotes the positive radial solution to

Agu+u” =0 inAp,
u>0 inAg, (4)
u=0 ondAg,

then we define

ﬁR =WpoO T e Hé(QR), ( )
5
itr(r, 0) = wg(r — g(0)S(R), 0).

The main result of this article shown in Section 7 is the following.
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Theorem 1.1 There exists a sequence of radii { Ry} divergent to +0o with the property that
for every & > 0 there exists ks € N such that for any k > ks and for R € [Ry + 8, Riy1 — 8], the
problem

Agu+uf =0 inQp,
u>0 inQp, (6)
u=0 ondQp,

admits a positive solution
Ug = Ug + Pr

for some ¢r € Hy (). Moreover, the difference S(Ris1) — S(Ry) is bounded away from zero
by a constant independent of k and ¢r — 0 in H} () for R € [Ri + 8, Riy1 — 8] as k — +oo.

Two examples of radially symmetric metrics whose function S(r) satisfies the hypothe-
ses given above are S(r) = \/%—C sinh(y/=cr), ¢ < 0 and S(r) = r. The corresponding ambient
manifold is the space form with constant curvature equal to ¢ (hyperbolic space) and to 0
(R™), respectively.

2 Existence, uniqueness and radial non-degeneracy of the radial solution
The existence of a positive radial solution to problem (2) for any p > 1 easily follows from
a standard variational approach.

The uniqueness of the positive radial solution and the radial non-degeneracy can be
shown following [9], where we considered f(u) = Au + u”, X < 0, and n — 1 was replaced by
a constant w > 0.

We consider the problem

u’(r) + w%u’ +uP =0 in (R, Ry),
u>0 in(R,Ry), (7)
u(Ry) = u(R;) = 0.

We define
G(r) = aSP2(n)[(a +1- ) (S'(7)* = S"(NS(P)],
where o = 217%3, B=a(p-1).

Theorem 2.1 Let w > 0, p € (1,+00). Suppose that G’ satisfies the following:

1. G'(r) is of constant sign on (Ry, Ry) or

2. G'(Ry) >0 and G'(r) changes sign only once on (Ry, Ry).
Then the problem (7) admits at most one solution. In other terms the problem (2) admits at
most one radially symmetric solution. Moreover, the solution is non-degenerate in the space

of H'-radially symmetric functions.

Remark 2.2 By Proposition 2.8 in [8] the hypotheses of Theorem 2.1 are satisfied provided

%Zf; <p< %, the function S(r) is four times differentiable, S”’(r) > 0, and ( 5/(('2) ) <0 for

re Ry, Ry).
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Remark 2.3 The metric dr? + (J%T sinh(y/=cr))*ggn1 of the space form H”(c), ¢ < 0, that is,
the space of constant curvature c, satisfies the hypotheses of Theorem 2.1 and Theorem 2.1
of [9]. In particular the positive radial solution to Agu + Au + u” = 0 with the Dirichlet
boundary condition, is unique for A < 0. That answers the question asked by Bandle and
Kabeya in Section 5, part 2, of [13] about the uniqueness of the positive radial solution on
the set (dy, d;) x S*! c H*(-1).

The proof of Theorem 2.1 is omitted because it is the same as the proof of Theorem 2.1
in [9] with A = 0.

Remark 2.4 We would like to mention the fact that the uniqueness of the positive ra-
dial solution on the annulus {x € M | R; < r(x) < Ry}, could be proved using the results
contained in [2]. Precisely Theorem A, Lemma C and Lemma 4.2 therein say that the
equation (g(r)u/(r))’ + h(r,u) = 0 has a solution on an interval (a,b), if an integrabil-
ity condition is satisfied. Also note that this result is established by reducing the equa-

tion above to an equation of the form v}, + k(z,v) on (0,1) using the change of variable
_ far 1/g(s) ds
" [Pugls)ds
(fab 1/g(s) ds)g(r(£))h(r(£),v). In our case g(r) = S"X(r) and h(r,u) = S"(r)u?. Because of

the presence of an integral in the definition of ¢ = £(r), it is difficult to determine r = r(¢)

. The integrability condition is formulated in terms of the function k(z,v) :=

which appears in the formula for k(z, v). Consequently this approach is more difficult than
the one provided by Theorem 2.1.

In the next sections we study how of the first eigenvalue of the linearized operator as-
sociated with (4) behaves if the inner radius of Ag := {x € M | R < r(x) < R + 1}, varies. To
that aim we make here some observations that will be useful later.

Let ug be the unique positive radial solution of (4). It is the solution to

u'(r)+ (n— 1)5 Dy (r)+u?(r)=0 in(RR+1),
u>0 in (R,R+1), (8)
uR)=u(R+1)=0

We recall that lim,, ;o0 % s (r =1€[0,+00).
Exactly as in Section 4 of [9], the function () := ug(t + R) solves

'+ (n—- 1)5?11;)” +#’=0 on(0,1),
>0 on(0,1), 9)

7(0) = #1(1) = 0,

and it satisfies

1
f (@) dt <. (10)
0

So the function # is bounded in H}((0,1)) consequently also in C?((0,1)). Furthermore i
tends to a non-vanishing function 7, as R — +o0o which is the solution to

wl +(m-li, +ibo =0 on(0,1),
>0 on(0,1), (11)
Uoo(0) = ioo(1) = 0.
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3 Spectrum of the linearized operator
In this section we recall some results which can be proved as in [9]. We recall that A = {x €
M | Ry < r(x) < Ry}, r being the geodesic distance of x to the point O.

We introduce two operators:

L : H*(A) N HY(A) — L*(A),
I2:=5? (r(x)) (-Ag — wpu?™1);
L2 H*((R, Ry)) N HY ((R1, Ry)) — L*((R1, Ry)),

S, 1
S0 V — wp? v>.

Lv:= S2(r) (-V”(r) -(n-1)

The eigenvalues of the operator L® are defined as follows:

A= inf fA(|Vv|2 — wpu?~'v?) dvol
© =

max
WCH(I) (A),dim W= veW,v#0 fA S(r(x))‘2v2 dvol

The eigenvalues A% of the operator L can be evaluated similarly replacing the space H}(A)
by Hy((Ry, Ry)).
Let w; denote the normalized eigenfunctions (||w;|lz~ = 1) of L% associated with the

eigenvalue A{.

Lemma 3.1 Let u denote a radial solution of (1) which is non-degenerate in the space of
radially symmetric functions in Hy. Then u is degenerate, that is, there exists a non-trivial
solution to

Ly=-Agv—pw#v=0 onA,
v=0 ondA,

if and only if there exists k > 1 such that ):} + Ak = 0. Here Ay denotes the kth eigenvalue

of —Agn-1. The solution can be written as wy(r(x))pr(0(x)), px(0(x)) being the eigenfunction

associated to \i.

In order to study the degeneracy of u we look at the eigenvalues w close to 1 of the
problem:
—L%v:=Agv+wpu?’'v=0 onA, 12)
v=0 ondA.

Remark 3.2 We observe that w is an eigenvalue of (12) if and only if zero is an eigenvalue
of L%,

Remark 3.3 The Morse index m(u) of u equals the number of negative eigenvalues of
L, = —Ag — pu’™ counted with their multiplicity. 7(x) can be computed considering the
negative eigenvalues of L%, with w = 1.

If o denotes the spectrum of an operator, then the spectra of Z‘;’, 1:‘;’, —Agn1 are related
as follows (compare Lemma 3.1 of [5]).
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Proposition 3.4
O(Z’:) =0 (i’;’) +0(=Agn).
In other terms, the Morse index depends only on the first eigenvalue of i‘;’

4 Properties of the first two eigenvalues
Let us introduce the operator

= S'(r)

Loyv:=—V"—(n-1) S0

Vv — wpu? v

acting on functions defined on the interval I = (R}, R;). Its eigenvalues are A%.
The following propositions are inspired by Proposition 2.1 and Proposition 2.2 of [14].

Proposition 4.1 If A} < 0, then there exists a > 0 such that if |o — 1| < «, then the first

eigenvalue of the operator LY, satisfies .y < 0.

Proof First we show that there exists C > 0 such that A{” < C for any w close enough to 1.
Let ¢ € C3°(I) such that [, $>S"7(r) dr = 1. Since

AP < /[((}5’)2 - wpup’1¢>2]5”_l(r) dr,
1

AP < /[(¢’)2 +(1- a))pup_1¢2]S”_l(r) dr — /pu"_lqsz”_l(r) dr

1 1

< /[(¢/)2 : apup—l¢2]sn—1(r) dr + /pup—l¢25n—l(r) dr <C.

1 I

Let ¢¢ > 0 denote the eigenfunction of L? on I associated with the first eigenvalue and
such that [,((¢"))*S" (r)dr =1.
Then

11— [; opu? 128" (r) dr

A’Ll)
! [, 928" 1(r) dr

(13)
As @ — 1 then the function ¢{ converges weakly in H}(I) (which injects into L*(I)) and
strongly in L?(I) to ¢; € Hy(I). ¢1 is not identically zero; otherwise using (13) we could
show that lim,,_,; [A{’| = +00.

Furthermore there exists a constant C > 0 such that

L+ |olpllu? i< |3 Il

J; 28" (r) dr

w
A >

>C.

Then A¢ tends to A as  tends to 1 up to a subsequence.
Since ¢{’ > 0 converges weakly in H}(I) to ¢1, we get ¢; > 0 and it solves
S'(r)

Lvi=—"—(n- 1)%1/ —puv =y
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on [ with Dirichlet boundary conditions. We already proved that ¢; # 0, so by the maxi-
mum principle we get ¢; > 0 at the interior of I and hence A coincides with the first eigen-
value Al O

Proposition 4.2 If the second eigenvalue ).} of L}, is positive, then there exists o > 0 such
that 13 > 0 for any  satisfying |w —1| < a.

Proof By proof ad absurdum we assume that 15 < 0. Since A3 > A{ and A{ is bounded
independently of w, also A must have a limit as o tends to 1. Let A < 0 denote the limit.

If ¢ is the eigenfunction associated with the eigenvalue 13, then ¢% converges weakly
to a function ¢ = 0 and it solves

4
V' —(n- 1)%1/ —pulv=Jv
in I with Dirichlet boundary conditions. Consequently $ isan eigenfunction and A<O0is
the corresponding eigenvalue. Since by hypothesis A} > 0, A must coincide with the first
eigenvalue 1! of L., and ¢ must be the first eigenfunction of L.

Furthermore f1¢f’¢§’5”‘1(r) dr = 0. By Proposition 4.1 also ¢{’ converges weakly to é,
and from this we conclude f,q§2sn-l(r) dr = 0, which contradicts the fact that ¢ is non-
vanishing.

This shows that A5 > 0. O

It is well known that the unique positive radial solution to (8) has Morse index equal
to 1 and consequently the first two eigenvalues of L} satisfy A} < 0, A} > 0. Second, the
non-degeneracy of the radial solution implies that any eigenvalue of L., cannot be equal to
zero. In conclusion the hypotheses of the previous propositions are satisfied.

5 Dependence of the eigenvalues on the inner radius R

We recall that Ag = {x € M | R < r(x) < R + 1}. We consider the following operators:
Ly, : H*(Ag) N Hy(Ag) — L*(Ag),
L5, = §°(r) (- g - wopidy 1)
Lo H*((R,R+1)) NHy((R,R +1)) - L*((R,R +1)),

Let A denote the mth eigenvalue of the operator i‘;’k.
In this section we study how i‘;’n varies as R — +00 and the exponent p is fixed.

Proposition 5.1 Let B2 be the eigenvalues for the problem

V' = (n=1)IV - wpils'v= B2 on(0,1),
v(0)=v(1) =0,

where i, solves (11). Then

A2(R) = BuS*(R) + o(S*(R))  as R — +oo.
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Proof Let us define the operator

LY H*((0,1)) N Hy((0,1)) = L*((0,1)),

o S2t+R) " S(t+R) , Y
Lyv:= W(—v -(n-1) SCiR) V — wpith lv).

If w,, is the mth eigenfunction of i‘;jR, then the function w,, z(¢) = w,,(t + R) satisfies

. A2 (R)
RWmR = #R)Wm,l?; (14)

and vice versa. Consequently the spectra of L% and i;‘; are related by
o(Ly) = S*(R)o (LY).
Let L% : H*((0,1)) N H}((0,1)) — L2((0,1)) be the operator given by

L2y ==V —(n-1)V — wpi?;tv. (15)
o0 o0

w

Since the coefficients of Z;‘; converge uniformly on (0,1) to the coefficients of Zoo, as R
tends to +00,

o (Lg) = o (L) + o(D).
Consequently
o (L2) = S (R)o (L2) + o(S*(R)). .

Corollary 5.2 Let « be the number described by Propositions 4.1 and 4.2 and suppose that
| — 1| < «v. Then the second eigenvalue satisfies i‘f(R) > 0 for R large enough.

Proposition 5.3 Let w and a as in Corollary 5.2. Then there exists Ry > 0 such that w can
be an eigenvalue of the problem

—Agv = a)pwfe_lv in Ag,
v=0 onoAp

(16)
for R > Ry, if and only if, for some k > 1,
M(R) = =,
where Ay = k(k + n — 2) is the kth eigenvalue of — Agn-1.
Proof In view of Remark 3.2, w is an eigenvalue if and only if 0 belongs to the spectrum

of ZZ)R- By Proposition 3.4 each eigenvalue of ZZ’R is the sum of an eigenvalue of iZ’R and an
eigenvalue of —Agu-1. Since the first two eigenvalues ii"(R), )A»’f(R) of i‘,;’k are, respectively,
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negative and positive for w close enough to 1 and R > Ry, we have ):%(R) + Ar = 0 only for
m=1and k > 1. O

We set C(R) := ((S )S" Y(R))".

Proposition 5.4 Suppose C(R) = o(S'(R)S"%(R)). The first eigenvalue ii”(R) of i;’Ru isa
differentiable function of R and

A (R)
oR

=2B7S(R)S'(R) + o(S(R)S’(R))
as R tends to +00.

Proof Let wyr denote the first eigenfunction of i‘;’k with eigenvalue )A»‘l"(R). The function
wyr(£) = wy (£ + R) is the solution to

S2 t R on (0} 1)1 (17)

—V'—(n- I)S(f:f;v —a)pup v= )»“’(R)
v(0)=v(1) =

where #p(t) = up(t + R).
Let ¢, > 0 be the function solving

—¢ — (n—1)Ip] — wpills' ¢y = B¢ on (0,1),
$1(0) = (1)=0

A(R)

@ < 0 is the first eigenvalue. Then w; z tends uniformly to ¢, as

where S = limg_, ;00 SR
R — +o0.
wir and the eigenvalue )ALT(R) are analytic functions of R by the results in [15], p.380.

Then the function W := 2.8 g the solution of the equation that we get from igRﬁ’LR =
):i”(R)ﬁ/LR by differentiating with respect to R. That is,

oR
, SR, S(E+R)\
Wi-t-Ds W Do (S(t R))WLR

o 0lp .. e
- wp(p - Dity zﬁwm—wpuﬁ ‘W

IAC(R) e A2(R) 28(t+R) ~,
= + - )»1 (R)WI,R~
dR S2(t+R) S2(t+R) $3(t+R)

If we multiply this identity by W,  and integrate on (0, 1) with respect to the density "' (¢ +
R) dt we get

o S({t+R)\ .,
/()[WWIRS Yt+R) - (n-— 1)W1RW1R (S((t +R))>S 1(t+R):|dt

! 201
—/ [a)p(p lu‘y2 waR+a)puR VvllRW]S"_l(t+R)dt

8)\.(‘) R 1 R 1
= 51(8 ) Wi RS" (¢ + R)dt + A7 (R) / Wiv gS"3(t + R) dt
0 0

1
—202(R) / Wi oS (£ + R)S" (¢ + R) dt.
0
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Multiplying equation (17) (after replacing v by w; z) by W and integrating we get
1 1
/ W'y oSNt + R) dit - / wpily, Wy g WS (¢ + R) dt
0 0
A 1
=22(R) / WLrWS"3(t + R) dt.
0
If we subtract these two equations we conclude:

SE+R)\ 1
—(n - l)f WlRWIRaR(S(t+R))S (t+R)dt

—wplp- 1)/ u"‘za“R 2 oSN (¢ + R) dt

_ 952(R)
" 4R

1 1
/0 Wi RS"3(t + R) dt — 233 (R) /0 Wi S (£ + R)S" (¢ + R) dt. (18)

The first term in (18) can be estimated as follows:
/o il % (i((: . 11:)) >s"-1(t +R)dt
_ _% /01 W2y (% (SS((::II;) )S"‘l(t + R))/dt
() sw))

=o(([S®S"®) - (S )]s (R)') = o(S RISR)"?).

Secondly, using Lemma 5.5, we get

BuR 2, St +R)

! 28%1{ 2 n-1 !
/ou’; Wi oSNt + R)dt = /ou’” S(R) S®

R dt = o(S"*(R)).

After dividing (18) by S(R)"~3, we deduce

AL (R) ~2 S"3(t +R)
R Jy IR en3(R)

" , SE+RS"*t+R) ,
= 23%(R) / 2 3@ dt + o(S(R)S'(R)).

dt

As wy g tends to ¢, and ii"(R) tends to B{”S?(R), we can conclude

Aw(R) ( / ¢2 dt + o ) =2B7S(R)S'(R) ( fo 1 ¢y dt + 0(1)> +0(SR)S'(R)). O

Lemma 5.5 The radial function tig = ug(t + R) which solves (9) is continuously differen-
tiable with respect to R. Moreover, if(%)/ =0(1), then

aMR

lim S7(R)
R—+00 0 8

dt=0, Vg>1.
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Proof The differentiability with respect to R follows from the implicit function theorem
applied to the function

S'(t+ R)
S(t+ R)

FwR) =w"+(m-1)

and the radial non-degeneracy of iy.
The function V := ‘;Llf is the solution to

V" + (n - 1)@2;5 "+ (- 1)(5;35 Vit + pil, 'V =0 on (0,1),

V(0) = V(1) = 0.

We show that S(R)|| V' (-, R)|| Hy() = C.Ifby contradiction this is not true, then there exists
a divergent sequence {R,,},, such that S(R,,)||V (-, R,,) ||H(1J((0,1)) —> +00 as m —> +00.

The function z,, = % is the solution to
»i\m HO

/ Rn ~p-
SR 1y (4 — 1)(5 (t+R) )/% +pu§m1zm =0 on(0,1),

Zy+ (M= D52 SR) ) SR TV R 1
0

zZm(0) = z,,(1) = 0.

We observe that z,, — zo weakly in Hy(0,1) and strongly in L4((0,1)) for any g > 1. Further-
more since %m is bounded as follows from (10), we can consider the limit of the equation
above and see that z; solves

izg+<n_nzzz, cpiizy=0 on(0,1) 19

20(0) =2z9(1) =0

Lemma 5.6 says that zo = 0, but that contradicts ||z || HY(O.) = 1.
From the claim we now proved it follows that S(R)V (-, R) converges weakly in H} and
strongly in L7 to a function V which solves

V' +(n-1IV +pis' V=0 on(0,1),
V(0)=V(Q)=0.

From that we deduce V = 0. |
Lemma 5.6 The unique solution of problem (19) is zo = 0.

Proof The problem (19) is also the limit as R tends to +00:

W'+ (n-1)% f:{;) +pup w=0 on(0,1),

w(0) = w(l) =

Since g is radially non-degenerate, the problem above and its limit (19) admit only the
trivial solution. O

Finally we are able to show that there exist values of the inner radius R for which w is an
eigenvalue of (16).
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Proposition 5.7 If | — 1| < « as in Propositions 4.1 and 4.2, then there exists R > 0 such

that w can be an eigenvalue of the problem

(20)

Agv+wpuﬁ_lv=0 in Ag,
v=0 ondAg,

at most for values of R which belong to a sequence {RY}x, with RY > R. Such a sequence
satisfies

S(@) - [T ot
1

as k — +o0o.

Proof Proposition 5.4 ensures that there exists R such that )A\‘f(R) is strictly decreasing for
R > R. Hence the equation ):j" (R) + Ax = 0 (see Proposition 5.3) has at most one solution
R = R} for k > 1. From Proposition 5.1 we get

AL (RY) = (B +0(1)S*(RY) = —k(k + n —2).
From this we easily reach our conclusion. g

When w =1 we get the values of R for which the operator L,, (defined in Lemma 3.1) is
possibly degenerate.

Corollary 5.8 There exists R such that L, is degenerate for R = R} > R. Indeed w =1 is an
eigenvalue of (20) if and only if \1(R}) satisfies the condition

AM(RY) +Ax = 0.

Furthermore the sequence {R,l(}k satisfies

S(RY) = | “ktk+n-2) ;1” “2 o)
1

as k — +oo and

v lim (S(RL,) - S(R)) = ——

k—+00 /|1311|

From the previous proposition we also conclude that for any R > R and R # R}, k > 1 the
operator L, is non-degenerate.

The next proposition easily follows from the monotonicity of A!(R), Lemma 3.3, and
Corollary 5.8.

Proposition 5.9 The Morse index of the radial solution ug increases when R crosses R}
and tends to +00 as R — +0o.
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The following proposition shows that for values of R such that the differences S(R) —
S(R}(), S(R,l( .1) — S(R) are bounded from below, then the eigenvalue w is bounded away
from 1 by a constant independent of k.

Proposition 5.10 For n > 0 there exists y(n) > 0 and k(n) € N such that for k > k(n) and
R € (R, R},,) with min{S(R) — S(R}), S(R;;) — S(R)} > n we have

log =1 = y(n)
for any eigenvalue wg of the problem (20).

Proof Suppose by contradiction that there exists a divergent sequence {k;,};, a sequence
of radii R, € (R , R} ;) with min{S(R) - S(R; ),S(R}. ;) — S(R)} > 1 and a sequence of
eigenvalues {w,,},, such that lim,,_, ;o @, = 1.

If m is large enough, then |w,, — 1| < «, where « has the value given by Propositions 4.1,
4.2, and consequently

hy(hy, +n—2)

SRy) = -
() B

+0(1),

where {/,,},, is a divergent sequence of natural numbers.

Since R, € (le,R}(mH), S(R,,) = S(Rim) + 11 or S(R,) = S(Rimﬂ) - with n < <
SRy )-SR,
e

Suppose that S(R,;,) =S (Rim) + n1. Since in the other case the proof is the same, it will be

omitted. Then, using

ki (kyy + 11— 2)

S(Rx,,) = 5
et

+0(1)

and ﬂf)km =Bl +o(1), B = BL + o(1), we get

hm(hm+n—2)_ Kk (ky + 11— 2)
Blro) | —Blvom

If we square this identity and we use the following Taylor formula centered at k,:

1 2k,+n-2

V(B + 1= 2) = (ki + 11— 2) + EW(}% — ki) + 0((Mym —k,,,)),

we get
ki +n/2 -1 _ a1
(M — km)m + 0((hm - m)) =1/ —By + o(1).

Since

(kyy + /2 -1)
ki (ky +11—2)
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as m tends to oo,
0 < My — ki = 1/ =B + 0(1)(1 + 0(1)) <1
for m large enough. That contradicts the fact that %,, and k,, are natural numbers. O

6 Study of the approximate solutions
Lemma 6.1 Let iy denote the function defined by (5) ur(p,0) = wr(T(p,0)). Then

-~ - 1
_AguR = MII: + O(SZT(R)).

Proof Since (p,8) = T7\(r,0) = (r+ &,9), the function iz(p,0) = wr(T (p, 0)) satisfies the

SR
identity
. 9% S(p)die 1 )
AgMR = 8,02R + (}’1 — I)T,O)B_IOR + WIO)AS;«—IMR
_ %ig S'(r + g(8)S7(R)) ditg .
= PV 05 ®) o T St @S ®) S
_ 9%wp S'(r) Owg 1 -
= TN T T S g@)s @) Lo R
(n-1) S'(r+g®)S(R)S(r) — S(r + g(0)S™(R))S'(r) dwg
T SISt + 2(0)S-(R)) or
1

= et O(SM(R))'

This identity follows from:
o S'(r+g(0)S(R)S(r) = S(r +g(0)S (R)S'(r) = O(IS"(R)S(R) - (S'(R)*1S*(R)), from

which we get

S(r+g(6)S(R)S'(r) =S(NS'(r + gO)S° (R)) O<<S,(R)>/SS(R)>
S(r)S(r+g(0)S~(R)) B S(R)

=0(S?°(R)).

Here we used the hypothesis (%)/ =0(1).
o |Agnauig| = O(SS#(R)), which is consequence of

BﬁR _ BWR Bg 1

0 ar 0S®R) =

Solutions to (6) correspond to critical points of the C2-class functional
1 2 1 +1
Ip(u) = = |Vu|” dvol - —— |ulP** dvol
2 Qr p+ 1 Qr

on Hé(QR). It is well defined for p>1if n=2and for 1 < p < Z%i if n>3.Forany u e
H}(2r) we identify I(u) with the linear continuous operator grad Ir(u) from H} () to
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H}(QR), defined by
grad Ip(u) := u — (—Ag)_1(|u|p'1u). (21)
To this aim we observe that

Iw)[v] := / (Vuvv - |u|p_1uv) dvol.
QR
If we suppose v € Hy(Qg), then

I(w)v] = / (VuVv - [ul uv) dvol = —/ v(Agu + |ul ™' u) dvol
Qr Q

R

= _/ VAg[u + Ag’l(|u|p’1u)] dvol = f VVV[M + A;(luV"’lu)] dvol.
QR

Qr

If (w1, wy) = fQR Vw1 Vw, dvol is the inner product in H}(S2z), then by the Riesz theorem,
we define grad Ig(u) as the operator such that

Lw)[v] = (gradIR(u), V).
As a consequence
gradIp(u) = u + Ag_l(lu|p‘1u) —u— (—A;)(Iulp‘lu).

Lemma 6.2 If p > 1 in the case n =2 and if 1 <p < Z—ig in the case n > 3, then
[I gradIR(u)||H(1)(QR) < D;S*(R), with k = 5‘”7*25 >0, 8 as in (3) and D, independent of R.

Proof 1If we define zp := grad Ip(iig), then Agiig + it’; = Agzp.
From Lemma 6.1 we get

/ |Vzg|? dvol = / (—AthR - itﬁ)zR dvol
QR

QR

1 1
2 2
< (/ (Agitr + ﬁ’;)zdvol> </ z dvol)
Qr Qr
1 1
<C</ 1 d l>2C (/ |Vz |2dl/01>2
———dvo .
= ap SFP(R) 0 . R

Cy is the constant (independent of R) of the Poincaré inequality.
Since meas(Qz) = O(S"1(R)),

1 n-1 _K
221l 113 @) < D SZT(R)S 7 (R) =D1S™(R). O
Lemma 6.3 Let v be any function in Hy(Ag), then v:=vo T € Hy(Qg) and

S'(R)

/|W|2dmzz |Vv|2dvol+o<T
Qr AR St (R) AR

|Vv|? dvol).
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Proof We observe that |V7|? = (2 )2 52(p Y a2(9)( )2 where 0 = (0,...,6,_1) € S*.
From the expression of T we easﬂy deduce

by v v
dp or 90; 96, ar 00;
Consequently

/ |V|? dvol
Qr
/ v\ > 1
- ovyo, 1
Ar| \O7 S2(r + g(6)S-3(R))
v ag W\* s Vv dg
29 SZ(SR v _255R___ dl
Xza()( ®\aran) s, ®ara6,90,) | ™
a2 1 L ) 9\ 2 2
:/AR|:(5) +SZ(R)izzltli(9)<a—9i> dvol+ L + I, = AR|VV| dvol + I + I,

with

I < 1
te /AR S2(R +g(0)S(R))

n-1 2 2
- v og s, 0V OV g
2 268 §
i=1
n-1

I = fA ; (S72(r +g(6)S™ (R)) - S7(r)) Z 2(9) ( aev ) dvol,

i=1

n-1

S°0) - 820+ gO)S P R)]  ,
< [ oS @ 2.4 (g5 )dw’l

n-1
<CS(R)ST(R /A ) Z( ) dvol

i=1

<CS'(R)S™PWR) | |Vv|*dvol,
AR

C av\>
|11| < 752+25(R) AR($> dvol
C n-1 v 2 1 v
), wosw 215 57 (o ) Jaw
C v\ > C v
S‘SQT(S(IQ) AR(5> dvol + SI+S(R) AR(ar) ol

1
SM(R) /AR;%)( ) dvo!

<CS'R) | |Vv|*dvol. 0
AR
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We consider the eigenvalue problems
Agv + Xpitﬁ,_lv =0 in Qp,
v=0 onodQp,

Agv + prz_lv =0 inAg,
v=0 on dAg.
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(22)

(23)

&RJ, . &R,k denote the unit Lz—eigenfunctions of (22) and ):R,l, . ..,XRJ( are the corre-

sponding eigenvalues. ¢r1, ..., Prr denote the eigenfunctions of (23) and Agy,..., Agk are

the corresponding eigenvalues. Let us consider the functionals

fQR |Vul|? dvol
Jox pily u? dvol

fAR |Vv|? dvol
Jag w5 v dvol’

Qr(u) = , ue€Hy(Qpr),u#0,

Qr(v) = v e Hy(Ag),v 0.

Lemma 6.4 Let Vk,k denote the subspace of H}(Qr) spanned by qu,l, .. .,q;R,k with ¢~>R,i =

¢rio T withi=1,...,k, then

Qr(Y) < Ark + O(S' (RIS (R)) Ay + O(S(R)) gk asR— +00

forany v € Viy.

Remark 6.5 The reason of our choice for the lower bound for the value of § (see (3)) is

that the term O(S'(R)S™'~%(R)), which appears in Lemmas 6.4 and 6.6, must tend to 0 as

R — +00, also when §'(R) is unbounded.
Proof The function v can be expressed as v = ZL a;¢r,;. Consequently

ijﬂ OlL'Ol]‘ fQR V(I;R,ivq‘;R,j dVOl

Qr(¥) = BeaRe ,
Z{‘(J’:l i fQR pily 1¢R,i¢R,j dvol

~ ~ k ~ ~
-~ - dpri PR 1 9,0, 0Pri OPR;
\Y% N ;= : & (7] 4 —"
PeaVhr == ) O S,

=1

k
dpri PR 1 9,0 0Pri OPR
VoriVori= - E 0 -,
R P T a(0) 36, 36,

Now we will express Vd;R',-VéR,,» in terms of Vg, Vg

R PR, s 1
or or S0 +g0)S ®)
k

VQBR,di;R,j =

1 891 ar 36’1 391

x Zﬂ?(@(am"' s () 2R 8—g> <% ~SP(R) 3”’;‘/’ g

)
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Observe that

1 1 1
S2r+g0)SIR) NI+ OSSN R)) - S2r)

Then VqER,iVQER,j equals

0¢ri 0dr, 1
+ +
or or S2(r)

k
PR dgr; 0 PR agr; 0
x Za%(e)( ¢R,l _ S—S(R) d)R,l _g)( ¢R,} _S,S(R) ¢R,} _g)
1 391 ar 391 391 ar 391

O(S/(R)S‘3‘5(R))]

0pr,; OPR;

k
< VériVer;+ O(S (RS (R) D —= 96, 06,

=1

1 N
+ c[sz(r) +O(S'(R)S™? S(R))]

AR, dor;\> 1 (d¢ri\> 1 [ddr; )\
XZ[ ( ) 5(’)(7)+%(ae,>+%(a—@)]

= VoriVrj+ O(S (RS (R)) Vr,Vdr;

+ CI:Szl( ) + O(S/(R)S 3- 5(R)):| -S(r)[|V¢>R,,»|2 ¥ |V¢R,j|2]
= (1+ O(S' (RS (R))) Ve Vepr,; + O(STH1)) [IVpril* + [Vepry1*]-

We used the inequality
0dr 8¢Rl <50 3¢R; L (0ri
ar 96, ~ ar S(r) a6,
Now we will express p fQ qu,d)R, dvol in terms of p fA ¢R irjdvol:
p/ up_ (ERLJ&R,dvol
R+1+g(0)S
-» [ / By S™ (o) dp db
Sn=1 JR+gl
R+1 1
:p/ ) / V\i_ ¢R,l‘¢RJ‘Sn_1(V +g(0)S_S(R)) drdo
sn1JR

R+1
-p / / W b SN r) dr B
sn— 1

R+1
+p/gn 1/ ¢R1¢R1 "(r+g(0)S(R)) - S"(r)) dr do

<p | wy'oribr;dvol + O(S' (RS (R)) wh ' dripr; dvol

AR AR

=p / wh ' ridr;jdvol(1+ O(S (RIS (R))),
AR

with O(S"(R)S™1%(R)) > 0

O(S' (NS (S (R)).

Page 19 of 25



Morabito Boundary Value Problems (2016) 2016:124 Page 20 of 25

We can write

Zﬁizl a;ay fAR((l +O(S'(R)S(R))) Ve, Vpr; + OSTHR)IVril? + | Vr,I*]) dvol

Qr(v) = =
& Zf,,'zl aip [, We "$ripr; dvol(1 + O(S (R)S1-4(R)))

That can be simplified observing that ¢r; and ¢z satisfy | » Wy bridr jdvol =8;;. As
a consequence

k k k
Z(xia]’p/A ng_lqu,i(pR,j dvol = Zalzp/ Wi—l(ﬁ]%'i dvol = Zalz
R i=1 i=1

ij=1 = AR

Furthermore, by integrating by parts we can show the following identity:

p/ M/§_1¢R,i¢RJdVOZZ/ V(f)R,in)RJdVOl.
AR

AR
Consequently the formula for Qr(¥) can be written as follows:

Zﬁ,':l ;0 fAR((l + O(S' (RS (R)) VgV, + OSR)IVr,il* + Vr,I*]) dvol
Zf:l arp fAR ”@71¢§,i dvol
a0 [, (L+ O (R)S™(R) | Vpr,l?) dvol
Zf:l O‘i2
| O (RSL o [, 199l dvol + 1o [y, [V, dvol]
Zf(:l o}
< Ark(1+O(S RS (R))) + AzxO(S'(R)).

Qr() =

Here we use the fact that Ap is the largest among the eigenvalues Ag;, i=1,..., k. O
In the same way it is possible to show the following result.

Lemma 6.6 Let Wy denote the subspace of H(l)(AR) spanned by Yr1, ..., Yrk with Yp; =
Yrio T withi=1,...,k, then

Qr(V) < Apk + O(S' (R)ST°(R)) Agy + O(STH(R))Arie  as R — +00
foranyve Wiy.

The following proposition is the analog of Proposition 5.10 for the eigenvalues of the
problem (22).

Proposition 6.7 For any n >0 let y(n) > 0 and k(n) € N be as in Proposition 5.10. Then

there exists k() > k(n) such that for any k > k(n) and anyR e [R,l( +17, Riﬂ —n] the following
inequality holds:

- ()
|og —1| > VT

for any eigenvalue iy of (22).
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The proof is omitted because it is exactly the same as the one of Proposition 5.5 in [12].

7 Proof of Theorem 1.1
7.1 Proof in the subcritical case
The exponent p satisfies p>1if n=2 or

+2
1<p§”—2=2*—1 ifn>3.
;/l_

We consider the C2-class functional Ig(x) := 3 fQR(|Vu|2 - ﬁ |u|P*1) dvol in H}(S2r) and
whose Frechet derivative I (1) is identified with the element grad Iz(u) € H}\(2g) described
by (21). Analogously the second derivative Iy (1) which satisfies

L)) = f (VoVY - plul¢v) dvol

Qr

can be identified with a linear continuous operator D?Ig(u) from H}(2r) to Hy(Q2R).

Indeed, suppose v € Hy(Qz), then

Iw)[v,v] = / (|Vv|2 —p|u|”_1v2) dvol = —/ V(AgV +p|u|1’_lv) dvol

QR QR
= —/ vAg[v+ A;(p|u|”'1v)] dvol:/ VVV[V+ A;(p|u|”_1v)] dvol.
QR

QR

Here (wy, wy) = fQR Vw; Vw, dvol is the inner product?® in H(l)(QR). By the Riesz theorem,

we define DI (u) as the operator such that
(), v] = (D*I()[V], v).
As a consequence
D*Li(w)[v] = v + Agl (p|u|p_lv) =v— (—Ag_l)(p|u|”_lv).
If 24z := wg o T is the function defined by (5), we look for a solution u in Q2 having the

form u = iig + Pp, where ¢y € Hé(QR) such that grad Ig(zug + ¢g) = 0. This implies that the

problem can be reformulated as a fixed point problem:
®r = Fr($r),

where the operator
Fr: Hy(SR) — Hy(Qp)

is defined by

Fr(@) := [ D*In(iir) | [rad Ix(itz) + Gr(9)]. (24)
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Here
Gr(¢) = grad Ip(iig + ¢) — grad Ix(itg) — D*Ix(iig)[¢].

Note that in our case Gg(¢r) = — grad Ip(iig) — D?I(iig)[¢r].
If R} are the values of R for which Proposition 5.10 and Corollary 5.8 hold, then if we set

Ry := R}(, the difference S(Ri,1) — S(R¢) tends to T = \/1? as k tends to +00.

—F1
Let us choose n > 0 and R € [Ry + 0, Riy1 — n] with k large enough and which will be
determined below. We show that Fz maps the ball

Byr:= (¢ € Hy(2p): 19ll;55 < A()S(R) ™}

into itself. A(y) := 2C;(n)C, where Ci(1) is the constant which appears in Lemma 7.2 and
C = max{D, Dy, D3}, where Dy, D,, D5 are the constants which appear in Lemma 6.2 and
Lemma 7.3. We recall that « = %(5 —n+28) >0 with § as in (3).

If k > k(n) (k(n) is given by Lemma 7.2), then

|F(@)] 5 = Cum[ | erad Le(@e) | 1 + | Gr(®)]| 1]

< G[DiSR)™ +D2||¢||:%],
where g := min{p, 2} > 1. Consequently
||FR(¢))||H(1) < Gl CSR)™ + CL(mCAT()S™ ™ (R) < A(m)S™(R)

for R enough large. It remains to show that F is a contracting map. From Lemmas 7.2

and 7.3 we deduce

| Er(er) - FR(¢2)HH(1J < Ci()[|| Gr(#1) - Gr(¢2) ”Hé]
- 1
= 2GMCA S BIgr — dally < 5 81 = Dol

wheredisp—1orl.

By the fixed point theorem we get there exists a solution ¢z € B, r such that | ¢rl| H <
A(1n)S™(R). The function iig + ¢r is then the solution to (6). The sign of such a solution is
shown to be positive in Lemma 7.1.

7.2 Proof in the supercritical case

p is assumed to be bigger than % and n > 3.

The operator Fr defined above now is assumed to map the space Hy(Qz) N L>(Q2z) into
itself. We choose n > 0, R € [Ri + n,Rrs1 — 1], B € (0,x) and x < 2. We observe that this
last condition is satisfied if § < (n —1)/2.

We will construct an operator which maps the following set into itself:
Cor = {¢ € Hy(Qr) NL¥(QR) : D 11113 () <AMSR)™, Plleop) < S(R)_ﬁ}, (25)

where A(n) and 7 are chosen like in the subcritical case.
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Suppose N € R and positive. We define the function wy € C2(R) as follows:

) s+t if |s| <N,
Wy S) =
N N+1 ifls|>N+1

We also introduce the functional Iz x (1) : Hy(Q22) — HA(R2R),

1 1
Ipn(u) = / [—|Vu|2 - —WN(M)] dvol.
or L2 p+1

We set Ny := 2||iig||1oo(0z). We will assume N > Nj. For these values of N the operator
grad I 5 (itg) coincides with grad Iz(izz) and D*Ip n(izz) coincides with D*Ix(iig).

Let Fgrn be the operator defined like Fr (see (24)) but using Iz x at the place of Iz. We
will show that Fp v is a contraction map on C, for R large enough.

First, reasoning like in the subcritical case, we can show that if ”¢”H$(QR) <A(®)S™(R)

then [IFe (9111 < AGNS ™ (R).
If we set

1

Zr(¢) = liig + PP (ir + @) — ity — pity ¢,

then since iy is uniformly bounded, we easily conclude

ClolP ifl<p<2,

If ¢l (2p) < STP(R) then

|22(@)]| ;o = CUIPN 7o) + 19117 (0)) < C(SH(R) + SPH(R)).
By Lemma 7.4 we get

| Ern(@) |0 < C(ST(R) + S (R) + SPP(R) + S2(R)) < S(R)

for R large enough, because 8 € (0,x) and « < 2.
If R € [R + 1, Riy1 — n] and k is large enough, then reasoning as before we can show Fp v
is contracting:

| Era(er) - FR,N(¢2)||H5 = cli¢r =2l

|Ern (1) - FR,N(¢’2)||Loo <c g1 — d2lizee,

with ¢, ¢’ < 1.
By the fixed point theorem we get the existence of a function ¢z € C, r (see (25)) such
that ug = i1z + ¢ satisfies

AgMR + |ug |1"1uR =0 in Qp, 27)
urp =0 on Q.

It remains to show that u#z > 0 in Q5. This follows from Lemma 7.1.
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Lemma 7.1 The solution up = g + ¢ to the problem (6) is positive.

Proof We know that i1z > 0 in Qz and ¢r — 0 in Hy(2z). Suppose that uz < 0 in a regular
set Dg. If R — +00 then meas(Dg) — 0. We will show that such a set must be empty. If we
multiply (27) by uy and we integrate on Dy we get

/Q |Vu1§|2dvol:/ |uR|p_1(u1§)2dvol§ ||uR||{;_1/ (ul_?)zdvol.
R

Qr Qr

Using the Poincaré inequality, if A;(Dg) is the first eigenvalue of —Az on Dg, we have
kl(DR)f w? dvol < / |Vw|? dvol.
Dr Dr

From this we deduce

Al(DR)/ (u&)2 dvol < ||”R||IZ;01/ (u&)zdvol;
Qr

Qr

this says that A1(Dg) < |luzr ||1L9;1, contradicting the fact that the left hand side tends to +oo
as meas(Dg) — 0. (

The proofs of the following technical lemmas are omitted because they are exactly the
same as the ones of Lemmas 6.1, 6.2, 6.3, 6.4 of [12].

The first lemma says that for R within a certain range the norm of the inverse oper-
ator D?Ip(iig)™! in the space Lp := {F : Hi(Qr) — HA(Sp) | F linear and continuous} is
bounded.

Lemma 7.2 If n > 0 then for any k > k(n) € N, where k(n) is the function described by
Proposition 6.7, and R € [Ry + 0, Ri,1 — 1] the operator is invertible and

| [P 1x(a)] |, < i),
where C1(n) > 0 and independent of k.

Lemma 7.3 The map Gr: Hy(Qr) — Hy(Q2r) defined by

Gr(¢) = grad Ip(iig + ¢) — grad Ip(iir) — D*Ix(iig) [$]

satisfies

L Iol, if1<p=<2, o8

R = .
0= Dallgl?, ifp>2,
0
where the constant D, does not depend on R, provided ||¢ || HY S 1.
Furthermore lf||¢1||1-1(1) <1, ||¢2||H(1) <1, then
Ds(lignlle' = ligallon i - dalle,  if1<p <2,
|Gr(¢1) = Gr(dh) | ,p < Ho Ho Mo~ (29)
0 D3(||¢1||H(1)—||¢2||H(1))||¢1—¢2||H(1) ifp>2.



Morabito Boundary Value Problems (2016) 2016:124 Page 25 of 25

Lemma 7.4 There exists C > 0 independent of R, such that for R large enough the following
estimate holds:

| Er(@)]| ;oo 0 = CUER@) | 120y + 128110 020) + ST (R)).
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Endnote
e In [12] (I7(u), v) is not an inner product but it represents the image of v by the operator /(). In our work (/z(u), v) is
replaced by D?/z(u)[v].
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