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Abstract

We study a p-Laplacian elliptic equation with Hardy term and Hardy-Sobolev critical
exponent, where the nonlinearity is (p — 1)-sublinear near zero and (p*(s) - 1)-sublinear
near infinity (p*(s) = fVNf;) is the Hardy-Sobolev critical exponent). By using variational
methods and some analysis techniques, we obtain the existence and multiplicity of
positive solutions for the p-Laplacian elliptic equation. To the best of our knowledge,
no result has been published concerning the existence and multiplicity of positive

solutions for the p-Laplacian elliptic equation.
MSC: 35A15;35J91
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1 Introduction and main results
In this paper, we will study the existence and multiplicity of positive solutions for the fol-

lowing p-Laplacian elliptic equation:

%
[ulP~2u lup” (6)-2

—Aplh— L u+rf(x,u), xeQ\{0},

P ER (L1)
u=0, x € 082.

Here, @ C RN (N > 3) is an open bounded domain with smooth boundary Q2 and 0 € ,
pe(LN),s€[0,p), i € R*, Apu:=div(|VulP~2Vu) is the p-Laplacian differential oper-

ator, p*(s) = "(NN—_;S) is the Hardy-Sobolev critical exponent, p* = p*(0) = NN—i is the Sobolev
critical exponent, and we have the function f: 2 x R — R.
Let

1
o
o= ([ (19l - 22) ax)", wewir),
Q |x|P

. . 1, . .
which is well defined on the Sobolev space Wop (€2) by the Hardy inequality [1]. From [2],
. . 1, P
we know ||u|| is comparable with the standard Sobolev norm of W,” (), but it is not a
norm since the triangle inequality or subadditivity may fail. The following best Hardy-
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Sobolev constant will be useful in this paper:

[l

*(s) _p_
lullilss dx) 7"

A, () = inf

1.2)
ueWo@\10) ([,

In recent decades, there were many authors [1, 3—17] who have studied the existence or
multiplicity of solutions for elliptic equations with the operator —A — ﬁ O=<uc< (%)2).
But most of the authors only considered the case s = 0.

Next we only state some most related results of (1.1). Han [18] obtained the existence of
multiplicity of positive solutions for the following equation:

-2
~ A= T = QI P Al P, xR,

u:o, xEBQ,

1.3)

where Q(x) > 0 is a bounded function on . The authors [19] only studied (1.3) in the
special cases where Q(x) =1 and u = 0. The authors [2] studied the following equation:

— +ul’ L, xeRN,
el (1.4)

where D (RY) is defined as the completion of C>°(RY), and they obtained a positive so-
lution u € DY (RN) N CY(RN \ {0}) for any 0 < s < p and 1 € (=00, i1), where p; := (]%)1".
Later, the authors [20] obtained a nontrivial solution of a more general case than (1.4) by
the ideas in [2]. Kang [21] obtained one positive solution for the following equation:

P2y \,4\17*(5)— q-2,
EZry o *€2\ {0} (1.5)
u= O’ X € aQ,

2 ]
—Apu— U+A ‘

where 0 <t<p, p <q<p*(¥).

Inspired by the above results, we shall study the existence and multiplicity of positive
solutions for (1.1) with the nonlinearity f being (p — 1)-sublinear at zero and (p*(s) — 1)-
sublinear at infinity (see the following (A;)), which is different from the above results.
Due to the lack of compactness of the embeddings in Wé’p(Q) — [P°(Q), Wé’p(Q) S
I7(Q, |x|™” dx), and Wé’p (Q) — L"), |x|™ dx), we cannot use the standard variational
argument directly. The corresponding energy functional fails to satisfy the classical Palais-
Smale ((PS)) condition in Wé’p (£2). But we can establish a local (PS) condition in a suitable
range, so the existence result can be obtained by constructing a minimax level within this
range and the mountain pass lemma in [3, 22].

Let || - |, be the norm in L”(R2) and F(x,t) := fotf(x,s) ds,x € Q,teR. Let a(u) and b()
be zeros of the function

NP
fO=@-DF-N-p) ' +u, t>0,0<p<p:= (%)

satisfying 0 < a(u) < % < b(w); see [23]. To state our results, we make the following
assumptions:
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(Ay) feC(Q xR, R),f(x,0)=0,and

)L . , L
T BN ()
zﬁo+ -1 t—o0 tP*(8)-1

=0 uniformly for x € Q.

(Ag2) f:2 x R* — R is nondecreasing with respect to the second variable.
(A3) 2<p<N,N <min{pb(u),p(l +p)}and 0 <s <N - W

(Az) 2<p<N, pb(u)<N<p+pb(") and N — pb(u) <s <N — w

Remark 1.1 In (A3) and (A%), we can easily check that N < p(1 + p) implies N — >

0,N<p+57E2 b 1mPllesN pb(n) <N - W‘ Besides, N - W <p holds.

(N-p)(L+p)
p

Now our results read as follows.

Theorem 1.1 If N > 3,0 <s<p, 0 < u < pu1, 1 <p<N and (A1) hold, then there exists
A* > 0 such that (1.1) has at least one nontrivial positive solution u;_for any i € (0,1*).

Theorem 1.2 [fN >3,0 <s<p,0 < u <, (A1), (A2) and ((A3) or (A3)) hold, then there
exists \* > 0 such that (1.1) has at least two nontrivial positive solutions for every A € (0, 1*).

Remark 1.2 We should mention that the above p-Laplacian problems studied in [2, 18—
21] are all not (p — 1)-sublinear at zero. Besides, our nonlinearity f is more general. To the
best of our knowledge, our Theorems 1.1 and 1.2 are new.

Let D'?(RN) := {u € L”" (RN); |Vu| € L”(RN)}. A typical model of (1.1) is the following

equation:

~Apu - = w7, in RN\ {0},
u>0, in RV \ {0},
ue DLP(RN)r ne [0! /’Ll)'

From [23], we see that this problem has radially symmetric ground states,

_Np x _N-p |x|
Vew)=e 7 U\ = )=¢ 7 Uyl — ), VYe>0,
& &

and they satisfy

12 | Ve (%) 1P _/ p* _ %
/RN<|VV5(x)| " ] dx = RN|V5(x)| dx=A,,,

where U, (x) = U, (]x]) is the unique radial solution of this problem, satisfying

Uy, (1) = (NEVM—__;L)> o

Moreover, U, , has the following properties:

11m Il p“(r) =¢ >0, lim 2t Uy, (r)=c,>0,

r—+00
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liII(l) WL (1) = cra(p) > 0, lim AW (1) = cab(p) > 0,
r—

P r—>+00 b

where ¢; and ¢, are positive constants depending on p and N; a(u) and b(u) are zeros of

the function
f(t)=(P—1)tp—(N—P)tp71+Mr £>0,0 <<,

satisfying 0 < a(u) < A% < b(p); see [23]. The above results are useful in studying equa-
tion (1.1).

Remark 1.3 As = 0 and s = 0, then b(u) = b(0) = I;J[%f. When p=2and 0 < < up :=

(852)2, it is well known that a(u) = /2 — /Ji2 — £ and b(w) = /2 + /2 — L.

In Section 2, we will give the proof of Theorem 1.1. In Section 3, we first of all give some

preliminary lemmas, and then we will complete the proof of Theorem 1.2.

2 Proof of Theorem 1.1
Let X := Wé’p(Q) and u* := max{4u, 0}. Note that the values of f(x,t) for t < 0 are irrele-

vant in Theorems 1.1-1.2, so we define
flx,t)=0, xeQ,t<0.

The functional corresponding of (1.1) is

1 12 1 +)p*(s)
I(u) = —/ (|Vu|”—uﬂ) dx — Wy dx
pJa

%P ) Jo  Ixl®

—Af F(x, u*) dx, uc WS"’(Q).
Q

By (A;) and the Hardy inequalities (see [1]), we have I € Cl(WS’p (2),R). Now it is well
known that there is a one-to-one correspondence between the weak solutions of (1.1) and
the critical points of I on Wé’p (€2). More precisely, we say u € Wé’p (€2) is a weak solution
of (1.1) if

p-2 +\p*(s)-1
(1’(u),v):/<|VM|P‘2VMVV—/LM> dx—/ %de—k/f(x,u*)vdx
Q o P Q

|xf?

=0
foranyve Wé’p(Q).
Proof of Theorem 1.1 By the Sobolev and Hardy-Sobolev inequalities, we get

lulP"® y
llully, < Cllul?, dx < Cllu|”"®  and
b o P

2.1)

* *
Il < Clul”, VueX,
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and it follows from (4;) that

( )%
dM; >0 such that |F(x, t)| <M, Vte(0,d],

35 >0 such that |F(x, t)| for t >4,

uniformly for all x €  \ {0}. Thus, we get

|F(x,8)| < My + VteR,xe Q\ {0}. (2.2)

720
)l
By (2.1) and (2.2), we have

(u+)p* )

I(u) = —|| = .
]

1 .
dx—k/ F(xu)dx > = ull? - Cllull”"® - 1M |2
Q p

for all A € (0,1] and some C; = ), so there are p > 0 and A* € (0,1] such that
I(w)>0 iflull=p and I(u)>-Cp ifflull<p

for any 0 < A < A*, where C, = Crp?"® + 2*M;|€2|. We choose ug € Wé’p(Q) N L*(2) such
that u§ # 0. Let My := |luo |IP/(A||lug |I5). By (A1), there is 8 such that

2M.
[F(x,0)| > =217, 0<t<é.
p

Hence, we get

26 ( u(*))l"* ()

rp
I(rug) = —|luoll? -

dx—k/‘Fx,m+ dx
prs) Jo  Ixf Q ( 0)

A

P 2P P
S ugll? — =M | = - o P < 0
p p

for any 0 < A < A* and 0 < r < min{p, 8;/||4{|lc}. So there is u small enough such that
I(u) < 0. We deduce that

inf I(u) <0< inf I(u).
u€B,(0) u€dB,(0)

By Ekeland’s variational principle in [24], there is a minimizing sequence {u,} C B,(0)
such that

1 1 -
I(u,) < inf I(u)+ —, I(w) > I(u,) - —llw —uull, e B,(0).
ueB,(0) n n

So, we have

||I/(u,,)|| —0 and I(u,) —c. asn— oo,
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where ¢, stands for the infimum of I(x) on B,(0). Note that {u,} is bounded and B,(0) is
a closed convex set, so there is u; € B,(0) C Wé’p(Q). By [1], we have

u, — u; weakly in Wé’p(Q),
u, — u; stronglyin L (Q2),1< y < p7,
U, — u, a.e.in§,

Vu,, — Vu, a.e.in €,

u u
LNl weakly in LP(£2),
x x
u P2y s 17562y,
|"|7nvdx—> l)‘li'\vdx, Vv e WoP(Q).
Q |x[* Q [oc[*

Thus, passing to the limit in (I'(u,), v), as n — 00, we have

P2,y +P* (-1,
/<|Vux|p_2VuxVV—,U¢M) dx_/ de_k/f(x,uz)vdxzo
Q | |? Q Q

|x[*

forallv e Wé'p(Q). Thatis, (I'(u,),v) = 0. Therefore, u, is a critical point of /. Since ||u; || =

—({I'(u), u;) = 0, u; = uj > 0. Moreover, by (4;) and the boundedness of €2, we have

1 -1

dMs >0 h that ,t
3> such tha V(x )|<A P

for t > M3,
38, € (0, M3) such that [f(x, t)| >0 for0<t<dy,
dM, >0 such that [f(x, t)| <M, forallte[8,Ms]
for all x € Q \ {0}. Therefore, we deduce that

1 -1
X, L) > ——
Stz =

— Myt85', VteRY,xeQ\ {0} (2.3)

From (1.1) and (2.3), we have —A,u; + AM485 u; > 0. By the strong maximum principle,
we have u; > 0. So the proof of Theorem 1.1 is finished. O

3 Proof of Theorem 1.2

In this section, we will look for the second positive solution by a translated functional as in
[3]. For fixed A € (0,1*), we will look for the second solution of (1.1) of the form u = u; +v,
where i, _is the first positive solution obtained in the previous section. The corresponding
equation for v is

p-2
=y vt
* (5)— *(s)-1
= wAH\i,):s § - u§|x|s + )‘;f(x; Uy + V) - )"f(x; uk)ﬁ x € Q2 \ {0}¢ (31)

v=0, x € 0.
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Let us define

i *(5)-1 *(s)-1
ety | = e e =M ), 620,

0, t<0,

(3.2)

Glx,t) = / t g(x,5)ds,
0

and

_1 PN :
10 = [ (199 - = [ 6(s)as

1 1 (u + v s . O
=l;||v||”—p*(s)/( 2 L (e dx
Q

el Jxls

— A/ (F(x, uy + V+) —F(x,uy) — f(x, uA)VJ’) dx.
Q

Now, we have one-to-one correspondence between critical points of J in Wé"” (2) and
solutions of (3.1). That s, if v € Wé’p(Q), v # 0 is a critical point of /, then v is a solution of
(3.1). Since ||v || = ={J'(v),v") =0, v = v* > 0. Besides, by the maximum principle, v > 0
in Q. Here, u = u; + v is a positive solution of (1.1) and u # u;. If v = 0 is the only critical
point of J in Wy”(£2), we will get a contradiction. Then the existence of the second positive

solution of (1.1) can be proved.
Lemma 3.1 v =0 is a local minimum of ] in Wé’p(Q).

Proof Foranyve Wé’p (2), we write v = v* —v~. By J and direct computation, we have
1 —|? +
Jv) = 1_7 ||v || +I(u;\ +v ) — I(uy). (3.3)

. . o . 1, _ .
Since u; is a local minimizer of I in W,”(S2), we have J(v) > I%IIV ||? for ||v|| < & with ¢

being small enough. 0

Lemma 3.2 Suppose that1 < p <N, (A1) and (A3) hold, moreover, v = 0 is the only critical
N-s

point of . Let {v,} be a (PS). sequence with 0 < ¢ < I%A,f?, then we have

v,— 0 in Wé’p(Q) as n— oo.

Proof Let {v,} be a sequence in Wé’p (2) such that

- N=s
Jwy) = c< p(lj\[ _SS)A;;S and J'(v,)—> 0 in (WS'P(Q))*. (3.4)

By (3.3) and (3.4), we have

J(v,) = }7 v l? +1(ws +v}) = I(w;) = ¢ + 0(D), (3.5)
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(]/(Vy,), u, + Vj,) = / |Vv;,|p_2VV;qux dx + (I’(u)\ + V;’,),u;\ + v;) = o(l)“ u, + v, ||,
Q
which yields
1 / +
JWn) = ={]' W), s + vi)
p
= ; <||v; I” - / Vv, |p_2VV,;VMA dx—(I'(wp. + v}), u5 + V;>> +1(w +v}) — I(u)
Q
<c+1 +o(1)||uk +v;||.

Therefore, we have

*(s)
l(Hv;H"— / \VV;|”W;va)+(l_ 1 ) / (i + V"
P @ p p@e))Ja  IxF

+ A/ [;gf(x, wy, + V) (up +vyy) = F(%,u; + V:[)] dx
Q

<I(w;) +c+1+0Q)|u +v|. (3.6)

By (A1) and the boundedness of 2, for any ¢ > 0, there is M5 = Ms(¢) > 0 such that

|27

|x*

[f(x,t)t| <e¢

forx € @\ {0} and || > M5,

[f(x, t)t| < Cs(e) forxe Qand |t| € [0, Ms5];
e |t
p |xP

|F(x, t)| < C4(e) forxe Qand || € [0, M5],

|Fx,8)] <

forx € @\ {0} and |¢| > M,

where Cs(g), C4(€) > 0. Thus, we have

*(s)

f(x, £)t] < Ca(e) + & 'ﬂ';s (1) € (2\{0}) xR, (3.7)
p*(s)

|[F, )] < Cale) +§ 'ﬂ'ﬂs (@ e(Q\{0}) xR (3.8)

Let C(¢) = I%C3(8) + Cy(e), by (3.7) and (3.8), we have

2e [¢|P"
|f*

F(x,t) — ;f(x, bt <C(e) + , ) e (Q \ {0}) x R. (3.9)

By (3.6) and (3.9), we have

( p-s 2)»8) (wy, + vy © 4
-2 Ll dx
pN-s5) p JJa |c[$

’

1 _
< AC(2)|2] —;”v;”p + C5||v;||p 'y Ce + o(l)”u,\ +V)
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14 72) —, then we have

where Cs = 117||uk|| and Cs =I(uy) +c+1.Lete = TNIT

*(s)
[ ol Gar ot

|

where C; = %Cs and Cg = M()»C(e?)|£2| + Cs). Together with (3.3), (3.5), and (3.8),

p-s
we have
i H[a- o]l - ol - a- v
)4 )4 "
< l||v,; I” + l[(1 —e)|vi| - CellusP]
p p
1 1
51;||v;||"+1;|(||v;|| A
1 1
S;||v;||p+;|lux+v;|\”
*(s)
_ 1 (p, + v dx+k/F(x,u,\+v;)dx+](vn)+1(uk)+o(1)
p*(s) Ja ||S Q

’

<G|, ||pi1 +Cio +0o(1) |, + v,

where the second inequality is due to the elementary inequality

la-b|'>Q1Q-¢)a’-Cb', t>1,a,b>0.

Here, Cy = (p*l(s) + %)Q and Cjp = ACy(e)|22] + (p*l(s) + %)Cg +1(u,) + c+0(1). Since ||v, |I” +

Vi lIP = llvall?, we get
valt? = Cu v |7 = Cpy v |77 < Ciz + 0@l ],

C Celluy IP+pC
where Ci; =1+0(1), Cj; = £, C1p = ‘H"ﬁ%;plo. So we get

-1
vall? = Cisllvall”™ < Cia + o)l I,

where Ci3 = Cy; + Cj;. It shows that {v,} is bounded in Wé‘p (€2), going if necessary to a
subsequence, we have

va — vy weaklyin WS’” (),

vy — Vo stronglyin LY (Q),1<y < p¥, (3.10)

Ve, — Vo a.e. inQ,

as n — oo.

Since v, is bounded in Wé’p (€2), it follows from the Sobolev embedding theorem that
there is M’ > 0 such that |y, + v}, |I§*8 < M'. Let meas E denote the measure of E. By (4;),
for any ¢ > 0, there is Cia(¢) > 0 such that

&

ZMyW@ (x,t) e QA xR.

[f(x, 0)t] < Cuale) +
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Let§ = =2~ >0, if E C 2, measE < §, we have
2C14(e)

< /V(x,ux +v}) (. +v}) | dx
E

€ p*e)
§/EC14(8)dx+ TN /E|uk+1};| dx
€

/f(x, uy + V;)(uk + v;) dx
E

< Cis(e)measE + 5 <Ee.

By the Vitali theorem, we have

‘/f(x,u,\+1/;)(ux+v;)dx—>/f(x,u,\+v5)(ux+v5)dx as n — oo.
Q Q

Hence,

/f(x, u + V;)(u)\ + V) dx = /f(x, U + v;)(u)\ + V;) dx — /f(x, uk)(v;) dx
Q Q Q

— /f(x, u) + vS)(uA +v9)dx asmn—> 00. (3.11)
Q

By the same method, we get

/f(x,uA+V;)a)dx—>/f(x,u,\+v5)wdx,
“ “ 3.12)

/ F(x,u,\ +v))dx — / F(x,u,\ + vg) dx
Q Q
asn— oo forw € WS’F(Q). Similar to the proof of Theorem 1.1, we have
0 = lim (J'(vy), ) = (J'(vo), )
n—00
for w € Wé'p (2), which implies that J'(vo) = 0. Therefore, v is a critical point of J in
Wé'p (€2). By the assumption that v = 0 is the only critical point of /, we have v4=0. Now, we

want to prove vy — 0 strongly in Wé’p(Q). By (3.10), (3.12), and the Brezis-Leib Lemma

(see [25]), we have

1 1 1 )Pt
J(w,) = —Hv; ||p +I(uk + v;) 1) = —llvall” = — / (V”)ps dx +o(1).
r r ps) Ja Il
Therefore,
(v
)=l = [ 2= dx o) 0.
Q IxP

In fact, ||v,||” — 0 as n — 0. If not, then there is a subsequence (still denoted by v,,) such
that

+\p*(s)
Y ok ko

lim ||v,||” =k, lim
n—00 n—oo Jo |x|$

Page 10 of 15
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By (1.2), we get

r

+\p*(s) )
||vn||”zAM,s< / (VT)TS dx>” , forallneN.
Q X

N-s

Thenk > A, SkPW ie,k>A/S . Thus, we have

+)17*(S)
= 0(1)+](Vn)—_||vn”p ™ dx +0(1)
xs
b-
1
PN = s)k+0()
p-s =
ALl .
= PN "

It is a contradiction. So v, — 0 strongly in W&’p (2) as n — oo.

Lemma 3.3 [21] Ifl1<p<N,0<s<pand 0 < u < |1, then the limiting problem

~Dpu—ptly =22 in RN\ (0),

|x[P %[

u>0, in RN\ {0},
u € DY?(RYN),

has radially symmetric ground states,

~ _Np ~ X u~ |x|
Vex)i=e" 7 Uyl - 7 U,y , Ve>0,

& &

and it satisfies

~ V.(x)|P V(%) N=s
/ ‘va(x)‘P—lL| (x)| dx:/ | (x)| dszlf;S,
RN [P RN |

where Z’[p,,l (%) = flp,u(lxD is the unique radial solution of (P), satisfying

EMD=CE%%%;@>mM.

Moreover, IF:IPYM has the following properties:

. () T
}1_I)r(1)r” Upﬂ( r)=c¢ >0, rkr)fnoor (“)Up,u(r) = >0,
11m rm +1Up L) =caa(u) >0, 11m r’ +1LI’ (1) = cab(p) >0,

Page 11 of 15

where c¢; and c, are positive constants depending on p and N; a(i) and b(u) are zeros of

the function
fO=@-DF-N-p)"+pn, t=00<p<u,

satisfying 0 < a(u) <N o p(p) < X2
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Since u; > 0 is a solution of (1.1), similar to the proof of Theorem 1.1 in [26], there are
constants R > 0 and ry > 0 such that B,z(0) C © and

0<rg<u;(x), VxeByp(0)\{0}. (3.13)
Let ¢ € C5°(£2) such that 0 < ¢(x) <1and

1, x| <R
0, |x|>2R,

p(x) :=

where Byz(0) C Q. Set v, (x) = p(x) V,(x), £ > 0, where V,(x) is defined in Lemma 3.3. Then
we can get the following results by the method used in [27]:

N-s

Ivell? = AL + O(ePireNy, (3.14)
[V, |p*(s) N-s .
dx :AP;S + O(Sb(p.)p (s)+s—N)’ (315)
o |x o
vl N-s
% dx = O("™), o) <" <p*(s). (3.16)
Q

Lemma 3.4 Fory >2,1<t<y-1,Va,b> 0, there exists a positive constant C such that
(@a+b) >a” +b" + Ca” '}’

Proof To prove this lemma, we only need to prove
(1+x) >1+x" +Cx!, 0<x<o0.

Lety =k+0,t=m+n,wherek>2,1 <m < k-1 are integral numbersand 0 <n <6 <1

are real numbers. Clearly,

A+x)" = Q+2) =1+ 2 QL +x)’ > (1 +xK+ Cx’”)(l +x)°
> 1+ + Cx"(1 + %)’
> 1+ 4 Cx"x" =1+ " + Cx'. O

Lemma 3.5 IfN >3,0<s<p, 0 <u<pu,l<p<N, (4), (A1), (43) (or (A})), and
f(x,0) =0 hold, then there is v, € Wé’p(Q), vy # 0, such that

N-s

p=s
Aps -

b
e AT

Proof By (3.2), (A3), and Lemma 3.4, we have

-1 p-1 Mi* ()-r

+
[[* |x[*

gx0) =



Peng and Chen Boundary Value Problems (2016) 2016:125 Page 13 of 15

By (A43) or (As) we have p > 2 and s < N — W, which imply p*(s) —1>2and 1 <

p-1=<(p*(s) — 1. Therefore,

o) Vg*(S) c u’;*(s)_P

+ [
P klF o p xP

G(x7 tv&‘) 2

From (As3) (or (A3)), we have s > N — Pb(u), which implies p > (u }» 80 (3.16) holds. So by

(3.13)-(3.16), we have

p
J(tve) = el - / Glx,tv.) dx
p Q

t 20 N W
< —|lvell” - " [vel P dx — C5t* / —sdx
p p*s) Jo I« x|

& % b(u)p+p-N " I3 b(u)p*(s)+s—-N p p—s
(i o )= A+l )) - Cist?O(™),

T

()~

. Let

where Cj5 = Cro

T
]

o, s tp*(S) N-s X
Q) := ( s +O(5b(M)P+P—N)) AL? +O(8b(u)p (S)+S—N))_C15tpo(8p_s).

Clearly, the following equation:
N-s

0=Q(t) =t I[A,fj +o( p+p—N) O(gp—s)] 6= [A,f +O(8b(u)p*(s)+s—N)]

has only a positive root

, (A,f;s + O(ebWpp-Ny _ O(sPS)>p—*<s>-p
=
Alf;' + O(ebWp* (45N

We have
tf 11\71_:5 b(pp+p-N p—5 tp o 1;1; p*(s)+s-N
Q(t) = ;(Au,s + O(S ) - O(g )) p*(s) (Alts + O( ))
N-s IIZIT_SS b(u)p+p—N p—s &
_(1_ *1 )[A}f;s + O(gb(u)p (s)+s—N)]|:A;t,s :{_?(8 )—Ol(e )]1’ ©-p
p P AL+ O(ebwr ©rs-N)
_ pé’\[— SS) [ }% O(Sb(u)p*(s)+s—N)]—N—:f [A:%% n O(sb(n)pﬂa—N) _ O(SP—S)]I;%
pP—S A}%I%ss O(Sb(/t)p ()+s—N) + O( h(u)erp—N) O(Sp—s)
p(N -5 "

By s > N — pb(i1) (see (A3) or (A})), we have

b(uWp+p-N>p-s.
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Since b(u) > % implies b(u)p*(s) + s— N > b(u)p + p — N, we have

b(up*(s)+s—N>p-s.
Since Q(0) = 0 and lim,_, , o, Q(¢) = —00, we have

up Q) = Q) < ES AL

t>0

for ¢ > 0 sufficiently small. So we get

N-.
pP-5

S 2

sup/J(tve) <sup Q(t) <
tz(IJ) rzg P(N )
for ¢ > 0 sufficiently small. It completes the proof if we let v, = v, with ¢ > 0 being suffi-
ciently small. O

Proof of Theorem 1.2 If v = 0 is the only critical point of J in Wé’p(Q). By Lemma 3.1, we
know there is o > 0 such that J(v) > &, Vv € 3B, = {v € W,”(Q), |[V|| = p}, where p > 0 is
small enough. Lemma 3.5 implies that there is v, € Wé’p (2) and v, # 0 such that

_ Nes
supJ(tvy) < p-s ALS .

=0 PN —s)
By (3.8), we get lim;_, o J(¢v,) — —00. Hence, we can choose £, > 0 such that |[fv.| > p
and J(¢yv«) < 0. By the mountain pass lemma in [22], there is a sequence {v,,} C Wé’p(ﬂ)
satisfying

Jv,)—c>a and J(v,)— 0,
where
¢ = inf max ](h(t)),

herl te[0,1]

I ={heC([0,1],X) | h(0) = 0, (1) = tov,}.

We have

N-—s
p-s
HsS 2

. p-s
0 <c=inf h(t)) < ttovy) < tv,) < —A
<ose=inf max J(HO) = max(etov.) < supJiev) < s

and this together with Lemma 3.2 implies that v, — 0 strongly in Wé’p () as n — oo.
Hence, we have 0 = J(0) = lim,_. o J(v,)) = ¢ > « > 0, a contradiction. So, Theorem 1.2
holds. -
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