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1 Introduction

Let N.(0) be a closure of an e-neighborhood of 8 = (0,...,0), € > 0 be a fixed small
number, and D be an open subset in R” with compact complement N, () = R" \ D,
n>2 LetceRand |-|beanorm in R". In this paper we consider the weak solutions
z(t) = (z1(¢),...,z4(t)) € C*([0,27], D) of a fourth order Hamiltonian system with singular
nonlinear term

veee .. 1
Z (t) + cz(t) + gradz<w> =0, p=1],

2(0) = z(27), Z(0) = z(2m). 1.1)

Our problems are characterized as a singular fourth order Hamiltonian system with sin-
gularity at {z(¢) = 6}, 6 = (0,...,0). The motivation of this paper is the fourth order ellip-
tic problem with singular potential. We recommend the book [1] for the singular elliptic
problems. Many authors considered the fourth order elliptic boundary value problem. In
particular, Choi and Jung [2] showed that the problem

A’u+cAu=bu" +s inQ,

u=0, Au=0 onade, (1.2)
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has at least two nontrivial solutions when ¢ < A1, A; (A1 —¢) < b < A3(Ay —¢), and s < 0 or
when A; < ¢ < Ay, b < A1(A —¢), and s > 0. We obtained these results by using a variational
reduction method. We [3] also proved that when ¢ < A1, A1 (A1 — ¢) < b < Ay(A2 — ¢), and
5 <0, (1.2) has at least three nontrivial solutions by using degree theory. Tarantello [4] also
studied

Au+cAu=b(u+1)" -1),

u=0, Au=0 onadQ. (1.3)

She showed that if ¢ < A; and b > X1(A —¢), then (1.3) has a negative solution. She obtained
this result by degree theory. Micheletti and Pistoia [5] also proved that if ¢ < A; and b >
A2(Ay — ¢) then (1.3) has at least three solutions by the variational linking theorem and
Leray-Schauder degree theory.

The eigenvalue problem

i+Aiu=0 1in(0,2m),
u(0) = u(2mw) =0,
has many eigenvalues A, j > 1, and corresponding eigenfunctions ¢, j > 1, suitably nor-

malized with respect to L2([0,27]) inner product and each eigenvalue Aj is repeated as

often as its multiplicity. The eigenvalue problem

U(t) + cit(t) = pu  in (0,27m),

u(0) = u(2mw) =0, i1(0) = i(2m) = 0,

has also infinitely many eigenvalues u; = A;(A;—c),j > 1, and corresponding eigenfunctions
¢j,j = 1. We note that p; < ity < ps,..., 4 = +00.

In this paper we are trying to find the weak solutions z(¢) € C*([0,27], D) N AD of the
system (1.1) satisfying

2
/ [2(2) - (8) - c2(t) - p(2)] ddt + / gradu< )-d)(t)dt:O
0 Q

|2(2) |2
for all ¢(t) € C*([0,2m],D) N AD, where AD is introduced in Section 2.

Theorem 1.1 Assume that Aj < ¢ < Aj.1, j > 1. Then the system (1.1) has at least one non-

trivial weak solution.
Moreover, we improve Theorem 1.1 as follows.

Theorem 1.2 Assume that Aj < ¢ < Aj.1, j > 1. Then the system (1.1) has infinitely many

nontrivial weak solutions.

For the proof of Theorem 1.1 we follow the approach of the variational method and use
a minimax method in critical point theory on the loop space AD, and for the proof of
Theorem 1.2 we follow homology theory. In Section 2, we introduce a loop subspace AD



Jung and Choi Boundary Value Problems (2016) 2016:133 Page 3 of 12

of the Banach space, and we prove that the associated functional J of (1.1) satisfies the (P.S.)
condition on the loop subspace AD. In Section 3, we use a minimax method and critical
point theory for the existence of a nontrivial weak solution of (1.1) and prove Theorem 1.1.
We also prove Theorem 1.2 by using critical point theory and homology theory to prove
the existence of infinitely many nontrivial weak solutions.

2 Variational approach
Let L2([0,27], R) be a square integrable function space defined on [0,27]. Any element x
in L2([0,27], R) can be written as

X = th¢k with Zh,z( < 00.
We shall denote the subset of L%([0,2r],R) satisfying the 27 -periodic condition, by

L%(S', R). Similar notations will be used for other 27 -periodic function spaces. We define
a subspace W of L2(S', R) as follows:

W = {xeLz(Sl,R) } Zlu”hi < oo}.

Then this is a complete normed space with a norm

[T

Il = [ D lhaalif ]

Let

W*={xeW|h=0if up <0},

W™ ={xe W |h=0if ux > 0}.

Then W=W-@ W, forxe W,x=x"+x* € W~ @ W*. Let E be the n Cartesian product
space of W, i.e.,

E=WxWx---xW.

Let E* and E~ be the subspaces on which the functional

2
z> A(2) =/ [20)]° - c|2(5)|*] at
0
is positive definite and negative definite, respectively. Then
E=E*®E".

Let P* be the projection from E onto E* and P~ the projection from E onto E~. The norm

in E is given by

lzllz = | Pzl + |l
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where [P*z]]% = Y1 1P*zill%y, 1Pzl = Y0 1Pzl 2 = (21 2a). Lt vl 02,V

be the eigenvalues of the matrix

w00...0
0 14;0...0

det(ul)=1 . . . . |eMiuulR), i=1...,m,
000...u

that is,

vk =, iz, forallk=1,...,n.

1 1 2 2 : :
Let (¢, €y (€1 r €y )s oo (€1 o5 € ) D the eigenvectors of the matrix
©i00..0
01;0..0
det(u;I) = . € My1xn(R)
00 0...u
. . 1 2 . . k
corresponding to the eigenvalues v, , v; ..., v} , respectively. Since v, = u; for all k =
L2, (6 e er € ) = = (] s, ). Let us set
1 1 n n
(Clppjre s Cnpyy) = (clym,...,cmm) == (cl,m,...,cn,m).
Let us set

W, = span{¢; | ;= i},
Ey = {(c1y @ rCnp®) €E|(c1y....cn) €R", P € Wy, },

Ellli = {(Cimqb"“’cil,ui(p) €E | ¢ € W,u,-}’

EL = {(c,¢nCh, ) €EEI €W, ]

We note that
Bu=E, ==,
and
E=PE,..
i1

Let us introduce an open set of the Hilbert space E as follows:

AD = {z € E|z(t) e D=R"\ N.(0),€ >0 is a small number, V¢ € Sl}.
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Let us consider the functional on AD

L[ 2 2 o
](z)=§/0 [|2)| —c|z(t)|]dt+/0 Wdt, p>1 (2.1)

The Euler equation for J is (1.1).
By Lemma 2.1, ] € C'(AD, R), and so the weak solutions of system (1.1) coincide with

the critical points of the associated functional J(z).

Lemma 2.1 J(z) is continuous and Fréchet differentiable in AD with Fréchet derivative

2w
DJ(z)v = /0 |:2(t) -w(t) — cz(t) - w(t) + grad, W . w(t)] dx Ywe AD. (2.2)

Moreover, D] € C. That is, ] € C".

Proof First we prove that J(z) is continuous. For z,w € AD,

J(z+w) -] ()|

1 2
:’5‘/ (z¥w+cz¥w) - (z+w)dt
0

27 1
+/0 20+ wpe

1 2 2 1
- = ('2'+02)~zdt—/ —dt‘
2 /0 o lz(®)*

L7 .. - .
:’5/0 [(Z+c2)-w+ (W +cw)-z+ (W +ciw) - w]dt

2m 1 1
+/0 <|z(t) W |z<t)|2p)dt“

We have
o 1 1
/0 [IZ(t) +w(O> IZ(t)IZ"} dt’
2 1
< /0 [gradz PO w4 O(||w||5):| dt‘ =O(Iwlg). (2.3)

Thus we have
J(z+w)-J(@)|=O0(llwlk).
Next we shall prove that J(z) is Fréchet differentiable in AD. For z,w € AD,

J(z+w) -] (2) - DI (z)w|

1 2 2
’— (z'-'r"w+cz-i—'w)~(z+w)dt+/
2 Jo 0

1
20w
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2 1
(Z' +c2) - zdt - f ———dt
/ o lz@)PF
1
/ Z'+ ¢z +grad, |z(t)|2P -wdt

/ (W + cw) z+(!3f/'+c1)(/)-w]dt

1 2 1
/ <|Z (&) + w(t)|% - |z(t)|21v)dt_/0 grade -wdt

Thus by (2.3), we have

Nl’—‘

N =

J(z+w) -] (z) - DI(@)w| = O([Iwl|E). (2.4)
Similarly, it is easily checked that J € C. O

Lemma 2.2 Assume that Aj < ¢ < Aj1, j > 1. Let {zx} C AD, z(t) € Z, and zx — z weakly
in AD with z € dAD. Then J(zx) — oo, where Z is a neighborhood of 6 = (0, ...,0).

Proof Since —; has a singular point 6 = (0,...,0) in R”, the conclusion follows. d
Now, we shall prove that /(z) satisfies (P.S.), condition for any y € R.

Lemma 2.3 Assumethat Aj < c < Aj,1,j > 1. Then if || zx || g — 00, then there exist (zy, ) and
z in AD such that

q 1 € AD “h
grad, ——— — 7 ,
‘ |th(t)|2p ”th ”E

Proof Let ||zk||g — 00. Then is bounded, it follows that

()I21’

1
2w —
f 2 OF 1 s 0. (2.5)
0

Izl

Since

dt — 0,

. 1
/2:1 [grad, 5 - 20 = 255 ]
o llzkll e

by (2.5), we have

/ grad, ‘Zk(t AT -z (t)
0

dt — 0. (2.6)
llzill £

.
% o O
izl
exists a subsequence (zy, ) such that

Thus the sequence ( f027T dt); is bounded. It follows from (2.6) that there

) fo [gradz \Z |2p * Zhy (t)] dt ] 21 1 Zn, (t)
lim = lim grad, ——— - ———
ko0 ”th”E k=00 Jo 2, 1 Nlzm N

dt=0. (2.7)
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Since grad, W is bounded when ||z¢||g — 00, it follows from (2.7) that there exists z in
AD such that
d, — AD “h
grad, ——— —> z€ AD, —
“ lz (6)2P iz Nl
Thus the lemma is proved. O

Lemma 2.4 Assume that A < ¢ < Aj.1,j > 1. Then ] (2) satisfies the (P.S.), condition for any
y €R.

Proof Let y € Rand (zx)x C AD be a sequence such that J(zx) — y and

DJ(zx) = zi(t) + czi(t) + gradz(;> — 0, 0=(0,...,0)in AD
|zi(£)|%

or equivalently

1P,22®)| ~ | P2(8)| + Dy + D) (gradz(m)) ., 2.8)

where Dy zi (£) = Zi (), (Dys + ¢cDy)™! is a compact operator. We shall show that (z;)x has
a convergent subsequence. We claim that {zx} is bounded in AD. By contradiction, we

suppose that ||z ||g — oo and set wy = . Since (wy )k is bounded, up to a subsequence,

IIZ ||
(Wi )k converges weakly to some wy in AD. Since J(zx) — y and DJ(zx) — 0, we have

2w 1 1
Djz) () () o [8rade o - alt) — 2y dt
+ —

[P llzk |l llzkll £

Thus we have

21
fo [gradz |Z (t 2p Zk(t) - \Z (t Zp]dt

lzell e

By Lemma 2.3 and (2.8), there exist (zj, )x and z in AD such that

1 z
grad, ——— —>z€ AD, and i
|zn (D)1 2 Il

Thus we have wy = 0, which is absurd because ||wg||g = 1. Thus {zx} is bounded in AD.
Thus (zx)x has a convergent subsequence converging weakly to some z in AD. We claim
that this subsequence of (z); converges strongly to z. By DJ(zx) — 6, we have

DJ(zx) = Zx + czj + grad

1
— — 0
AR

We claim that the mapping z; —+> (grad, ﬁ)k is compact. Since the embedding

T (t P - zi(t) dt), has
a convergent subsequence which converges to fo [grad, 0 |2p - z(¢) dt. Because {z} is

bounded and the subsequence of (zx)x converges weakly to some zin AD, (grad, m )k is

AD < C%*([0,27] x AD,R") is compact, the sequence fo [grad

bounded. Since (Dyy; + cDy) ™! is compact, by (2.8), (P, z«)« and (P_zi)i have subsequences
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converging strongly. Thus (zx)x has a subsequence converging strongly. Thus the lemma
is proved. d

3 Proofs of Theorems 1.1 and 1.2
Lemma 3.1 There exists a sequence of integers

bi<by<---<b;<---, b;— o0,
such that Hy,(AD) #0.

Proof Let € > 0 be a fixed small number such that N, (9) contains 6, and choose R > 0 such
that N.(0) C int(Bg). Then we have

R'\BrCDCR"\{0}.

Since R" \ By is a deformation retract of R” \ {#}, A(R" \ Bg) is a deformation retract of
A(R"\ {0}), so A(R"\ Bg) is a deformation retract of AD. Then we have

H.(AD) = H,(A(R"\ Br)) @ H,(AD, A (R"\ B))
=~ H,(A(S")) @ Ho(AD, A(S")).

By [6], the Poincaré series of A(S"!) is written as

n-1
Pt(A (Sn_l)) = (1 + tn) + m(l + tn)(l + t”_l)
with Z, coefficients. Thus the lemma is proved. d

Let us set a level set
J,={ze AD|J(2) <y}

and

B = {[z] C AD |z € AD,z(t) is a loop onD,VteSl}.

Lemma3.2 AssumethatA;<c<Mj.,j> 1. Foreachy >0, there exists a finite dimensional
singular complex Q = Q,, such that the level set ], is deformed into Q.

Proof Let us choose z € J,,. Then z € AD and we have

L[ . L2 o
](z)=§/0 [0 -c|z(t)|]dt+/o i<y

We note that there exists a constant Ry > 0 such that

if (£,2(t)) € [0,27] x R" \ Bg,,

<+00 and |gra < +00. (3.1)

1
hen ———— d, ———
|z(£) % |z(2)|%



Jung and Choi Boundary Value Problems (2016) 2016:133 Page 9 of 12

We also note that there exists a neighborhood Z of N (#) such that

C
lz(tl)|2P Z Bz or®aelo2r]xz (3.2)

It follows that there exists a constant y, > 0 such that

2w 9 9
/ [50)] - cz0)]dt < o,
0
i.e., we have

2T
Jzol;—c [ feof de < o

Since the number of elements of the set {A; — ¢ | A; — ¢ < 0} is finite and A; — ¢ — 00 as
i € 00, there exists a constant y; > 0 such that

2
/0 20| dt < 1. (3.3)

By Lemma 2.2, there exists €y = €(y, 1) such that

d(zN.(0)) > ey Vze],,VteS.

1

2
Let us choose an integer M = M, >2n 1’61_0 and let

2mi .
tl‘=—, l:1,2,...,M.
M

Let us define a broken line
_ 1 1
Z(t) = (1 - ——M(t - ti) )2z(tiy) + —M(t - t;i_1)z(t),
2 2
Vi€ [tia,6),i=0,1,2,...,M,Vx €], Let
Q={z(t)|z€],}.
The corresponding z > (z(t1), z(ty), . .., z(tsm)) define a homeomorphism between €2 and a

certain open subset of the M-fold product D x D X --- x D. We first claim that @ C AD.
In fact, Vz € J,, for t; > t;, by (3.3), we have

|2(t2) - z(11)

R s/2|é(t)!dt

1
27 . 2 2 1
5(/ |2(2)| dt) ltr — 12
0

1
<»lt-tl.
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Therefore

d(z(t), Ne(8)) > d(z(t:), Ne(0)) - (1 - %M(t - ti—l)) |2(8:) - 2(ti1) |
> € — 271M‘1y1% >0

Vs € [t t], i =0,1,2,..., M. We next claim that there exists v € C([0,1] x J,, AD) such
that v(0,-) = id, and v(1,],) = Q. In fact, let us choose z(t) € AD and let us define v as

follows:
z(t) for ¢ > 2ms,
v(s,2)(t) = 1 (1- 2;?;}_1 Ve(tig) + 2;2;1_ ~2(27s)  for iy < £<27s,
z(t) fort <t 1 <2ms<t.

Then v(0,-) = id, and v(1,/,) = Q. Thus we prove that J, is deformed into € in the loop
space AD. Thus the lemma is proved. d

Proof of Theorem 1.1 (Existence of a weak solution) We shall show that the functional J(z)
has a critical value by the generalized mountain pass theorem. Thus we first shall show
that J(z) satisfies the geometric assumptions of the generalized mountain pass theorem.
Let
AD* = ADNE", AD =ADNE".
Then

AD=AD"@® AD".

Let z € AD". Then we have

n@:lwumw_lwzmw+/”_i_ﬂ
2 Eo2 EJo 1z
1 (71
= —||P*z(t +/ ——dt
2” ( )HE 0 |Z(t)|2p
Since —1- is positive and bounded, if z € AD*, then there exists a number r > 0 such

|2(6)|%

thatif z € 9B, N AD*, then J(z) > 0. Thus inf,cs5,nap+ J(2) > 0. We note that by (3.1), there
exists R > Ry such that

1
grad, ——

1
if (6z(t) €[0,27] x R"\ Bg, then —— <+00 and O

|2(2) %

< +00,

and by (3.2), there exists a neighborhood Z of N, (6) such that

1 > ¢ for (¢,z) € [0,27] x Z
—_— _— r y 5 .
2O ~ 2&Z) g
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Let us choose e € BN AD*. Letze AD” @ {pe| p>0}. Thenz=x+y,x€ AD™, y = pe.
Then we have

1

1 ) ) 1 B ) 2
J(2) = E”P Z(t)HE_ 5”1) Z(t)”EJr/o Wdt

! 2—1||P‘x||2+/;dt.
2 2 q %+ pel?

By (3.1), there exists constant Ry > 0 such that if (¢, z(¢)) € [0,27] X R" \ Bg,, then |m| <

+oo and | grad, W' < +00. Thus there exist a large number R > Ry and a small number
p>0suchthatifz=x+pecdQ=0((BgNAD™) @ {re|ee BiNAD*,0 <r<R})\ Bg,),
then J(z) < 0. Thus we have sup,,,/(2) < 0. By Lemma 2.1, J(2) is continuous and Fréchet
differentiable in AD and, moreover, DJ € C. By Lemma 2.4, /(z) satisfies the (P.S.) con-
dition. Thus by the generalized mountain pass theorem [7], J(z) possesses a critical value

¢ > 0, which is characterized as

c= inﬁ sup](h(z)),

he 2eQ

where

I'={heC(Q AD)|h=id ondQ}.
Thus (1.1) has at least one nontrivial weak solution. Thus we prove Theorem 1.1. O
Proof of Theorem 1.2 (Existence of infinitely many weak nontrivial solutions) By contra-
diction, we assume that /(z) has only finitely many critical points z;,2,,...,2; such that by
the process of the proof of Theorem 1.1, we can obtain J(z;) > 0,1 <j <. Let us set

K ={z1,z9,...,21}.
We note that dimker(D?] (z)) < 2m, for all j. Letting

b* > max{nMy,ind(/,z;) + dimker(D*/(z))) | 1 <j < I},
where M,, is defined in the proof of Lemma 3.2, and

>max{0,/(z) |1 <j <1},
we have

C(,z)=0 Vb>b%j=12,...,

and

H*(AD¢]O) = H*(]T)]O)'
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It follows that
H,(AD,Jy) =0 Vb>b*.
Since

ix : Hy(AD) — Hy(AD,J,) is injective for b > b*,

H,(AD)=0 forb>b",

which is a contradiction to Lemma 3.1. Thus /(z) has infinitely many critical points z;,
j=12,...,in AD. O
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