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Abstract

This paper deals with the existence and multiplicity of positive solutions for a system
of nonlinear singular higher-order fractional differential equations with fractional
multi-point boundary conditions. The main tool used in the proof is fixed point index
theory. Some limit type conditions for ensuring the existence of positive solutions are
given, and our conditions are suitable for more general functions.
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1 Introduction
We discuss the following multi-point boundary problem of the system for nonlinear sin-

gular higher-order fractional differential equations:

D§, u(x) + i (x)fi(x, ulx), v(x)) =0, «x<(0,1),
D§+v(x) + ha(x)fo(x, u(x),v(x)) =0, x€(0,1),
uD0)=0, 0<i<n-2, Dy, u(1) =% arDy, u(Ex),

wW(0)=0, 0<j<m-2, Dy, v(1) =Y 1, bkDy, v(ni),

(1)

where D%, Df}, are the standard Riemann-Liouville fractional derivative of order « € (11—
Lnl,Be(m—-1Lml, well,n-2],vell,m-2]for n,meN*and n,m > 3, a;,b; € R*,
i=12,...,p,j=12,...,q for p,q € N*, fi € C([0,1] x R* x R*,R*), It € C((0,1),R"),
R* = [0, +00), hi(x) (k =1,2) is allowed to be singular at x = 0 and/or x = 1 and

0<&<b<- <<, O<m<m<--<n, <L

Fractional differential equations arise in many engineering and scientific disciplines as
the mathematical modeling of systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of complex medium, polymer rheology, Bode’s analysis
© 2016 Xie and Xie. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13661-016-0643-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-016-0643-2&domain=pdf
mailto:slxie@ahjzu.edu.cn

Xie and Xie Boundary Value Problems (2016) 2016:134 Page 2 0of 18

of feedback amplifiers, capacitor theory, electrical circuits, electro-analytical chemistry,
biology, control theory, fitting of experimental data, and so forth. Hence fractional differ-
ential equations have attracted great research interest in recent years, and for more de-
tails we refer the reader to [1-7] and the references cited therein. Recently, the existence
and multiplicity of positive solutions for the nonlinear fractional differential equations
have been researched, see [8—16] and the references therein. For instance, Zhang et al.
[17] studied the existence of two positive of following singular fractional boundary value

problems:

D, u(t) +f(t,ut)) =0, 0<t<1,
u0) =0, Dfu(0)=0,  Df.ull)= 3% &Dfutn),

where Df, is the standard Riemann-Liouville fractional derivative of order o € (2,3],
B € [L,2] & € (0,1),0 — f = L with 5% & < 1.
In [18-21], the authors studied the existence of a positive solutions of two types of sys-

tems for nonlinear fractional differential equations

Df,u(t) + Mf (¢, u(t),v(t)) =0, te(0,1), ©)
Db v(t) + ug(t, u(t),v(t)) =0, te(0,1),
with boundary conditions:
u(0) =/'(0) = --- = u”2(0) = 0, u(l) = fol v(t) dH(t),
/ n-2 1 (3)
v(0) =v/(0) = --- = v"=2(0) = 0, v(1) = [, u(t) dK(2),

u0)=0, 0<i<n-2,  u@)=Y"4 awu),
W(0)=0, 0<j<m-2,  v(1)=Y1 bv(m),

and

u?0)=vD0)=0, 0<i<n-2,
Dy, u(1) = ¢y (u), Dg,v(1) = ¢ (v),

where D%, D}, and D}j, are the standard Riemann-Liouville fractional derivative, &, 8 €
(n-1,n],y € [1,n-2] for n > 3,1, u > 0. Equations (2) with Af(¢, u,v) and ug(t,u,v) re-
placed byf(t, v) and g(¢, u), respectively, the existence and multiplicity of positive solutions

of the system (2), (3) was investigated in [22]. The extreme limits

t,u,v . t, u,v
f; =:limsup max TA ), g; =:limsup max & ),
urv—s telod] U+v urv—s t€l0l] U+v
f(tu,v) g(t,u,v)

f; =:liminf min , g; =:liminf min ,
u+v—38 telf,1-0] U+v u+v—35 telf,1-0] U+ v

are used in [19, 20], where 6 € (0, %), 8§ = 0% or +00. Some similar extreme limits are used
in [18, 21, 23-25]. However, for equation systems [18—21, 23-25] and a single equation
using the extreme limits, there is no essential difference.
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Motivated by the above mentioned work, in this paper, we present some limit type con-
ditions and discuss the existence and multiplicity of positive solutions of the singular frac-
tional multi-point boundary problems (1) by using fixed point index theory in a cone. The
results obtained here are different from those in [18-21, 23-25], and some examples ex-

plain our conditions are applicable for more general functions.

2 Preliminaries
Definition 2.1 [26] The Riemann-Liouville fractional integral of order « > 0 of a function
u:(0,+00) — R is given by

Ifu(t) = ﬁ /Ot(t—s)""lu(s) ds, t>0,

provided the right side is pointwise defined on (0, +00), where I'(«) is the Euler gamma
function. The Riemann-Liouville fractional derivative of order « > 0 of a continuous func-
tion u : (0, +00) — R is given by

o n—o—1
oL u(t) = e )dt”/(t s) u(s)ds, t>0,

where n = [o] + 1, [«] denotes the integer part of number «, provided the right side is
pointwise defined on (0, +00).

Lemma 2.2 [27] Letx € L?(0,1) (1 <p < +00), p>0 >0.
(i) D§ I, x(t) = 10,7 x(t), DG, 15, x(2) = x(2), 1), 15, x(2) = I3, ° x(t) hold at almost every
pointt € (0,1). If p + 0 > 1, then the above third equation holds at any point of [0,1];
(i) D§,t* =T (p)t*YT(p-0),t>0.

Lemma 2.3 [27] Let « > 0,n = [a] + 1 for a« ¢ N and n = o for o € N, n is the smallest
integer greater than or equal to a. Then, for any y; € L'(0,1), the solution of the fractional
differential equation D, u(t) + y1(£) =0 (0 <t <1) is

t
u(t) + m / (t—s) " yi(s)ds = 1t + ot 4w t*", O<t<l,

where ¢, ¢, ..., C, are arbitrary real constants.

Lemma2.4 Let Y7 4t " €[0,1),a € (n-1nl,pue[l,n-2] (n>3)and y € C[0,1].
Then the solution of the fractional boundary value problem

Dg+ u(t) +n() =0, 0<t<l],
uP0)=0, 0<i<n-2, @
Dy, u(1) = Zf:l a;Dy, u(&)),

is given by

1
ult) - / Gult,5).(s) ds, (5)
0
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_117

G ( ) gl t S Zﬂjhl %'17 ) (6)

-1
whered, =1 — Zﬁil @ ",

1 [l —g)eml—(t—s)*, 0<s<t<l1,
£,8) = —— - - 7
gl( ) F(Ol) {tal(l _ S)a—prl’ 0<t<s<l, ( )
1 e Q- —(t—s)* !, 0<s<t<l,
mts)=——1 . .1 o (8)
F(a) |2 #711 - )2, 0O<t<s<l.

Proof By using Lemma 2.3, the solution for the above equation is
-1 t
u(t) = — / (t =) yi(s)ds + et et + 4t
0
where ¢, ¢y, ..., ¢, are arbitrary real constants. By #(0) = 0, we have ¢, = 0. Then
u(t) = / (t—s)"yi(s)ds + et + eot® % + -+ ¢ 277 9)
I‘(ot)
Differentiating (9), we have
u'(t) = F( ) / (t=5)"y(s)ds+ci(a— 1)+ -+ gy —m+ 1)t
By #/(0) = 0, we have ¢,_; = 0. Similarly, we get c; =c3 =--- = ¢, = 0. Hence
-1 t
u(t) = — / (t—s)"yi(s)ds + c1t* 7" (10)
') Jo
By Dp, u(1) = 37, a;Dg, u(§)) and Lemma 2.2, we get
1
Dy, ul(t
0+u( ) (C( )
1 ! a—p-1 5 a—p-1
cl:dlr‘—(a) /0 1-53) yl(s)ds—;:a,-/o (& —s) y1(s)ds |.

Substituting ¢; into (10), we see that the unique solution of the problem (4) is

u(t) = L_l /‘1(1—s)"‘_“’1 (s) ds—iw/sj(é'—s)“”‘_l (s)ds
dil'() | Jo N P "Jo n

|:c11"(oz)t°‘ w1 /(t s)* (s)ds],

L e
_F(a)/o(t ) yi(s)ds

! a-1 a—pu—1 1 - dl ! a-1 a—pu—1
+/ Q-9 y(s)ds — p / (1 -5 y(s) ds
t

1 0
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p g
. _ q)a—u-l d
; §j=1:a, JRCEERC s}
/ a(t s)yl(s)ds+ s u,|:/ E“ m= 1(1 $)* Ly (s) ds

§
+ ‘/0 [%_ja—u—l(l _ S)a—//«—l _ (51 _ s)ot—u—l]yl(s) dsi|

alp

/ @) ds + —— Za, f I (&, 8)y1(s) ds

1
_ ] Gu(t, )91 (5) ds,
0

i.e. (5) holds.
Conversely, if u € C[0,1] is a solution of the integral equation (5), from Lemma 2.2 we
easily see that u satisfies the equation and boundary conditions of (4). O

Lemma?2.5 Under the assumptions of Lemma 2.4, the functions gi(t, s) and hy(&;, s) defined
by (7) and (8) have the following properties:

(i) @(t,s) = 0 is continuous on [0,1] x [0,1] and gi(t,s) > 0 forall t,s € (0,1).

(il) maxepo,&1(t,s) =g (1,s) forall s € [0,1], where

a(l,s) = [(1 —s) o1 - S)“_l].

1"( )

(iii) gi(t,s) > t*Lg1(1,5) for all t,s € [0,1], and there are 0 € (0, %), Yo € (0,1) such that
mingey, &(4,8) > vugi(L,s) for each s € [0,1], where Jy = [0,1 - 6], y, = 0*7".

(iv) m(t,s) = 0 is continuous on [0,1] x [0,1] and hi(¢,s) > 0 forall t,s € (0,1).

Proof For the proof of (i), (ii), and (iv), respectively, see Theorem 3.2 in [28] and
Lemma 2.6 in [19]. It remains to prove (iii). We have by (7)

a-1
ait,s) > %t"‘ 1[(1 5)* Tt~ (1 - ;) ] >t g(l,5), 0<s<t<l,

1
ait,s) > mt"‘l(l -9 > g(l,s), 0<t<s<L
o

Hence gi(£,5) > t*'gi(1,5) for all £,s € [0,1], and so miney, g1 (4, 8) > vugi(L,s) for all s €
[0,1]. O

From Lemma 2.5 it is easy to get the following result.

Lemma 2.6 Under the assumptions of Lemma 2.4, the Green’s function Gi(t,s) defined by
(6) has the following properties:

(i) Gi(z,s) = 0 is continuous on [0,1] x [0,1] and Gi(¢,s) > 0 for all t,s € (0,1).

(il) maxefo,1) Gi(t,8) = Gi(1,s) for each s € [0,1], where
(1-g

1
il (@) 1

1 p
Gi(Ls) =@i(Ls) + o ;a,m(s,»,s) <
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(iii) Gi(t,s) > t*71Gi(1,s) for all t,s € [0,1], there are 6 € (0, %), Ve € (0,1) such that
minej, Gi(4,8) > vaGi(1,s) for each s € [0,1], where Jo = [0,1 - 0], v, = 0%,

We can also formulate similar results as Lemmas 2.4-2.6 above, for the fractional differ-
ential equation with fractional multi-point boundary conditions

Dg+v(t) +9,(8)=0, O0<t<l,
v(0)=0, 0<i<m-2,
D5+V(1) = ;1:1 biD3+V(nj)’

where m,q e N*,m>3,0 < <---<n,<1,b;>0forallj=1,2,...,q and y, € C[0,1]. We
denote by dy =1 — Z;’zl bjnf_”_l, v and g1(¢,5), ha (1), 8), Ga(t, 5), Go (1, 5) the correspond-
ing constants and functions for the problem (2) defined in a similar manner to d, y, and
&i(t,5), m(&;,5), Gi(t, s), G1(1,5), respectively. From Lemma 2.6 we know that G;(¢,s) and
Ga(t,s) have the same properties, and there exists yg = 0#-1 such that mingej, Go(Z,5) >
ypGa(L,s). Let y = min{ys, vp},

1

1-
Bk:/e G, y)hi(y) dy, Mk:/g Gy dy (k=1,2).

For convenience we list the following assumptions:
(H1) Ay € C((0,1),R*), g (x) £ 0 on any subinterval of (0,1) and

1 1
0< / A -9 h(y)dy =: 1 < +00, 0< / (1 —y)ﬂ_”_lhz(y) dy =:1; < +o0.
0 0

(H,) There exist a,b € C(R*,R*) such that
(1) a(-) is concave and strictly increasing on R* with a(0) = 0;
(2) fio =liminf,_ ¢, fl(x—”)v) > 0,f20 = liminf, ¢, L) uniformly with respect to

a(v, b(u)
(x,u) € Jy x R* and (x,v) € Jy x R*, respectively (specifically, fip = fa0 = +00);
(3) lim,_q, @ = +oo for any constant C > 0.

(H3) There exists t € (0, +00) such that

floo =lim supfl—(x;?’ ) < +00, f2°° =lim supfzi(x’ ?’ )

V—+00 U—+00 ut

=0

uniformly with respect to (x,u) € [0,1] x R* and (x,v) € [0,1] x R*, respectively (specifi-
cally, > =f° = 0).

(H4) There exist p, g € C(R*,R*) such that

(1) pis concave and strictly increasing on R*;

(2) fico =liminf,_, . Ay o o0 = liminf,_, , o L) uniformly with respect to

p(v) q(u)
(2, u) € Jo x R* and (x,v) € Jo x R, respectively (specifically, fioo = fooo = +00);
(3) lim,_ 00 ’@ = +oo for any constant C > 0.

(Hs) There exists ¢ € (0, +00) such that

. X, U,V
+00, fz0 = hmsupfzi( ’1 v) =
u—>0+ us

£ =limsu 0

v—>0+

pﬁ(x, u,v) .
Vs

uniformly with respect to (x,u) € [0,1] x R* and (x,v) € [0,1] x R*, respectively (specifi-
cally, £ = f7 = 0).
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(Hg) There exists r > 0 such that fi (x, #, v) and f5(x, 4, v) are nondecreasing in the second
variable and the third variable u,v € [0, r] for all x € [0,1], and

filx,yr,yr) > (y81)’1r, folx,yr,yr) > (y82)’1r, Vx e [6,1-0].

(H7) There exists R > r > 0 such that fi(x,u,v) and f>(x,u,v) are nondecreasing in the
second variable and the third variable «, v € [0, R] for all x € [0,1], and

S, R,R) < (2m1) 'R, fol, R,R) < (2uz)'R, Vxe[0,1].

Let E = C[0,1], lu|| = max;e[o,1] |#(¢)|, the product space E x E be equipped with norm
Iz, v)|| = ||| + ||v|| for (z,v) € E x E, and

p- {u € Esu(t) 2 0, € [0,1], minu(t) = y||u||}.
tefy

Then E is a real Banach space and P is a cone of E. By (H;), we can define operators Ay :
P x P — E as follows:

1
A v)(x) = /0 Gilo ) OV (0 1) V) dy  (k =1,2), 12)

A(u,v) = (A1(u,v), Az (1, v)). Clearly (u,v) is a positive solution of the system (1) if and only
if (4, v) € P x P\ {(0,0)} is a fixed point of A. Let B, = {u € E : ||u|| < r} for r > 0.

Lemma 2.7 Assume that the condition (H;) is satisfied, then A : P x P — P x P is a com-
pletely continuous operator.

Proof First of all, we show that A; : P x P — P is uniformly bounded continuous operator.
For any (u,v) € P x P, it follows from (12) that A; (¢, v)(x) > 0,x € [0,1],

1
e /0 Gy(L ) 0V (3, 1), V() dy

and

1
min A, (u,V)(x) = ¥ fo GiLYI WA u),vy) dy = v | A, v)].

Hence A{(P x P) C P.
Let Q@ C P x P be a bounded set, we assume that ||(%,v)|| < d for any (u,v) € Q. Let
M = maxXye[o,1],unenfi*; 4, v) + 1. Equation (11) and (H;) imply that

1 1
e fo Gi(L ) 0)fi (3 ), v(y)) dy < M fo Gu(L, ) (3) dy < +00,

from this we know that A;(€2) is a bounded set.
We show that A; : P x P — P is continuous. Let (u,,v,), (g, vo) € P x P, ||(4,v,) —

(0, vo) |l = (24, — 119, vy — vo)|| = O (n — 00). Then {(u,,v,)} is a bounded set, we assume
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that ||(u,, v,)|| <d n=0,1,2,...). From (H;), i € C([0,1] x R* x R*,R*),

1
A1 (1, vie) = A (10, v0) | 5/0 G(L Y)W |A 0 un3), va®)) =i (0 403 vo () | dy

and the Lebesgue control convergent theorem, we know that A; is a continuous operator.

Now we show that A; is equicontinuous on . For any given ¢ > 0, taking § €

. dil(a)e
(O,mln{Mll(a_l),

(7) and (8)

1}), for each (u,v) € Q,x1,%5 € [0,1],%1 < %2, and x, — %1 < §, we have by

AL (, V) (32) — A1 (1, v) (1) |

1
/0 [Gi(x2,9) = Gi(x1, ) [ O (3 w(9), v(9)) d}"

X1 X2 1
=(/ . / . / )[Gl(xz,y)—Gl(xl,y)]m)ﬁ(y,u(y),v@))dy
0 X1 X2

M o-1 o-1 " 2 ! o—p—1
<[ [ [ o

- M, (x“‘l—x“‘1)<M4h(a_1)(x —x)<M7h(a_1)8<e
() 2 1 dl@) 2 VS AT ()

By means of the Arzela-Ascoli theorem, A; : P x P — P is completely continuous. Simi-
larly, we can prove that A, : P x P — P is completely continuous. Hence A: P x P — P x P

is a completely continuous operator. d

Lemma 2.8 [29] Assume that A:B,NP — Pisa completely continuous operator. If there
exists ug € P\ {0} such that

uZAu+iuy, VA>0,uedB, NP,
then the fixed point index i(A,B, N P,P) = 0.

Lemma 2.9 [29, 30] Assume that A : B, N\ P — P is a completely continuous operator.
Q) Ifu & Auor |Aull < ||lull for all u € 9B, N P, then the fixed point index
i(A,B,NP,P)=1.
(2) Ifu? Auor |Aul| > ||\ull for all u € 9B, N P, then the fixed point index
i(A,B,NP,P) = 0.

In the following, we adopt the convention that C;, C;, Cs, ... stand for different positive
constants. Let 2, = {(4,v) € E X E: ||(u, V)| < r} for r > 0.

3 Existence of a positive solution
Theorem 3.1 Assume that the conditions (H;)-(Hs) are satisfied, then the system (1) has
at least one positive solution.

Proof By (H,), there are & > 0,7; > 0 and a sufficiently small p > 0 such that

A@u,v)>&alv), Yxu) el xR,0<v=<p,

fZ(x, u, V) Z nlb(u)» V(x: V) 6]9 X R+)0 S u 5 I

Page 8 of 18
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and

2K,

a(Kib(u)) > ———
(Kib() = &iméi8ry3

u, Vuelo,p], (14)

where K = max{my G,(1,y)h2(y) : y € Jo}. We claim that
(u,v) #A(u,v) + M, 9), YA >0,(u,v) €02, N (P x P),
where ¢ € P\ {0}. If not, there are A > 0 and (u,v) € 32, N (P x P) such that (u,v) =

Au,v) + Mo, p), then u > A;(u,v),v > Az(u,v). By using the monotonicity and concavity

of a(-), Jensen’s inequality and Lemma 2.6, we have by (13) and (14)

1
) = [ Gis OV 0r ) 10)
1
> E1Va /0 Gi(L Y ()a(v(y)) dy
1 1
ZElVa/(; Gl(l,y)hl(y)ﬂ</0 MGy, 2)ha2(2)b(u(z)) dz) dy
1- 1
=ty [ GINO) [ alnyGall Ia@b(u(z)) dedy
1- 1
2513//; Gl(l,y)hl(y)/o a(K;'my Ga(L, 2)hy (2)Kib(u(2))) dz dy
1-0 p1-0
> 51771)/2Kf1/ / Gi1(1, Yl (y) G2 (1, 2)hy(2)a(K1b(u(2)) ) dz dy
o Jo
1-6
> gmly%l]ql/g Ga (L 2)hy(2)a(Kib(u(z))) dz

1-6

> — G2 (L, 2)hy(2)u(z)dz = 2|ull, x€Jb. (15)
&y Jo

Consequently, ||z = 0. Next, (13) and (14) yield
1
a(v(x)) > a(/o Ga(x, V) (9)fa (y, u(y), v(y)) dy)

1
> /0 a(my Ga(L, ()b (u(y))) dy

1-60
> iy K f9 oLy (a(Kib(u()) dy

2
£1618,y2

>

1-6
/9 Go(L ) (»)uy) dy

1

1-6
/g Ga(Ly)ha(y) dy / G\(1, 2n(Da(v(z)) dz
0

=

8182y
2 1-6

> Gi(L2)m(2)a(v(2) dz > 2a(|IVIl), x€ s, (16)
1Y Jo
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this means that a(||v||) = 0. It follows from the strict monotonicity of a(v) and a(0) = 0 that

[lvll = 0. Hence ||(&,v)| = 0, which is a contradiction. Lemma 2.8 implies that
i(A,2,N(Px P),Px P)=0.
On the other hand, by (Hs), there exist ¢ > 0 and C; > 0, C; > 0 such that

filk,u,v) <¢vi +Cp, VY(xu,v) €[0,1] x RT x RY,

folxu,v) < szu% +Cy, V(x,u,v) €[0,1] x R* x R,

where

&y = min{ ! T ! T }
(82 p1)T 8ua(Lp)*

Let

W = {(u,v) erP:(u,v):AA(u,v),O§A§1}.

17)

(18)

We prove that W is bounded. Indeed, for any (i, v) € W, there exists A € [0,1] such that

u = AA1(4,v),v = LAy (u,v). Then (18) implies that
1
) < M)W ¢ [ GOV 0 dy+ Co
0
1 1
V) = s =22 [ Gall a0y + Co
0
Consequently,

1 1 ) T
ulx) < ;/0 Gl(l,y)hl(y)dy(zsz'/0 Gz(].,Z)hg(Z)MT(Z)dZ+C4) +C3

T

1
< Cm(sz/ Gz(LZ)hz(Z)||M||%dZ+C4> +C3
0

TR
< Cm[( ”é?:i”) + C4] + Cs,

1 1
v(x) < 82/0 Gy(L,y)hy(y) dy(g“/o Gl(l,z)hl(z)vf(z)dz+C3) + Cy

1 :

< &y (§ G2 @)V dz + Ca) +Cy
0
1 - 1
< T (Cm v+ Cs)7 + Ca.
8(C )7

Since

1
cl()T + Gt 1 Guwt+ Gyt 1
w—>IPoo w - g, Wl_l)IPOO T Seutw g,
8(¢ur)Tw

(19)

(20)
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there exists r; > r, when || (&, v)|| > r1, (19) and (20) yield
1 1
ux) = 7 | + Gv@) < @) + .
Hence ||(u,v)|| < 2(Cs + C4) and W is bounded.
Select G > 2(C3 + C,). We obtain from the homotopic invariant property of fixed point
index that
i(A,QeN (P x P),PxP)=i(6,2N(PxP),PxP)=1. (21)

Equations (17) and (21) yield

i(A,(Q6 \ Q,) N (P x P),P x P)

=i(A,QeN (P x P),P x P) —i(A,Q,N(PxP),PxP)=1.

So A has at least one fixed point on (g \ €,) N (P x P). This means that the system (1)
has at least one positive solution. d

Theorem 3.2 Assume that the conditions (Hy), (Ha), and (Hs) are satisfied. Then the sys-
tem (1) has at least one positive solution.

Proof By (Ha), there are & > 0,12 > 0,Cs > 0,Cs > 0, and C7 > 0 such that
_fl(x; u, V) 2 EZP(V) - CS: _fZ(x, u, V) 2 an(u) - C6’ (xy u, V) e]H X R+ X R+1
and
2K,

K; > ——u-Cy, R*, 22
p(Kq(w) = Gyt T M€ (22)

where Ky = max{nyy G2(1,y)h2(y) : y € J}. Then we have

1
Ar(, ) (%) = & /0 Gt O)p (V) dy - Cor %€ o,
(23)

1
Aol @) > 1 / Gal, s () (uy)) dy — Cs, %€ Jo.
0
We affirm that the set

W = {(u,v) erP:(u,v):A(u,v)+A((p,(p),k20}

is bounded, where ¢ € P\ {0}. Indeed, (&, v) € W implies that u > A; (i, v),v > Ay (u,v) for
some XA > 0. We have by (23)

1
u(x) = & /0 G )P (v0) dy - Csr %€ o, (24)

1
V() = 0, / ot W) q(u®)) dy - Cor €T, (25)
0
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By the monotonicity and concavity of p(-) as well as Jensen’s inequality, (25) implies that

1
p(v(x) + Co) > p( /O MG (%, )2 (9)q (u(y)) dy)
1
> fo P(my G2(Ly)ha(y)q(u())) dy
1-6
> myK;' /9 Go (L) (V)p(Kag(u(y))) dy, % € Jo. (26)
Since p(v(x)) > p(v(x) + Cy) — p(Cy), we have by (22), (24), and (26)
1
u®) > by /0 Gi(1L ) )[p(v) + Cs) — p(Co)] dy — Cs
1-6
> &y /@ Gi(L Y G)p(v(y) + Co) dy - Cuo
1-6 1-6
> &y 2K / Gl(l»y)hl(y)/ G2(1, 22 (2)p(Kaq(u(2))) dzdy — Cio
[ 0
1-6
> £y 2K /9 Ga(L s (p (Ko (1(2)) dz — Cro
1-6
> 2(8,y)") / Gl Iha(@u(e) dz— Cny = 2ull - Cu,  x€Jp. 27)
[

Hence ||u|| < Cy1.
Since p(v(x)) > yp(||v]]) for x € Jy, v € P, it follows from (26), (22), and (24) that

p(v(@) = p(v(x) + Co) - p(Co)

1-6
> my Ky /9 Ga(L,y)h (0)p(Kag(u(9)) ) dy — p(Co)

2 1-6
= W /@ GZ(LJ’)hz()/)u(y) dy_ C12

=

1-6 1
8162]/ /9 Gz(l,y)hz()’) dy/O Gl(l, Z)hl(z)p(v(z)) dz — C13

1-0
=25 [ G am@p(Iv1) dz - Ci
0

=2p(Ivll) - Cis,  x €.
Hence p(||v||) < Ci3.By (1) and (3) of the condition (Hs), we know that lim,_, ,, p(v) = +00,
thus there exists Cy4 > 0 such that ||v|]| < Cy4. This shows W is bounded. Then there exists
a sufficiently large K > 0 such that

(6, v) ZA(u,v) + Mo, @), Y(u,v) € 0Qx N (P x P),A >0.

Lemma 2.8 yields

i(A,Qk N (P x P),P x P)=0. (28)
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On the other hand, by (Hs), there is a o > 0 and sufficiently small p > 0 such that

filxu,v) <ovs, V(xu)el0,1] xR*,vel0,p],

folx,u,v) < slué, Y(x,v) € [0,1] x R*,u € [0, p], 2
where

£ = min{(2amu§)7%,ugl}.
We claim that

(u,v) £ Aw,v), V(u,v) €9, N (P x P). (30)

If not, there exists a (u,v) € 3Q, N (P x P) such that (&,v) < A(u,v), that is, u <
A1(u,v),v < Ay(u,v). Then (29) implies that

1
u() < /0 Gy, ) )i (3, 4), v(y)) dy
1
<o / Gu(L ) () dy
0
1 1 S
50/ Gl(l,y)hl(y)</ Gz(y,z)hz(z)fg(z,u(z),v(z))dz) dy
0 0

1 1 S
<o / Gl(l,y)hlay)dy< / Gz(l,Z)hz(Z)fz(z,u(Z),V(Z))dZ>
0 0

S

1
=om <f0 G2 (1, 2)h2(2)f (2, u(z), v(2)) dz)

1 S
<ome; ( / Go(L,2hy(2)us (2) d2>
0
1
< o ey ps llull < Flul. xe [0,1], (31)

and

1
V) < /0 Gl a0 (3 1), V() by
1 1 1
<o /0 Go(L a0t 0y < evpiallel ¥ < ull¥, x e [0,1]. (32)

Equations (31) and (32) imply that (&, v)|| = 0, which contradicts ||(»,v)|| = p, and the
inequality (30) holds. Lemma 2.9 yields

i(A,Q,N(PxP),PxP)=1. (33)
We have by (28) and (33)

i(A,(Qk \ ©,) N (P x P),P x P)

=i(A,QxN(P x P),P x P) - i(A,Q,N(PxP),PxP)=-1
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Hence A has a fixed point on (22 \ §p) N (P x P). This means that the system (1) has at

least one positive solution. O

Theorem 3.3 Assume that the conditions (Hy), (Hg), and (H;) are satisfied. Then the sys-
tem (1) has at least one positive solution.

Proof Since yr < u(x),v(x) <rfor (u,v) € 922, N (P x P),x € [#,1 - 0], we know from (H)
that

1-60
Ay V)) = /9 Gy Wiy v, yr) dy

> 81_1;"/910 Gy dy=r, xel6,1-06],
Ar(u,v)(x) = 570 Gooe, Y )fo (s v 1, 1) dy
> 821r/1_c GoLa()dy=r, x€[0,1-0].
c
Hence [|A(u,v)|| > r = ||(&, V)| for any (u,v) € 32, N (P x P). Lemma 2.9 yields
i(A,Q,N (P x P),P x P) =0. (34)

On the other hand, for any x € [0,1],0 < u,v <R, (H7) implies that

1
Ay, )() < / Gi(L ) W)fi(y, R, R) dy < &,
0

R
)

1 R
Ast,v)() < /0 GoL OV R RYdy = 5

Hence ||A(u,v)|| <R = ||(»,v)|| for (u,v) € 3Qr N (P x P). Lemma 2.9 yields
i(A, QRN (P x P),P x P) =1. (35)
We have by (34) and (35)

i(A,(Qr \ Q)N (P x P),P x P)
=i(A, QN (P x P),P x P) —i(A, 2, N(Px P),Px P) =1. (36)

So A has a fixed point on (Qz \ 2,) N (P x P). This means that the system (1) has at least

one positive solution. g

4 Existence of multiple positive solutions
Theorem 4.1 Assume that the conditions (Hy), (Hs), (Hs), and (Hg) hold. Then the system
(1) has at least two positive solutions.

Proof We may take G > r > ¢ such that (21), (33), and (34) hold. Then we have

i(A,(Q6\ Q)N (P x P),P x P)
=i(A,Q¢ N (P x P),P x P) —i(A,2,N (P x P),P x P) =1,
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i(A, (2, \ Q) N (P x P),P x P)
=i(A,2,N(P x P),P x P) —i(A,Q; N (P x P),P x P) = -1. 37)

Hence A has a fixed point on (2 \ 2,) N (P x P) and (2, \ 2,) N (P x P), respectively.
This means the system (1) has at least two positive solutions. O

Theorem 4.2 Assume that the conditions (H;), (Hy), (Ha), and (H7) hold. Then the system
(1) has at least two positive solutions.

Proof We may take K > R > p such that (17), (28), and (35) hold. Then we have

i(A, (% \ 2r) N (P x P),P x P)

=i(A,Qk N (P x P),P x P) —i(A,Qr N (P x P),P x P) = -1, (38)
i(A, (2 \ 2,) N (P x P),P x P)

=i(A,QrN(P x P),P x P) —i(A,Q,N(Px P),P x P) =1.

Hence A has a fixed point on (Qx \ Qz) N (P x P) and (g \ﬁp) N (P x P), respectively.
This means the system (1) has at least two positive solutions. O

Theorem 4.3 Assume that the conditions (Hy), (Hs), (Hs), (He), and (H7) hold. Then the

system (1) has at least three positive solutions.

Proof We may take K > R > r > ¢ such that (28), (33), (34), and (35) hold. From the proof
of Theorem 3.3, Theorem 4.1, and Theorem 4.2 we know that (36), (37), and (38) hold.
Hence A has a fixed point on (g \ Qz) N (P x P), (2 \ 2,) N (P x P) and (2, \ Q,) N (P x P),
respectively. Hence the system (1) has at least three positive solutions. O

Similar to the proof of Theorem 3.3, we can get the following result.

Theorem 4.4 Assume that (Hy) holds. If there are 21 positive numbers di, Dy (k =1,2,...,1)
with

di<Dy<dy<Dy<---<d;<Dy

such that fi(x,u,v) and fo(x,u,v) are nondecreasing in the second variable and the third
variable u,v € [0,Dy] for all x € [0,1], and
(Hg) filx, ydi, ydi) > (v81) Y, folx, Y ydi) > (y8a) Yy forall x € Jy, k =1,2,...,1,
(Ho) fi(x, Dy, Dy) < ,ul‘l%,fg(x,Dk,Dk) < ,u;l%for allx€[0,1,k=1,2,...,1.
Then the system (1) has at least [ positive solutions (uy, vi) satisfying

di < |(uevi)| <De k=1,2,...,L
5 Some examples

In the following, we give some examples to illustrate our main results. In Examples 5.1-5.4,
the meaning of o, 8, i1, v is the same as in the system (1).
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Example 5.1 Let /i;(x) = 1/(1 — )% * 1, hy(x) = 1/(1 = x)#7L,x € (0,1), fi(x,u,v) = (1 +
e ), f(,u,v) =1 —e @), x € [0,1],u,v € R, a(v) = v3,b(u) = u?, v =1/2. Clearly,

1 1
f (1= ) () dy = f A=) dy =1,
0 0

but [ h(y)dy = +00 (k =1,2) for & =t =1 > 1, — v —1 > 1. The results of [18-25, 28,
31] are not suitable for the problem. It is easy to verify that the conditions (H;)-(Hs) hold,
hence Theorem 3.1 implies that the system (1) has at least one positive solution. Here
fi(x, u,v) and fo(x, u, v) are sublinear on «# and v at 0 and +o0.

Example 5.2 Let /1 (x) be as in Example 5.1, fi (x, u, v) = e*(1+ e~ %), f(x, u, v) = u%, alv) =
v%,b(u) =u?,t = 1/2. It is easy to verify that the conditions (H;)-(Hs) hold, Theorem 3.1
implies that the system (1) has at least one positive solution. Here fi (x, &, v) is sublinear on
u and v at 0 and +00, whereas f,(x, 4, v) is superlinear on # at 0 and +oo.

Example 5.3 Let /(x) be as in Example 5.1, fi(x, u,v) = (1 + e™W3, fo(x, u,v) = u?, p(v) =
V%,q(u) =u3, ¢ = 3. It is easy to verify that the conditions (H;), (H,), and (Hs) hold. The-
orem 3.2 shows that the system (1) has at least one positive solution. Here fi(x,u,v) is
superlinear on v at 0 and +00, f, (%, &, v) is superlinear on « at 0 and +oo.

Example 5.4 Let /i (x) be as in Example 5.1, fi(x, u,v) = (1 + e’“)v%,fz(x, uw,v) =1 +e")u’,
p(v) = v%,q(u) =u* ¢ =1/3. It is easy to see that the conditions (H;), (H4), and (Hs) hold.
Theorem 3.2 shows that the system (1) has at least one positive solution. Here fi (x, %, v) is
sublinear on v at 0 and +o00, whereas f;(x, &, v) is superlinear on « at 0 and +o0.

Example 5.5 Consider the system of nonlinear singular fractional differential equations
with fractional three-point boundary conditions:

D2 u(x) + I @)fy (v, (), v(®)) =0, x € (0,1),

D3 v(x) + h(x)fo(x, u(x),v(x)) =0, x€(0,1), (39)
w0)=1(0)=0,  w1)=Lu(),
w0)=v(0)=0, v()=Lv(Q),

1
wherea:ﬁ:%,u:u:l,alzblz\/TE,%‘I:J’]I:%,hl(x):(l—x)_i,

3
, xuel0,1],
fl(x,u,v):3v271v%, x€[0,1],v>0, folx,u,v) =3v2m u3 ue 0]
u2, xel0,1,u>1.

3
By a simple calculation, we have d; = %,y = %,61 = f{* Gi1(1,8)h(s)ds = SBsz_—l Take r =
1 JT

lLLt=¢= % in (H3) and (Hs), it is easy to verify that the conditions (H;), (Hs), (Hs), and (Hs)
hold. From Theorem 4.1 one concludes that the system (39) has two positive solutions.

Example 5.6 Consider the singular system (39), where

, wuel0,1],
, x€[0,1],u>1.

NPT

ﬁ(x,u,v):3v2nv3, x€[0,1],v>0, folx,u,v) =3v2m “
u
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Taker = 1,7 = ¢ = 3in (Hs3) and (Hs), it is easy to verify that the conditions (H;), (Hs), (Hs),
and (He) hold. From Theorem 4.1 one concludes that the system (39) has two positive

solutions.

Example 5.7 Consider the singular system (39), where

T %V%, x,ve[0,1],

fl(x,u;V) = T 2

Z: xe[o;l],vil,

1
ﬁ wr+2u? , uel0,1],

f2(x,u, V) = T 2 12 X, U [ ]

o x€[0,1],u>1.

By a simple calculation, we get (1 = uy = fol Gi1(1,8)h(s)ds = %J;_;Z) Take R = 4,a(v) =

p(v) =v3, b(u) = u?, q(u) = u?, it is easy to see that the conditions (Hy), (H,), (Hy), and (H;)
hold. From Theorem 4.2 one concludes that the system (39) has two positive solutions.

Example 5.8 Consider the singular system (39), where

T b
fl(x,u,v):§v%, x>0,v>0, fz(x,u,v):Tu%, x>0,u>0.

Take R = 4,a(v) = p(v) = V%, b(u) = q(u) = u%, it is easy to see that the conditions (H;),
(Hz), (H4), and (H7) hold. From Theorem 4.2 one concludes that the system (39) has two
positive solutions.

Remark 5.9 From Examples 5.1-5.8 we know that the conditions (H;)-(Hs) are applicable
to more general functions and our results are different from those in [18-21, 23-25].

Remark 510 If ,m>2, n—-1<a <mm-1<pB <m,u=v =0 in the system (1), all
our conclusion is true because the corresponding Green'’s function gi(¢,s) (k = 1,2) satis-
fies a Harnack-like inequality (see [19]). Hence our results improve and generalize some
corresponding results in [19, 28, 31] and [32].
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