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Abstract
We study the following initial-ooundary value problem:

JEY+ 18+ W) =fxD, 1<x<Rt>0,
L,0+g10,  ulRt)=galt), 1)

where >0, >0, h; >0, R > 1 are given constants and f, f1, g1, gg, Ug are given
functions. First, we use the Galerkin and compactness method to prove the existence
of a unique weak solution u(t) of Problem (1) on (0, T), for every T > 0. Next, we study
the asymptotic behavior of the solution u(t) as t — +oo. Finally, we prove the
existence and uniqueness of a weak solution of Problem (1), , associated with a

‘(N + 1)-points condition in time' case,

where (T;,n), i=1,...,N, are given constants satisfying

N
0<Ti<Ty< o <Tyua <Ty=T, > Ipl <1
i=1
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1 Introduction

Consider the following nonlinear pseudoparabolic equation:

ad 92 10
u—(p+oa— _u+__u +f(u) =filx,t), l<x<Rt>0, 1.1)
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with the mixed inhomogeneous condition

uy(1,t) = u,t) + g1 (t), u(R, t) = gr(t), (1.2)
and with the initial condition

u(x, 0) = i1y (x), (1.3)

or the ‘(N + 1)-points condition in time’ case
N
u(x,0) =Y niulx, T), (1.3a)
i=1
where (T}, n;), i =1,...,N, are given constants satisfying
N
0<Ti<Ty<-<Tya<Ty=T, Y |ml<l, (1.4)
i=1

here >0, @ >0, R > 1, iy > 0 are given constants and f, f1, &1, gr, o are given functions
satisfying conditions specified later.

The initial-boundary value problem (1.1)-(1.3) is classical and has a long history of appli-
cations and mathematical development. We refer to the monographs of Al'shin [1], and of
Carroll and Showalter [2] for references and results on pseudoparabolic or Sobolev type
equations. We also refer to [3] for asymptotic behavior and to [4] for nonlinear problems.
Problems of this type arise in material science and physics, which have been extensively
studied and several results concerning existence, regularity and asymptotic behavior have
been established.

Equation (1.1) arises within the frameworks of mathematical models in engineering and
physical sciences; see [5-13] and the references therein for interesting results on second
grade fluids or a fourth grade fluid or other unsteady flows. It is well known that fluid solid
mixtures are generally considered as second grade fluids and are modeled as fluids with
variable physical parameters, thus, an analysis is performed for a second grade fluid with
space dependent viscosity, elasticity and density.

In [9], some unsteady flow problems of a second grade fluid were considered. The flows
are generated by the sudden application of a constant pressure gradient or by the impulsive
motion of a boundary. Here, the velocities of the flows are described by the partial differ-
ential equations and exact analytic solutions of these differential equations are obtained.
Suppose that the second grade fluid is in a circular cylinder and is initially at rest, and the
fluid starts suddenly due to the motion of the cylinder parallel to its length. The axis of the
cylinder is chosen as the z-axis. Using cylindrical polar coordinates, the governing partial
differential equation is

] a9 .10
S = Wrag)(5z + 55wl t) — Nw,
w(a,t)=W, ¢t>0,

w(r,0)=0, 0<r<a,

where w(r, t) is the velocity along the z-axis, v is the kinematic viscosity, « is the material
parameter, and N is the imposed magnetic field. Under the boundary and initial condi-
tions, W is the constant velocity at r = 4 and a is the radius of the cylinder.
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In [6], two types of time-dependent flows were investigated. An eigen function expan-
sion method was used to find the velocity distribution. The obtained solutions satisfy the
boundary and initial conditions and the governing equation. Remarkably some exact an-
alytic solutions are possible for flows involving second grade fluid with variable material
properties in terms of trigonometric and Chebyshev functions.

In [5], Mahmood et al. have considered the longitudinal oscillatory motion of a second
grade fluid between two infinite coaxial circular cylinders, oscillating along their common
axis with given constant angular frequencies 2; and €2,. Velocity field and associated tan-
gential stress of the motion were determined by using Laplace and Hankel transforms.
In order to find exact analytic solutions for the flow of a second grade fluid between two
longitudinally oscillating cylinders, the following problem was studied:

g—r =(u+ agj—t)(% + %%)v(r,t), Ry <r<Ryt>0,
V(Ry, t) = Vi sin(21¢), V(Ry, t) = V3 sin(21), 1.5)
u(r,0)=0, Ry <r=<Ry,

where 0 < R < Ry, 1, o, V3, 1, Q5 are positive constants. The solutions obtained have
been presented in the series form in terms of Bessel functions Jy(x), Yo(x), /1(x), Y1(x),
Jo(x) and Y (x), satisfying the governing equation and all imposed initial and boundary
conditions.

The nonlinear parabolic problems of the form (1.1)-(1.3), with/without the term (u,, +
%u,), were also studied in [14, 15] and the references therein. In [14], by using the Galerkin
and compactness method in appropriate Sobolev spaces with weight, the authors proved
the existence of a unique weak solution of the following initial and boundary value problem
for a nonlinear parabolic equation:

uy — a(t)(u,, + %u,) +F(ryu)=f(r,t), 0<r<1,0<t<T,
|lim,_o, rZu(r,t)] < +00,  u,(1,2) + h(£)u(, £) - i) = 0, (1.6)
u(r,0) = uy(r).

Furthermore, asymptotic behavior of the solution as t — +00 was studied. In [15], the
following nonlinear heat equation associated with Dirichlet-Robin conditions was inves-
tigated:

wy — =[x, O] + f () = fi(x, 1), (x,£) € 2 x (0, T),
u(0,t) = hou(0, t) + go(t), —u,(L,8) = mu(L,£) + g, (8), (17)
u(x,0) = ug(x).

The condition (1.3a), which we call ‘(N + 1)-points condition in time, is known as
a drifted periodic condition; see [16]. Indeed, if u(z) = ZZI n;u(t + T;), in the case of
0 < |nn| <1, then we have

1 N-1
T)=— - i T;
ut+T) o~ |:u(t) Z nu(t + ):|

i=1

1 1 N-1
= u(t) + (n—N - 1) u(t) — . 21: nau(t+T;), Vt>0, (1.8)



Ngoc et al. Boundary Value Problems (2016) 2016:137

it means
ult+T)=u(t)+5(t), Ve=>0, 1.9)
with §(¢) = (i —Du(t) - ﬁ Zﬁ;l n:u(t + T;) satisfying the condition
8(t)="Y md(t+T), Vt=0. (1.10)
i=1
Note that (1.10) holds by the fact that
N-1
Zn,é(t+ T) = Zn,|:(— —1>u(t+ 1)) - Tli Zn,u(t+ T; + T):|
i=1
N NN
—(——1)2 u(t + Tj) ——Zn,Zn}ut+T+T)
1 i N-1 o
= <n— - 1>u(t) -— len,u(n T)=8(t), Vt=>0. (L11)
With gy =np =--- =nx_1 =0, ny =1, (1.3a) leads to the T-periodic condition
u(x,0) = u(x, T), (1.12)
and with n; =1y =--- =ny_1 = 0, ny = -1, we have the anti-periodic condition
u(x,0) = —u(x,T). (1.13)

The present paper is concerned with the second grade fluid in a circular cylinder asso-
ciated with the initial condition (1.3) or the drifted periodic condition (1.9). The extensive
study of such flows is motivated by both their fundamental interest and their practical im-
portance; see [9]. The arrangement of the paper is as follows. In Section 2, we present pre-
liminaries. In Section 3, under appropriate conditions, we prove the existence of a unique
weak solution of Problem (1.1)-(1.3). In Section 4, we consider asymptotic behavior of the
solution of Problem (1.1)-(1.3), as £ — +oo0. Finally, in Section 5, we establish the existence
and uniqueness of a weak solution of Problem (1.1), (1.2), (1.3a).

Because of the mathematical context, the results obtained here generalize relative to the
ones in [14, 15], by using the same techniques and with some appropriate modifications.
On the other hand, the fixed point method is also applied.

2 Preliminaries

Put 2 =(L,R), Qr =2 x(0,T), T >0. We omit the definitions of the usual function spaces:
C™(Q), LP(Q), W2 (Q). We define W = WP (Q), LF = WO?(Q), H” = W™%(Q),1 <
p<00,m=0,1,.... The norm in L? is denoted by | - ||. We also denote by (-, -) the scalar
product in L2. We denote by | - ||x the norm of a Banach space X and by X’ the dual

Page 4 of 26
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space of X. We denote by L?(0, T; X), 1 < p < oo, the Banach space of the real functions
u: (0, T) — X measurable, such that

T 1/p
llzell oo, 75x) = (/ Hu(t)”idt) <oo forl<p<oo,
0

and
llu4l| oo (0,7:x) = esssup|u(8)||,  for p = occ.
0<t<T

On H', we shall use the following norm:

vl = (V1% + vl ?) . 2.1)
We put
V={veH :vR)=0}. (2.2)

V is a closed subspace of H! and on V two norms ||v||;1 and ||v,| are equivalent norms.
Note that L2, H! are also the Hilbert spaces with the corresponding scalar products

R
(u,v) = / xu(x)v(x)dx, (u,v) + (U, vy), (2.3)
1

respectively. The norms in L? and H! induced by the corresponding scalar products are
denoted by || - |lo and || - ||;, respectively. V is continuously and densely embedded in 2.
Identifying L? with (L?)’ (the dual of L?), we have V <> L? < V”; On the other hand, the
notation (-, ) is used for the pairing between V and V.

We then have the following lemmas, the proofs of which can be found in [17].

Lemma 2.1 We have the following inequalities:

G) vl < Ivllo < VRIVIl forallvel?

(2.4)
(i) Vil < VI < VRIVI  forallve H'.
Lemma 2.2 The imbedding H' — C°(Q) is compact.
Lemma 2.3 The imbedding V — C°(Q) is compact and
@) Wlicom < VR=1lvill forallveV,
@ Wl ==l foratlve, 05

R
(iii) [Ivllo = \/;(R = Dllvello forallveV.

Remark 2.1 On L2, two norms v+ ||v|| and v — ||v| ¢ are equivalent. So are two norms
vi— || and vi— ||v||; on HY, and four norms v — ||v|| 1, v+—> [|[V[|1, v —> [|v,]l and

Vi ||[vx]lo on V.
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Consider af(:,-) is the symmetric bilinear form on V' x V defined by
a(u, w) = (U, Wy) + mu(L)w(l) forallu,weV, (2.6)

with /; > 0 is given constant.
Then the symmetric bilinear form af(, -) is continuous on V' x V and coercive on V.
We have also the following lemma.

Lemma 2.4 There exists the Hilbert orthonormal base {w;} of L* consisting of the eigen-
functions w; corresponding to the eigenvalue A; such that
io<5»1 <A< < _15)_»;415"' ) 1imj—>+oo)_»j:+00,

2
a(wj, w) :)_»,-(wj,w) orallwe V,j=1,2,....

Furthermore, the sequence {w;/ \/)_T,} is also the Hilbert orthonormal base of V with respect
to the scalar product a(-, -).

On the other hand, we have w; satisfying the following boundary value problem:

~(Wxx + }Cw,»x) = )_»,»w,' in (1, R),
ij(l) - hIWj(l) = Wj(R) =0, wj € COO([l,R])

The proof of Lemma 2.4 can be found in [18], p.87, Theorem 7.7, with H = L? and a(-, -)
as defined by (2.6).

3 The existence and the uniqueness
Now, we shall consider Problem (1.1)-(1.3) with o > 0, & > 0, /1; > 0 are constants and

make the following assumptions:

Hl) ilo eV;

Hy) gi1,gr € W0, T), fiox(1) — hyito(1) = g1(0), ito(R) = gr(0);

Hs) fi € LY(0, T;L?);

Hy) f € C°(R;R) satisfies the condition that there exists positive constant § such that

(
(
(
(

()’—Z)(f(y) —f(Z)) > -8ly—z> forally,zeR.

In the case g # 0 or gz # 0, it is clearly that Problem (1.1)-(1.3) reduces to a problem with
homogeneous boundary conditions by the suitable transformation. Indeed, put

(=R + Un(x—1) + 1ge(®
wlt) = 1+ (R- Dy ‘

By the transformation v(x, ) = u(x, £) — ¢(x, t), Problem (1.1)-(1.3) becomes the following
problem:
ve—( +a§—t)(% + }C%) +f(v+)=folx,t), l<x<Rt>0,
v(L,t) = v(1,£) = v(R, ) = 0, (3.1)
V(x» 0) = i'/0 (x)r
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where

Sl 1) = filx, ) G [ = Rg @) + [nx = 1) + 1]gp(0)]
i R T R—Dh (5@ (8) + mgr(®) + % (g1 (2) + mgp(®))], (3.2)
Vo (x) = tho(x) — ¢(x, 0),

and 9, g1, gr satisfying the condition 7, (1) — Mito(1) = g1(0), %o (R) = gr(0).
Remark 3.1 The weak formulation of the initial-boundary value problem (3.1) can be

given in the following manner: Find v € L>(0, T; V) with tv; € L?(0, T; V), such that v
satisfies the following variational equation:

L1(v(t), w) + aa(v(t), w)] + pa(v(t), w) + (F((£) + p(t), w)
={f(t),w) forallwe V,ae.,te(0,7), (3.3)
V(O) = ]707
where a(-, -) is the symmetric bilinear form on V' x V defined by (2.6).

Then we have the following theorem.

Theorem 3.1 Let T > 0 and (H;)-(H4) hold. Then Problem (3.1) has a unique weak solu-
tion v such that

vel™®(0,T;V) and tv,eL*0,T;V). (3.4)
Moreover, if (H3) is replaced by f; € L*>(Qr), then the solution v satisfies
vel™®0,T;V) and v,eL*0,T;V). (3.5)
Proof The proof consists of several steps.
Step 1. The Faedo-Galerkin approximation (introduced by Lions [19]).

Consider the basis {w;} for V as in Lemma 2.4. We find the approximate solution of
Problem (3.1) in the form

Vi(t) =Y e (O)w;, (3.6)

j=1

where the coefficients c,,; satisfy the system of nonlinear differential equations

v, @), wj) + aa(v,, (), w;) + na,(t), w;) + (f v (t) + (), w))

= (ht),w), 1<j<m, (3.7)
Vm(o) = Vom>
and
Vom = Zoem/wj — Vg stronglyin V. (3.8)

j-1
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The system of equations (3.7) can be rewritten in form

0+ Tnf(©) + T 0O + 00 W) = T (O,

l+a L+ark;

(3.9)
m(0) =y, 1=<j=<m.

It is clear that for each m there exists a solution v,,(¢) in the form (3.6) which satisfies
(3.7) almost everywhere on 0 < ¢ < T,, for some T, 0 < T,, < T. The following estimates
allow one to take T, = T for all m.

Step 2. A priori estimates.

(a) The first estimate. Multiplying the jth equation of (3.7) by ¢,,;(t) and summing up
with respect to j, afterward, integrating by parts with respect to the time variable from 0
to t, we get after some rearrangements

t

t
||vm(t) Hé + (Vi (£), vin(t)) + 2,11,/ a(Vin(s), vin(s)) ds + 2/ (f(vm(s) +¢(s)), vm(s))ds
0 0
t
= Voul} + @avomv0,) +2 [ (561 9) s, (310)
0
By vom — Vo strongly in V, we have
Vo 1§ + ct@(Voms vom) < Co  for all m, (3.11)

where C, always indicates a bound depending on 7.
By the assumptions (Hy4), and with &; > 0, we estimate without difficulty the following
terms in (3.10):

2/ (f (vimn(s) + @(5)), vin(s)) ds
0
=2 [0+ 06) ~F (o), 1) s 42 [ (F(005) (5 s
0 0
=20 [ s =2 [ Je) om0y ds
t 1 T
> —(28 + 81)/0 va(s) ”ﬁ ds — 8—1 /(; Hf(go(s)) Hz ds; (3.12)
2/ (), vin(s)) ds < IIfall 10,722 + / 15:6)] o [vn(s)] 5 dis. (3.13)
0 0
Hence, it follows from (3.10)-(3.13) that
Sul(t) < CW + / tcg?(s)sm(s) ds, (3.14)
0

where

Sn®) = V@113 + 2av(), vin(£)) + 21 [y a(Vyu(5), Vin(s)) ds,
CY = Co+ Wsllorary + = Jo I (@613 ds, (3.15)
CP() =28 +&1+ )0,  CP eLN0,T).
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By Gronwall’s lemma, we obtain from (3.14)
t
Su(t) <CP exp( / Cc2(s) ds) <Cr (3.16)
0

forallme N, forallt, 0 <t < Tm <T,ie, T,=T,where Cr always indicates a bound
depending on T.
(b) The second estimate. Multiplying the jth equation of the system (3.7) by 2£2 c/mj(t) and

summing up with respect to j, we have

2|| v, () ||fJ + 2aa(tv'm(t), tv'm(t)) + u%a(tvm(t), tvm(t))

= 2,uta(vm(t), vm(t)) - 2<tf(vm(t) + <p(t)), tv'm(t)> + 2(tf2(t), tv'm(t)). (3.17)

Integrating (3.17), we get

2 /[ ||sv2n (s) ||(2) ds + 20 /ta(svin (s),sv;ﬂ(s)) ds + ,ua(tvm(t), tvm(t))
0 0
= 2,u/ 3a(Vin(8), Vin(s)) ds — 2/ (f (vin(s) + @(s)), sv,,,(s)) ds
0 0
+2 /t(sfz (s),sv%(s))ds. (3.18)
0
We shall estimate the terms of (3.18) as follows:

21 /tsa(vm(s),vm(s)) ds < 2MTftﬂ(Vm(S),Vm(S)) ds <TS,,(t) < Cr; (3.19)
0 0

t , t 1 t ,
2/0 (sfg(s),svm(s)>ds§2/0 ”sfz(s)”ﬁds+ 5/0 ”svm(s)”f)ds

t
<Crelt / | sv,,(5)] 3 dis. (3.20)
2 Jo
Note that
(R-1) mR-1)+1
|(0(x, t)| = m|g1(t)| + m|gR(t)|

< [R+m@®R-D)][|la1(®)] + |gr(®)

]’
hence
Vi, 8)] + [@(6,5)| < V()| oy + [R+ R =D](|@a(s)] + [gr(5)])

Sm(s)
<+R-1 — " [R+m(R-1)](Igillcogo,ry + lIgrllcogqo,rn))

(R-1)C
<4 TT +[R+ (R -1)](llgill coqo, 7y + Igrllcoqo,r)

Cr. (3.21)
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This implies
t , t 9 1 t , 9
2/0 (sf(vm(s) + (p(s)),svm(s))ds < 2/0 ||sf(vm(s) + (p(s)) ||0ds + 5 /0 ||svm(s)||0ds

t R 1 t 9
52/ 52/ x sup fz(z)dxds+—/ ||sv’m(s)||0ds
0 1 0

lz|<Cr 2

1 t
<Cr+ —/ ”sv'm(s) ”2 ds. (3.22)
2 Jo 0
It follows from (3.18)-(3.20) and (3.22) that
t 9 t
/ Hsv;n(s) Ho ds + Za/ a(sv,,(s),sv,,(s)) ds + pa(tvim(t), tviu(t)) < 3Cr (3.23)
0 0

forallm e N, forallt € [0, T],VT > 0, where Cy always indicates a bound depending on T'.
By (tvis)' = tV,,, + Viux and (3.16) we deduce that

[ Evima) ||L2(QT) <[tV ”LZ(QT) + 1Vimall 2o

T
< \// a(sv%(s),sv;,(s)) ds + ﬁ||Vm||Loo(o,T;v) <Cr. (3.24)
0

Step 3. The limiting process.
By (3.16), (3.23) and (3.24) we deduce that there exists a subsequence of {v,,}, still de-
noted by {v,,} such that

(3.25)

Vyy — v in L2(0, T; V) weak®,
(tvy) — (tv) in L?*(0, T; V) weak.

Using a compactness lemma ([19], Lions, p.57) applied to (3.25), we can extract from the
sequence {v,,} a subsequence, still denoted by {v,,}, such that
tv,, — tv  strongly in L*(Qr). (3.26)

By the Riesz-Fischer theorem, we can extract from {v,,} a subsequence, still denoted by
{v,u}, such that

Vin(x, t) = vix, t)  a.e. (x,£) in Q7. (3.27)
Because f is continuous, then

f(vm(x, t) + @x, t)) —>f(v(x, t) + @lx, t)) a.e. (x,£) in Q7. (3.28)
On the other hand, by (Ha), it follows from (3.21) that

If (v, 8) + @, 8)) | < sup If@)| < Cr, (3.29)

lz2|<Cr

where Cr is a constant independent of m.
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Using the dominated convergence theorem, (3.28), and (3.29) yield
fm+@)— f(v+g) stronglyin L*(Q7). (3.30)
Passing to the limit in (3.7) by (3.8), (3.25), (3.30), we have
L1, w) + tm(V(t),W)] + pua(v(e), w) + {f (v(t) + ¢(2), w)
= {f2(t), forallwe V, ae.t €(0,7), (3.31)
v(0) = Vo.
Step 4. Uniqueness of the solution.
First, we shall need the following lemma.

Lemma 3.2 Let v be the weak solution of the following problem:

~(u+al )(axz + 10 - Fwf), 1<x<RO0<t<T,

x 0x

ve(1,8) = hv(1,£) = v(R, t) = 0,

. (3.32)
v(x,0) = Vo (x),
veL™(0,T;V), tv, € L*(0, T; V).
Then
||v(t) ||§ + om(v(t), v(t)) + 2#/0 a(v(s), v(s)) ds
> [[o1? + aa(io, Vo) + 2 fo (f(s),v(s)) ds. (3.33)

Furthermore, if Vo = 0 then the equality in (3.33) follows.

Lemma 3.2 is a slight improvement of a lemma used in [14] (see also Lions’ book [19]).

Now, we will prove the uniqueness of the solution.

Let v; and v, be two weak solutions of (3.1). Then v = v; — v, is a weak solution of Problem
(3.32) with the right-hand side function replaced byf(x, t)=—f(vi + @) + f(vy + ) and
Vo = 0. Using Lemma 3.2, we get

@)% + aa(ve), v(®) + 24 /o t a(v(s),v(s)) ds
=-2 /0 t(f(vl +¢) = f(v2 + ), v(s))ds. (3.34)
By (H,), we obtain
/o 04+ 9) =0 + @) W) ds = - /0 vis) | s (3.35)
It follows from (3.34), (3.35) that
001 = o)y + el + 20 [ 1o s

<25 /0 t||v(s)n(2)ds <25 /O o) ds. (3.36)
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By Gronwall’s lemma v =v; — v, = 0.

Assume now that (H3) is replaced by f; € L?(Qr), then we only show that {v/, } is bounded
in L*(0, T; V).

Indeed, multiplying the jth equation of (3.7) by ¢,,.(f) and summing up with respect to
j, afterward, integrating with respect to the time variable from 0 to ¢, we get after some

rearrangements
2 /0 t(||v;1(s) |2+ @a(v),(s),v,,(5))) ds + na(vm(®), vin(2))
= 14 (Vo> Vom) + 2 /0 t(fz(s), v, (s))ds -2 /0 t{f(vm(s) +9(s)), v, (5)) ds. (3.37)
By the same estimates as above, we obtain

ma(Vom, VOm) < L2Cy;

2f0<fz(s) v, (5)) ds < 206122, * 5 Jo 1V 15 ds; (3.38)
-2 /0 m S))’ m( )> dS S T(R2 - )Suplz\<CT f() ”V ||(2)dS
This implies

/(; (”v;n(s)||0+aa( (s),v (s))) ds + 1a(vi(£), vin(t))

3:

<ZCy+ 2|V2”L2<QT> +T(R*-1) sup f*(z) <Cr. (3.39)

lzl<Cr

Q

Then the sequence {v/,} is bounded in L*(0, T; V).

Applying a similar argument used in the proof of Theorem 3.1, the limit v of the sequence
{vin} in suitable function spaces, is a unique weak solution of Problem (3.1) satisfying (3.5).

Therefore, Theorem 3.1 is proved. d

4 Asymptotic behavior of the solution as t — +oo
In this part, let T > 0, (H;)-(Ha4) hold. Then there exists a unique solution u# = v + ¢ of
Problem (1.1)-(1.3) such that

u-—@=vel®0,T;V) and tu,—¢)=tv, € L*(0,T;V).

We shall study asymptotic behavior of the solution u(¢t) as t — +00.
We make the following supplementary assumptions on the functions fi (x, £), g1 (¢), gz (£):

(H)) g1,8r € WHH(R,), iiox(1) — mito(1) = g1(0), ito(R) = gr(0), there exist the positive con-
stants Cy, Cg, Y1, ¥r, such that

&) + |g/(6)| < Ce™*, vVt =0,i€{L,R);

(H}) fi € L™(0, 00;L?), there exist the positive constants Cj, y; and the function fi € L?,
such that

Ifi@® ~fisc |, < Cle ™t V=05
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(H}) f € C°(R;R) satisfies the condition that there exists a positive constant §, with 0 < § <

R(;—’_‘l)z, such that

-2(f0)-f@) = -8ly—z* forallyzeR.
First, we consider the following stationary problem:

%u 10

_“(M +250) () = fio(®), 1<x<R,

(4.1)
uy(1,t) = u(l,t) = u(R,t) = 0.

The weak solution of problem (4.1) is obtained from the following variational problem:
Find #4, € V such that

(oo, W) + (f (tho0), W) = (fioos W) (4.2)

for all w € V, where a(-, -) is the symmetric bilinear form on V' x V defined by (2.6).
We then have the following theorem.

Theorem 4.1 Let (H}), (H)) hold. Then there exists a unique solution u, of the variational
problem (4.2) such that us, € V.

Proof Consider the basis {w;} for V" as in Lemma 2.4. Put
Im =D dmw), (4.3)
j=1

where d,,; satisfy the following nonlinear equation system:

wa(ym, wi) + {f(ym), wj> = (ficw W), 1<j<m. (4.4)

By Brouwer’s lemma (see Lions [19], Lemma 4.3, p.53), it follows from the hypotheses
(H3), (H}) that system (4.3), (4.4) has a solution y,,.

Multiplying the jth equation of system (4.4) by d,,j, then summing up with respect to j,
we have

Md(ym’ym) + (f@m)d’m) = (floo’ym)' (4.5)
By using (Hy4), we obtain
R R
(G ) = /1 5 () = £(0)) o) i + /1 3 (O)y(x) dx
R R
) 2 (x)d. 0)y,,(x) d.
> /1 7 (%) x+f1 A (0)yon () dx
1 R
= =81yl - exllmnl - 5 /1 #f2(0) dx

= —(8 +&)llyml? - 8%(1%2 ~1)£(0). (4.6)
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By using the inequalities (2.5)(iii), (4.6), we obtain from (4.5)

1
WlYmll2 < 1@ ym) < 8 + )yl + Q(R2 ~1)f%(0) + Ilfisc lo lymllo
1

1 1
<@ +e)lymly + =— (R =1)f*(0) + — Ilfisc I3 + &1 llym I3
881 4‘(91

R 1
= (34 20) R =1 ymallg + o ((R* = 1)f*(0) + 21lfico ) (4.7)
1
By0<é< R(If—fl)z,choosesl>Osuchthat0<8+2£1< ﬁ
Hence, we deduce from (4.7) that
Iymello < C, (4.8)

C is a constant independent of .
By means of (4.8) and Lemma 2.3, the sequence {y,,} has a subsequence still denoted by
{¥m} such that

Ym — Uso in V weakly,

. (4.9)
Ym —> Uoo  in C°([1,R]) strongly.
On the other hand, by (4.9), and the continuity of f, we have
fOm) = f(us)  in C°([1,R]) strongly. (4.10)

Passing to the limit in equation (4.4), we find without difficulty from (4.9), (4.10) that
U satisfies the equation

pa(too, Wi) + (f(uoo), wj> = {floor W)). (4.11)

Equation (4.11) holds for everyj =1,2,..., i.e., (4.2) holds.

The solution of Problem (4.2) is unique, which can be showed by the same arguments
as in the proof of Theorem 3.1.

This completes the proof of Theorem 4.1. g

Now we consider asymptotic behavior of the solution u(t) as t — +00.
We then have the following theorem.

Theorem 4.2 Let (H,), (H})-(H}) hold. Let f satisfy the following condition, in addition:
(Hy) VYM>0,3ky>0: |f()—f@)| <kuly-zl, Vy,ze[-M,M]. (4.12)
Then we have
|u(®) - uso||, < Ce?*,  VE=0, (4.13)

where y > 0, C > 0 are constants independent of t.
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Proof Put Z,,(t) = v, (£) — yu- Let us subtract (4.4) from (3.7); to obtain

(Z,,(6), w)) + aa(Z,,(£), w)) + na(Z(£), w)) + {f (Vi (E) + ©(8)) = f (V) W)
= () = ficowj), 1=<j<m, (4.14)
Zn(0) = Vo —Vm-

By multiplying (4.14), by ¢,,(t) — d,; and summing up in j, we obtain

1d

5 L1 Zn @G + 0a(Z(0), Z(0))] + 1a(Zyn(0), Z1n(0)

+{f (V@) + 0@)) =f Om + 0@®)), Zn®) + {f (Y + 9(8)) = f B)s Zn (8))
= (6@) =0, Zn(@®)) + (i) = fioes Zm(D)). (4.15)

By the assumptions (H;)-(Ha), (H3)-(H}), (H}) and using the inequality (2.5)(iii), and
with &, > 0, we estimate without difficulty the following terms in (4.15):
(i) Estimate (f (vin(£) + @(£)) = f Om + @(£)), Zn(£)):

If V@) + 0(O) =f (s + 9O), Zun(0)) = =8| Z8) |7 = —s§<R -1 Z @]
> —5125(13 ~1’a(Zu(t), Zn(2)). (4.16)

(ii) Estimate (f W + ¢(2)) —f W), Zn(£)).

Note that from the inequalities

lox, )| < [R+mR-1)][|@®)] + |ge(®)]] < [R+ m(R-1](Cy + Cr),
[yl co@) < VR =1lymell < VR -1C, (4.17)
19m + @llco@ < VR=1C + [R+ (R -1)](Cy + Cr) = M,

and (H}), we deduce that

If O+ 9(0) = f )| < ka0, 0)| < kaa (|2 (8)] + [ gr(®)]) < kaa W (), (4.18)
where
W(t) = Cre " + Cre 7R, (4.19)
Hence

R
17O+ 00) =103 = [ 3l 00) =) e < 5 (R - 1) 9700, 420
Thus

If O + @(O)) = f OG> Zn(8)) < % 1f 3 + 0(8) £ i) |5 + %Hzm(t) [

11
< — (RP-1)W(t
_2822( )M ()

+ %Iz—e(ze —12a(Zn(0), Zon2)). (4.21)
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(iii) Estimate {f>(t) — f1(£), Zu(2)).
We have

1
folw,t) = filx, ) = —m[(x - R)g (¢) + [hl(x -1+ l]gé(t)]
1 / /
+ T+ @D [%(gl(t) +Ingg(t)) + %(gl(t) + hlgR(t))]’ (4.22)
lox, )| < [R+m@R-D][|a@®)| + |g=(®)]],
i, 1)| < [R+ m(R-D)][|gl(®)] + |gx(8)]]-
Hence
ol 8) = il )| < [R+ (R -D)](|g1®)] + |gr(8)])
1 / /
TRt Wlla®] + g @] + |gr®)] + gz ®)]]
1
< [R + hl(R - 1)]\1’(t) + m(a + //L)\Ij(t)
a+ i -
It follows that
2 R 2 1 -
160~ A0 = / o) i 0 e = (R~ 1) D) (4.24)
1

Thus

(6(8) ~ (), Zn(®) < % 10 -A01+ 22,0

11 _ R
< 505 R -DDR0 + 55 R-1D%a(Zu(0,2,(0).  (425)

(iv) Estimate {fi(£) — fioor Zm(2)).

(60~ fioes 20 0) = 5 RO - i [y + 2200

1 _ &9 R
< 2—82C12€ nt + 3 E(R - 1)2(1(Zm(t), Zm(t)). (4'.26)

It follows from (4.15), (4.16), (4.21), (4.25), and (4.26) that

1d 3¢, \ R
5 g L1%n® o +a(Zn(®), Zn(®)] + [u - <5 + %) 7R~ 1)2]a(zm(t),zm(t))
< 2 4 (R )+ DR W0) = D0 W)

By0<d< R(;—‘_‘l)z,choosesz >0suchthaty = pu—(§+ 3%)g(R—l)2 > 0.
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Put 7, = min{y1, 7, 7z}, we have ¥ (£) < Coe 27" for all £ > 0 and

d . .
7 [|1Zm(® ||(2) +0a(Z(8), Z(0)) ] + 27 a(Zn(2), Zn(8)) < 29 (2) = 2Coe 70"

By
a(Z(0), Zu(8)) = % (Zn(2), Zn(2)) + %a(Zm(t),Zm(t))
> Sa(Z(0), 2,(0) + l||zm,c(t>||§
> 3 20a(Zn(0Zn(0) + 5 5 | 20O}
> Bi(|Zn(®)]5 + a(Zn(®), Zn (@),

where ; = mm{ , R(R2—1)2 }.
It follows from (4.28), (4.29) that

d
12§ + 0a(Z(2), 2 ()]

* 2)7‘31(}}2’"“) ”(2) + Olﬂ(Zm(t),Zm(t))) <2Cpe 21",

Choose y > 0 such that y < min{yy,2y 6}, then we have from (4.30)

d
12 @)][g + aa(Z (@), Z,()]

29[| Zn(®)|; + @a(Zn(®), Zn(8))] < 2Coe 20",
Hence, we obtain from (4.31)

2+ aa(Z(t), Zn(2))

|zl

< [||zm(0) |2+ @a(Zn(0), Z,,(0)) + _i}e—zw.
Yo—VY

Letting m — +00 in (4.32) we obtain
||v(t) - Ueo Hé + om(v(t) — Uoo, V(E) — uoo)
< liminf[ || v, (¢) = ym o + @ (Vin(®) = Yms Vin () — )
< <||1~/o — ool + @a(Py — thoo, o — thoo) + i)e‘z”t forall ¢ >0,
Yo—V
or
[v(®) - oo ||1 <Dje?”" forallt>0,

where

. 1 s ) 3 3 Co
D, = - ”VO_MOOH() +a(Vo — Uoos Vo — Uoo) + = .
min(1, o) Yo—V

Page 17 of 26

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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Note that

lox, t)] < [R+m@R-D][|@(®)] + |gr(®)]] < [R+ I (R-1)](Cre™" + Cre %)
= [R+m(R-1)]W ()
&1(t) + gr(t) - 1+

losbo 0l = R T = T3 =, L @] + ex@)]
1+h1 g = it 1+h1 .
STrm-o O ) = e

le@]; = le@g + @]

2 2 1+ ? 2 =9 oyt
(R —1)[[R+h1(R—1)] + <m) i|\l’ (t)§D26 vE, (4.36)

=<

N =

It follows from (4.34), (4.36) that

[46) = ool = [0 + 9(O) oo |, = &) = o |, + €@, = Dre™" + 0®)]

< (Dy+Dy)e”t forallt>0. (4.37)
This completes the proof of Theorem 4.2. d

5 The existence and uniqueness of a weak solution with respect to

(N + 1)-points condition in time
In this section, we shall consider Problem (1.1), (1.2), (1.3a) with & >0, « >0, R>1,/; > 0
being given constants and T}, n;, i =1,..., N, are given constants satisfying (1.4).

We make the following assumptions:

(Ha) g1,8r € W0, T), g1, gz satisfying the (N + 1)-points condition in ¢, i.e.,

N N
@0)=> "ma(T),  g(0)=)_ niga(T);

i=1 i=1

(H;) fi.fi € L*(Qr), £ satisfying the (N + 1)-points condition in time, ie., fi(x,0) =
Z?:Zl nifl(x’ Tz)

Remark 5.1 An example of the functions g, gr satisfying (H,) are

2 (t) = Bre?,

where p > 0, B, k € {1, R} are constants. It is obvious that (H,) holds, because

N N N
1 . , ) -
TAGED ﬁe_"T’ﬁke”(”T’) =) nN¢ Plige(t+Ti) = mige(t + Ty),
i=1 i=1 i=1

with
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and

=Y nig(Ty), ke{lLR),
N N N
Z|m|=2 i < Z
i=1 i=1 i=1

Similarly, by the transformation v(x, t) = u(x, t) — ¢(x, t), with

(x—R)g1(®) + [ (x — 1) + 1]gr(2)
1+(R-1)h

o(x,t) =

and by ¢(x,0) = ZZI 7:9(0, T;), Problem (1.1), (1.2), (1.3a) reduces to the following prob-
lem:

(/L+oz"(8x2 }Cg—)+f(v+g0):f2(x,t), 1<x<R0<t<T,
(R

Vx(l, t) - hv(1,t)=v(R,t) =0, (5.1)
v, 0) = Y0 v, To),

where f>(x, t) is defined by (3.2);.

Remark 5.2 The weak formulation of Problem (5.1) can be given in the following manner:
Find v € L°(0, T; V) with v; € L2(0, T; V), such that v satisfies the following variational

equation:

Jo W@, w®) dt +a [ alv/ (O, we)dt + [y a(v(e), wt)) dt
+ foT (F(2) + p(2)), w(t)) dt
= [T @) w(t) dt  forallwe L*(0,T; V),
v(0) = Y15 nn(Ty),

(5.2)

where a(-, -) is the symmetric bilinear form on V' x V defined by (2.6).
Then we have the following theorem.

Theorem 5.1 Let T > 0 and (H,), (Hs), (H}) hold. Then Problem (5.1) has a (N +1)-points
condition in time’ weak solution v such that

veL®(0,T;V) and v, €L*0,T;V). (5.3)
Furthermore, if N =1, then the solution is unique.
Proof The proof consists of several steps.
Step 1. The Faedo-Galerkin approximation (introduced by Lions [19]).

Consider the basis {w;} for V asin Lemma 2.4. Let W), be the linear space generated by

W1, Wa, ..., Wy We consider the following problem:



Ngoc et al. Boundary Value Problems (2016) 2016:137 Page 20 of 26

Find a function v,,(t) in the form (3.6) satisfying the nonlinear differential equation sys-

tem (3.7); and the (N + 1)-points condition in time
N
Vm(o) = Z me(Ti)- (54)
i=1

We consider the initial value problem given by (3.7), where vy, is given in W,,,.

It is clear that for each m, there exists a solution v,,(f) in the form (3.6) which satisfies
(3.7) almost everywhere on 0 <t < T,, for some T,,, 0 < T,, < T. The following a priori
estimates allow us to take 7, = T for all m.

Step 2. A priori estimates.

Multiplying the jth equation of (3.7); by ¢,,;(t) and summing up with respect to j, we get

d
T + (v (@), vin(e)]

+20a (Vi (), Vi () + 2{f (Vi (2) + 0(0)), vin (8)) = 2{f2(8), vin (2))- (5.5)

By the same estimates as in Section 3, and with &; > 0, we obtain

2f (v (@) + 0(©)), v (®)) = 2{f (v (@) + ©(2)) = f ((2)), vin(®)) + 2{f ((2)), Vi (2))

> -25+ )5 R-1PalunOmn®) - - f )5 50
20509 0) = ROl + 1Oy = LRGN + 15 ®R=12 st
< 8—11 L@+ sé(k ~12a(V(®), V(D). (5.7)
Hence, it follows from (5.5)-(5.7) that
%[”vm(t) o + aa(vu(@®),vm(®)] + 2[# —(5+ sl)g(R - 1)2:|a(vm(t), V(2))
<~ (IR0 + o) ;). 68)
By 0 <8 < 245, choose &1 > 0 such that 1t — (8 + £1) 5 (R—1)* > 0.
Similar to (4.29), we get
a(V(®),vn(®) = Br(¢a(vin(), v(®)) + [V @], (5.9)

where B; = mm{a TR 12}
It follows from (5.8), (5.9) that

%[”Vm(t)uz +aa(Vi(0), vi(©)] + 2y (||vin(0) ”é + oa (v (t), v (t))) < fi(0), (5.10)

where y = fi[i — (8 + £1)5 (R - 17, £u(6) = (LD G + I (O)IIP)-
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Integrating (5.10), we have
9 t
[0+ aa((00) = | ol + @t von)+ [ .69 e
0
< 0° + (IVomI§ + €a(Vom, vom) — p°)e™>"", (5.11)
where p? = supy_, p1(t), with

eZV—ltl fot e¥sf(s)ds, 0<t<T,

(5.12)
% - (0), £=0.

pi(t) =

Therefore, if we choose vy,, such that ||[vo,, |2 + «a(Vom, Vo) < p?, we obtain from (5.11)
that

”vm(t)Hé + aa(vm(t),vm(t)) <p? ie,T,=Tforallm, (5.13)
hence
||vm(T,-) ||(2) + aa(vm(ﬂ), vm(ﬂ)) <p? foralli=1,2,...,N,and for all m. (5.14)

In the space W,, of linear combinations of the functions wy, ws, ..., w,,, we consider the

norm Vo, > [Vomll« = ([Vomll§ + @a(Vom, vom))*'*. Hence
N N N N
Do <Y (T, = Y i [vm (T, <D lmile < p. (5.15)
i=1 * i=1 i=1 i=1

Let B,,(0) = (Vom € Wi : [Vom|l« < p} be a closed ball in the space W,,,. Let us define

Fm: Bu(p) = Bu(p)

N (5.16)
Vom > -Fm(VOm) = Z Tth(Tz)
i=1

We prove that F,, is a contraction. Let v,,, Vo, € B,.(p) and let Y (t) = Vi (t) — Vi (2),
where v,,(¢) and v,,(¢) are solutions of the system (3.7) on [0, T] satisfying the initial con-
ditions v,,(0) = vo,, and v,,,(0) = Vo,,, respectively. Then y,,(¢) satisfies the following differ-

ential equation system:

(y'm(t), wj) + aa(y/m(t), wj) + ;w(ym(t), wj)
+{f (v (0) + @(®)) = f (Vm(2) + 9(2)), w;) = 0, (517)

1 <j < m, with the initial condition

Ym(0) = Vo — Vom. (5.18)
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By using the same arguments as before, we can show that

d
Ty @+ @a(n(@), yu(®)]+ 27 [lym(@ g + ca(m(@). ()] <0, (5.19)

where 7 = Bi[u - 82(R-1)*] > 0, By =  min{2, RR21) I3
Integrating the 1nequa11ty (5.19), we obtain

|ym (@], < €7 Ivom = Vomll«  forallz e [0,T], (5.20)

hence

N N
< (T, =D il |ym(TH |,
i=1 i=1

N
<D " nile T Vom — Vomllx < €T [Vom — Vol
i=1
or
||fm(V0m) - }—m(‘_’o;fn)“* = e’ 1Vom — Vo |« (5.21)
i.e., F,, is a contraction.

Therefore, there exists a unique function vy,, € B,,(p) such that the solution of the ini-
tial value problem (3.7) is a solution of the system (3.7);, (5.4). This solution satisfies the
inequality (5.13) a.e., in [0, T].

On the other hand, we multiplying the jth equation of (3.7) by c,;(¢) and summing up

with respect to j, afterward integrating with respect to the time var1able from 0 to T, we

get after some rearrangements

T T d
2 /0 (V@5 + wa(v,,(8),v,,0))) dt + /0 Ea(vm(t), Vu(t)) dt
T T
:2[ <f2(t),v;1(t)>dt—2/ (f (vm(®) + 0(0)), v,,,(2)) dt. (5.22)
0 0

From (5.13), we obtain

Td
/0 Ea(vm(t): Vm(t)) dt‘ = iﬂ(Vm(T)er(T)) _ﬂ(vm(o)r Vm(o))|

a(Vm(T) Vm(T)) + ﬂ("m(o) Vm(o))

1 1
= —[[vin( D} + [va©@]] = =% (5.23)
T 1 T
2 /0 (fa(), v, () dt <2 /0 150, dt + 5 /0 v, |5 dt. (5.24)

Note that

le@ | coquay =< [R+ MR- 1)]0s1:pT(\g1(t)|+|gR(t)|) (5.25)
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and
[vm(®) + 00| cO(R) = I Vm(t)”CO([LR]) + H(p(t)“CO([l,R])
<VR- 1% +[R+m(R-1)] OiltlgT(|g1(t)| +|gr(®)])
= M(T). (5.26)
Hence
If (v, ) + o, 8))| < sup  |f(2)]. (5.27)
2| <M1(T)
This implies

T T 1 T
-2 /o {f (vn(®) + 9(), V,, () dt < 2 /0 1 (@) + 0 0) gt + /0 v, ()] 5 dt
Lt
=My(T) + 5 /O |v,.@)|3 at, (5.28)

where My(T) = T(R? - 1) sup|z‘§M1f2(z).
It follows from (5.22), (5.23), (5.24), and (5.28) that

T T
/o (||V;ﬂ(t)||(2)+om(v/m(t),v/m(t)))dt§i,u,o2+M2(T)+2/0 A5 dt <Cr (5.29)

forall m e N, for all ¢ € [0, T], where Cr always indicates a bound depending on T.

Step 3. The limiting process.

By (5.13) and (5.29) we deduce that there exists a subsequence of {v,,}, still denoted by
{v,n} such that

Vi — v inL®(0, T; V) weak®,
(5.30)
v,,— Vv inL*0,T;V) weak.
From (5.4), we obtain
N
v(0) =Y " n(T). (5.31)

i=1

Indeed, we prove (5.31) as follows.
BY [[V(0)[l+ = [[Vom|l« < p, and the imbedding V < C°(Q) is compact, there exists a
subsequence of {vy,,}, still denoted by {vo,,} such that

{ Vom — Vo in V weakly, (5.32)

Vom — Vo in C([1, R]) strongly.

From the equality v,,(¢) = v,,(0) + fot v, (s)ds, we deduce from (5.30) and (5.32) that

(t) = Vo + / tv/(s) ds. (5.33)
0
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This implies v(0) = v and

vom — v(0) in V weakly,
. (5.34)
vom — v(0) in C°([1, R]) strongly.
From (5.4), we obtain
N
(Vim0 w;) = > nifvin(T1), wy)
i=1
N T;
= Z m[ f (v'm(t),w,-)dt:|, VjeN. (5.35)
0

i=1
By (5.30), (5.34) and (5.35), we deduce that

N

T; N
(v(0), w;) = Zn,[v(()) w;) + /0 (v/(t),w,)dt} =Y mu(T)w), ¥jeN.  (5.36)
i=1

i=1

Hence v(0) = ZL n;v(T;), therefore, (5.31) is proved.
Using a compactness lemma ([19], Lions, p.57) applied to (5.30), we can extract from
the sequence {v,,} a subsequence, still denoted by {v,,}, such that

Vi — v strongly in L*(Qr). (5.37)

By the Riesz-Fischer theorem, we can extract from {v,,} a subsequence, still denoted by
{v,u}, such that

Vin(x, ) = vix, t)  a.e. (x,t) in Q7.
Because f is continuous, we have

f(vm(x, t) + px, t)) —>f(v(x, t) + glx, t)) a.e. (x,) in Q7. (5.38)
Using the dominated convergence theorem, (5.27) and (5.38) yield

fu+9)—> f(v+¢e) stronglyin L*(Qr). (5.39)

Denote by {¢;,i =1,2,...} the orthonormal base in the real Hilbert space L%(0,T). The

set {¢iw),i,j =1,2,...} forms an orthonormal base in L%(0, T; V). From (3.7) we have

T T T
f (v, (@), wigi(0)) dt + a/ a(v,,(£), w;gi(t)) dt + /,L/ a(Vim(2), w;gi(t)) dt
0 0 0
T T
. / [F (v + 0(6), wyi(0)) it = f (e), wici(0)) dt (5.40)
0 0

foralli,j,1<j<m,ieN.
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For i, j fixed, we deduce from (5.39) that

T T
/0 (f(vm(t) + (p(t)), w,{,’i(t))dt — /0 (f(v(t) + go(t)), w,»{i(t)>dt. (5.41)

Passing to the limit in (5.40) by (5.30), (5.41), we obtain

T

T T
/ (V(©,wjzi(t))dt + / a(V(6), w;gi(t)) dt + n / a(v(t), w;ti(t)) dt
0 0 0

T T
+ / (F(v(®) + (@), w;zi(t)) dt = / (fa(6), witi(t)) dt. (5.42)
0 0

Equation (5.42) holds for every i,j € N, i.e., the equation

T

T T
/ (V(©),w(t))dt + / a(v'(t), w(t)) dt + [,L/ a(v(e), w(p)) dt
0 0 0
T T
+ / (f(v(t) + go(t)), w(t))dt = / {fz(t), w(t))dt forall we L%(0,T; V) (5.43)
0 0

is fulfilled.
Step 4. Uniqueness of the solutions.
Assume now that N = 1 is satisfied. Let v; and v, be two solutions of (5.2). Thenv = v; — v,

satisfies the following problem:

[T @), w(e)) dt +a [ a(/ (€), w(e) dt + 1 [ a(u(t), w(t))dt
+ foT (fn(®) + @) - f(n(t) + @), w(t)) dt =0, YweL*0,T;V),

(5.44)
v(0) =nav(T), Innl <1,
veL®(0,T;V), v, € L2(0, T; V).
Taking w = v in (5.44); and using (5.44),, we get
T 1 2 1 2 1 ) 2
| W Owo)de= 3w - SO = 50 ) [ ;= 0
0
ro 1 1
/0 a(vV'(t),v(t)) dt = Ea(v(T), w(T)) - EQ(V(O), v(0)) (5.45)
= S (1= nR)a(um) 1) 0.
Hence
T T
n / a(v(),v(t))dt < - / (f(n(®) +o®) —f(n2(t) + 0(®)), v(2)) dt
0 0
T R T
< 5/0 [vto) 2 e = 55 (& - 1)2/0 Ivao)| dt
T
< 5123(R ~1)? /0 a(v(e), v(e)) dt. (5.46)

By0<§< R(é—’_‘l)z, implies 85 (R —1)* < 11, we deduce from (5.46) that fOT a(v(t),v(t)) dt =
0,ie,v=vi—vy=0.

This completes the proof of Theorem 5.1. d
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