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1 Introduction

In the past couple of decades, boundary value problems for nonlinear fractional differ-
ential equations arise from the studies of complex problems in many disciplinary areas
such as aerodynamics, fluid flows, electrodynamics of complex medium, electrical net-
works, rheology, polymer rheology, economics, biology chemical physics, control theory,
signal and image processing, blood flow phenomena, and so on. Fractional-order models
have been shown to be more accurate and realistic than integer-order models, and with
this advantage in the application of these models, it is important to theoretically estab-
lish the conditions for the existence of positive solutions because theoretical results can
help people to get an in-depth understanding for the dynamic behavior in the practical
process, so the study of abstract fractional models is important and relevant nowadays. In
recent years, many authors investigated the existence of positive solutions for fractional
equation boundary value problems (see [1-22] and the references therein), and a great
deal of results have been developed for differential and integral boundary value problems.
The authors in [23] studied the following system of singular fractional differential equa-
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tions:

=D§, u(t) = f(t, u(t), D§+ u(t), y(t)) -D} y(t) = g(t,u(t)), 0<t<l,

Dyx(0)=0,  Dpx(1) = Y0P aDf x(8),
\4 -2 \4
»(0) =0, Di: (1) Zf 1 biDgy(8)),

wherea,y,,B,v,;LERi=[O,+oo),1<y<a§2,1<a—,6<y,0<,3§/L<1,0<v<1,
0<&<b< - <§0<l,a;,b €R: with ij aij“_“_l <1, Zﬁ:lz bjéjy_l <1,f € C([0,1] x
(0,+00)%,Rl) and may be singular at x; = 0 (i = 1,2,3), g € C([0,1] x (0, +00),R!), Dg,,
Dg " Dg " Dg .» Dg, are the standard Riemann-Liouville derivatives. By using the fixed
point theorem of the mixed monotone operator, the authors obtained the uniqueness
of the positive solution. In [24], the authors investigated the fractional differential equa-

tions

D, u(t) +f (¢, u(t), Dy u(t), Dy, u(t)) =0, 0<t<l,
u(0) =u'(0) = u"(0) = u"(1) = 0,

where a,v, 1 € ]R}r, 3<a<4,0<v<1,0<pu<1arereal numbers, f is a Carathéodory
function, f(t,x,y,2) is singular at x,7,z = 0, and D,, D}, D}, are the Riemann-Liouville
fractional derivatives. The authors obtained the existence and multiplicity of positive so-
lutions by means of Krasnosel’skii’s fixed point theorem. In [25], the authors investigated
the fractional-order model for turbulent flow in a porous medium,

~D! (9, (~D2x))(£) = f(x(t), D] x(£)), 0<t<1,
D?x(0) = D*"1x(0) = D¥x(1) = 0, D! x(0) =0, DYx(1) = fol DY x(s) dA(s),

where o, 8,y €RL, 0<y <l<a<2<B<3,a-y>1, folx(s) dA(s) denotes a Riemann-
Stieltjes integral, A is a function of bounded variation, and dA can be a signed measure.
The p-Laplacian operator is defined as ¢,(s) = s|P~2s, p > 2, and the nonlinearity f (¢, u, v)
may be singular at both # = 0 and v = 0, and DY, Dtﬂ , D! are the standard Riemann-
Liouville derivatives. The authors obtained the uniqueness of a positive solution by using
the fixed point theorem of the mixed monotone operator. In [26], the authors investigated
the following system of singular problems:

=D%u(t) + Af (¢, u(t),D (t) V() =
—Dy () + Ag(t,u(®) =0, 0<t<l,

7 u(0) =Dﬂ+1 0)=0,  D{u() = [, D} uls) dA(s),
<) VO)=0,  vD)=fIus dB(s

where o, 8,y € R, 2 <@,y <3, 0 < f <1, u denotes the number of uninfected CD4*T
cells and v denotes the number of infected cells, 1 > 0 is a parameter, « — 8 > 2,
fol Df u(s) dA(s), and fol v(s)dB(s) denote the Riemann-Stieltjes integrals of u# with re-
spect to A and B, respectively, A, B are bounded variations, f : (0,1) x R® — (-0, +00),
2:(0,1) x R — (—00, +00) are two continuous functions and may be singular at ¢ = 0,1,
D¢, Dtﬂ , D! are the standard Riemann-Liouville derivatives. The authors obtained the ex-

istence of positive solution by fixed point theorem.
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In present, many papers are devoted to the fractional differential equations in which the
fractional orders are involved in the nonlinearity; see [1-4, 23—26]. On the other hand,
there are some papers studying singular equations in regard to space variable, we refer
the reader to [5-9]. Motivated by the results above, we utilize a fixed point theorem to
investigate the existence results of positive solution of the following class of nonlinear

singular fractional differential equations:

D, u(t) + A (¢, u(t), Dyt u(t), Dy u(t), ..., Dyrul(t),v(t)) =0, 0<t<l,
D5 v(t) + ng(t, u(t), DIt ult), DR u(t),...,Diru(t) =0, 0<t<l,
w(0)=uw/(0)=---=u"20)=0,  u"2Q)=yx [ hs)u"(s)dA(s),
v(0) =V (0) = - -- = v"2(0) = 0, V(”“z)(l) = Lf: a(s)v'=2(s) dB(s),

(11)

where o, B, iy, 1p € Ri, n,m,k,0 € N (natural number set) and n - 1<a <n,m-1< 8 <
mm<n(mm=>2),k-1<u <«k=12,...,n-2),0-1<n,<0(0=12,...,m—-2),and
0<n®<1,Au, x,t>0are parameters,f € C((0,1) x (0, +00)", RY), and f (¢, 1, %3, . . . , ;1)
has a singularity at x; = 0 (i = .,n)and t =0,1, g € C((0,1) x (0,+00)" L, Rl), h,a €
C(0,1) with [ x> h(z) dA(t) <1, fﬁ 1P 1aq(t) dB(t) < 1, A, B are functions of bounded
variation, fo h(s)u"2(s) dA(s), fo a(s)v""?(s) dB(s) denote the Riemann-Stieltjes integral
with respect to A and B, Dg, u, D§+V, Dgfu (k=1,2,...,n-2), D0+u (06=1,2,...,m—2)are
the standard Riemann-Liouville derivatives. The existence of positive solutions is obtained
by means of a mixed monotone operator in cones in this paper.

In this paper, we study the existence of positive solutions to BVP (1.1), where (u,v) €
C[0,1] x C[0,1] is said to be a positive solution of BVP (1.1) if and only if «, v satisfies (1.1)
and u(t) > 0, v(¢) > 0 for any ¢ € (0,1]. We should address here that our work presented in
this paper has various new system features. First of all, the system of equations in question
include many types of system of equations as special cases because there are many param-
eters which can be changeable in this equation system. Second, our study is on singular
nonlinear differential boundary value problems, that is, f (¢, x1, 2, . .., x,,) has singularity at
x=0(=12,...,n)and t = 0,1, and g(¢, %1, %2, ..., %,,-1) may be singular at ¢ = 0,1. Third,
fractional derivatives is involved in the nonlinear terms and boundary conditions of frac-
tional differential (1.1). Fourth, the uniqueness of the positive solution of equation (1.1) is

dependent on A.

2 Preliminaries and lemmas
For the convenience of the reader, we first present some basic definitions and lemmas that
are important and are to be used in the rest of the paper. The definitions can also be found

in recent literature such as [27, 28].

Definition 2.1 [27,28] The Riemann-Liouville fractional integral of order o > 0 of a func-

tion y: (0,00) — R! is given by

-1
I5oy(t) F( )/ (t—35)""y(s)ds,

provided that the right-hand side is pointwise defined on (0, 00).
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Definition 2.2 [27, 28] The Riemann-Liouville fractional derivative of order a > 0 of a
continuous function y : (0,00) — R! is given by

" 1 AN O
Do y(t) = F(n—a)(dt) /0 sy

where n = [«] + 1, [«] denotes the integer part of the number «, provided that the right-
hand side is pointwise defined on (0, c0).

Lemma 2.1 [27, 28] Assume that u € C"[0,1], then

I§. Dy u(t) = u(t) + Cit® 4 Cot* 2 4o+ Cut* ™,

where n is the least integer greater than or equal to o, C; e R (i=1,2,...,n).

Lemma 2.2 [29]
(1) Ifx€L(0,1),v>0 >0, then

I 15 x(t) = 1577 x(2), DY I x(2) = In:% x(t), DY I3 x(t) = x(¢).
(2) Ifv>0,0 >0, then

Dv+to—1 -
0 I'lo-v)

For convenience in our presentation, we here list some conditions to be used throughout
the paper.

(S1) f(t,x1,%0,...,%,) = d(t, %1, %0, ..., %) + Y (&, X1, %2, ..., %,), where ¢ : (0,1) x (0, +00)"” —
R}r is continuous, ¢(t,x1,%5,...,%,) may be singular at £ = 0,1 and is nondecreasing
onx; >0 (i=1,2,...,n); ¥ : (0,1) x (0,+00)" — R! is continuous, ¥ (¢, x1,%3,...,%,)
may be singular at £ = 0,1 and »; =0 (i =1,2,...,n), and is nonincreasing on x; > 0
(i=1,2,...,n).

(Sp) There exists o € (0,1) such that, forallx; >0 (i=1,2,...,n), t € (0,1),and [ € (0,1),

Ot I, lxg, oy L) = 17 (8, %1, %0, .5 %),

W(t, g, %y, ., l_lx,,) > Y (t, %1, %0, ... %p).

(S3) g € C((0,1) x (0, +00)™ 1, RL), g(t,%1,%2,...,%,-1) may be singular at ¢ = 0,1 and is
nondecreasingonx; >0 (i =1,2,...,m —1). Moreover, there exists ¢ € (0,1) such that

g(t’ lxl) le; oo lxm—l)

> [g(t,x1,%2, .., %), L1€(0,1),%,>0,i=1,2,...,m—1.

1
0< / 1 - s)* s o@Dy (5,1,1,...,1) ds < +00,
0

1
0< / (1-5)*"p(s,1,1,...,1) ds < +00,
0
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1
0< / 1 -5)P""g(s5,1,1,...,1) ds < +00.
0

Remark 2.1 According to (S;) and (S3), we have

o, Ix1, Ixo, . . ., Ix,)

<@, x1,%,...,%,), t€(0,1),l>1,x;>0,i=1,2,...,n,
v (z, M, %, ., l’lx,,)

<Yt x1,%,...,%,), t€(0,1),l>1,x>0,i=1,2,...,n,
gt Ix1, lxg, ... Ix 1)

<lg(t,x1,%2,...,%m21), t€(0,1),/>1,x>0,i=12,...,m—1.

Lemma 2.3 Let p € L}(0,1) N C(0,1), then the equation of the BVPs

-Dg"2x(t) = p(t), O0<t<l,
n (2.1)
x(0) = 0, x(1) = x [ h(s)x(s) dA(s),
_D€;m+zy(t) = p(t), (;< t<1, 2.2)
y0)=0,  y(1) =1 [, als)y(s)dB(s),
have the integral representation
1 1
x(t) = / G(t,s)p(s)ds = / (Gl(t, s) + Gz(t,s)),o(s) ds,
0 0
. . (2.3)
¥(0) = f Ht,5)p(s) ds = / (Hit,5) + Ho(t,9)) p(s) s,
0 0
respectively, where
G(t’s) = Gl(t! S) + GZ(t! S): H(t,S) = Hl(tys) + HZ(t! S):
in which
1 a-n+l(1 _ JNa—n+l _ (4 Ja—n+l ,
Gilt,s) = t (1-5s) (t—5s) , 0<s<t<l1 (2.4)
(e —n+2) | 271 —s)* ", 0<t<s<l],
Xtoz—n+1 n h d
Ga(t,s) = 1)Gi(t,5) dA(2), 2.5
2 (t,9) l—Xfo"t“”“h(t)dA(t)/o (0Gi(t,9)dA(D) (25)
1 B-m+1 1-— B-m+l _ (4 _ ﬂ—m+1’ 1,
Hit,s) = t 1-5s) (t-s) 0<s<t< 2.6)
T(B-m+2) | th-m(1 - s)f-mr1 0<t<s<l,
Ltﬂ—mﬂ s
Hj(¢,s) = = / a(t)H,(t,s) dB(¢). (2.7)
1—1 [y tPa(t)dB(t) Jo
Proof The proof is similar to that for Lemma 2.3 in [30], we omit it here. O

Lemma 2.4 Let 0,(s) = mys(1 — s)*7"*L, 05(s) = mys(1 — s)P~"*1, then the Green functions
G(t,s) and H(t,s) satisfy:
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(1) G(¢t,s) >0, H(t,s)>0,Vt,se(0,1),
(2) V&, s€]0,1],

ta—n+191 (S) < G(t, S) < M]toz—rﬁ-l(l _ S)a—n+1’

t7716y(s) < H(t,s) < Mot? " (1 - 5)f 7,

where
1 < X fon h(t)t* "L dA(t) )
my = 1+ 7 )
D —n+2) 1-x [y h(t)te—+1 dA()
5
1 P~ dB(t
L(B-m+2) 11 [y a(t)tP-"+1 dB(t)
Th(t) " dA(t
M, - 2 <1+ xfon() (®) >
Ma—-n+2) 1- x [y h(t)te+1 dA(t)
9
t)tP~" dB(t
M, - 2 <1+ Lfol;l() (t) )
LB -m+2) 1—¢ [y a(e)tP~"+1dB(t)
Proof The proof is similar to that for Lemma 2.4 in [30], we omit it here. O

Let u(t) = Ig:zx(t), v(t) = Igi’zy(t), then x(¢) = D’gizu(t), y(t) = D{)”fzv(t), the problem (1.1)
can turn into the following modified problem of the BVP (2.8):

DT 2x(8) + M (6, 1072x(0), 1271 %(8), . 102712 x(8), I 2y(8) = 0, O0<t<1,
DET" () + gt 1072(e), 1 " x(t), ., I " 2x(8) = 0, 0<t<1,
x(0)=0,  x(1) = x [ h(s)x(s) dA(s),

§0)=0, Y1) =1 [y als)yls)dB(s).

(2.8)

Lemma 2.5 Let u(t) = Igizx(t), v(t) = I{)'i‘zy(t), x(t),y(t) € C[0,1]. Then (1.1) can be trans-
formed into (2.8). Moreover, if (x,y) € C[0,1] x C[0,1] is a positive solution of the problem
(2.8), then (Ij7 2x, Igfzy) is a positive solution of the problem (1.1).

Proof Put u(t) = I(’)’I2x(t), v(t) = Igi"zy(t) into (1.1), by Lemma 2.2, we have

ar a"
D%.u(t) = ﬁlgi"‘lgizx(t) = %lgf‘“‘zx(t) = D" x(t),
Dhiu(t) = Dy i) = 10 Mix(t), i=1,2,...,n-2,
(2.9)
B d” m-LB ym-2 d” 2m—pB-2 B—m+2
D0+ V(t) = dWIO+ 10+ J/(t) = Wl(y y(t) = D0+ y(t),
Dliu(t) = DL II2x(t) = 102 a(e),  i=1,2,...,m—2.

By u(t) = Ig:zx(t), v(t) = Ig’i’zy(t), and (2.9), we have

DEu(0) =500, 1" V@) =x(1) = ¢ [ o) dA),
0

—DE2n(t) = A (6 15200, 1 (8, L I (), 12 (),
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5
DE(0) =y(0)=0, v (1) =y(1) =1 f a(s)y(s) dB(s),
0
—Dy " y(0) = g (6, 1 2x(e), 1 x(e), . g ().
Thus (1.1) is transformed into (2.8).
Now, assume (x,y) € C[0,1] x C[0,1] is a positive solution for problem (2.8). Let u(¢) =

I2x(t), v(e) = I77%y(t), by Lemma 2.2, we have

~D§.u(t) = —D§. Iy >x(t) = —-Dg" 2 x(t)

= A (6, 107220, 17 x(8), o I 2 2(0), 1 2(0))

= M (t, u(8), Dyt u(t), Dyt ut), ..., Dyiu(t), v(t)), 0<t<l,
—D,v(t) = —DL. 17 ?y(e) = ~DE" Py (1)

= g (6, 1572x(), 152" w(t), o I 2 x(8))

= ug (¢, u(®), DL u(t), Dy u(t), ..., Dy ul(t)), 0<t<l.
On the other hand, by u(¢) = Ig;zx(t), w(t) = I;*y(t), and Lemma 2.2, we also get
Dy ?ul(t) = DIy 2x(t) = x(2),
D~u(t) = DI y(2) = y(0),
which implies that
u(0) = /(0) = --- = u"2(0) = x(0) = 0,
0 20) =) = [ Hosda = [ he 00 da)
¥(0) =v/(0) = -~ = vV""2(0) = y(0) = 0,

9 D
Vm2)(1) = y(2) = / a(s)y(s) dB(s) = ¢ / a(s)v"2(s) dB(s).
0 0

Clearly, u = I{)’sz,v = I{)’i‘zy € C([0,1],R}). Hence, (I(’,‘sz, I(’)’i‘zy) is a positive solution of
problem (1.1). Hence, (1.1) and (2.8) are equivalent. O

The vector (x,y) is a solution of system (2.8) if and only if (x,7) € C[0,1] x C[0,1] is a
solution of the following system of nonlinear integral equations:

{x(t) = kf()l G(t, s)f(s,IgIZx(s),IgIZ_”lx(s),...,13127“”’2x(s),1(§’i‘2y(s)) ds, (2.10)

¥(s) = ,ufol H(s,r)g(t,Ig‘:zx(t),lgfzfmx(r),...,Igfzfnm’zx(r))dr.

Obviously, system (2.10) is equivalent to the following system of integral equations:
1
x(t) = x / G(t, s)f(s,I;)ﬁ2x(s),13:2‘“1x(s),...,Ig:z‘ﬂn-zx(s),
0

1
131—2<M / H(s,t)g(t,16’:2x(r),lg:2_'“x(t),...,16':2_"’”2x(t))dr>)ds. (2.11)
0
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Let P be a normal cone of a Banach space E, and e € P, e > 6 (6 is a zero element of E).
Define a component of P by Q, = {u € P| there exist constants ¢, C > 0 such that ce < u <
Ce}. A: Q. x Q, — P is said to be mixed monotone if A(u,y) is nondecreasing in u and
nonincreasing in y, i.e., u; < uy (1, 42 € Q,) implies A(uy,y) < A(uy,y) for any y € Q,, and
y1 <2 (1, ¥2 € Q.) implies A(u,y1) > A(u, y,) for any u € Q.. The element u* € Q, is called
a fixed point of A if A(u*, u*) = u*.

Lemma 2.6 [31, 32] Suppose that A : Q. x Q. — Q. is a mixed monotone operator and
there exists a constant o, 0 < o <1, such that

1
A(lx, Ey) >17Ax,y), x%y€Q,0<I<], (2.12)
then A has a unique fixed point x* € Q,, and, for any xo,yo € Q., we have
lim x = lim y; = %%,
—00 k— 00
where
Xk = AXk_1,Vk-1)» Yk =AWk, %k-1),  k=12,...
and the convergence rate is
* O'k K O'k
o= =o(1=17), =] =o(1=+7),
where r is a constant, 0 < r <1, and dependent on xy, y,.

Lemma 2.7 [31, 32] Suppose that A : Q. X Q. — Q. is a mixed monotone operator and
there exists a constant o € (0,1) such that (2.12) holds. If x; € Q. is a unique solution of
equation
M(x,x)=x, A>0,

then:

(1) Forany A € (0, +00), |5} = x5, = 0, & = Ao.

(2) If0<o <3, then 0 <A <Ay implies Xy, X, X X,

(3) 1m0 [ | = +00, limy o+ ] = 0.

Let e(t) = t**1, we define a normal cone of C[0,1] by

P={xeCl[0,1]:x(t)>0,0 <t <1},

also define a component of P by

1
Q.= {x € P: there exists D > 1, l—)e(t) < x(t) < De(t),t € [0,1] }
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Remark 2.2 By simple calculation, for any ¢ € [0,1], we have

1 t
In:Z ) = f— n-3 a—n+1d
o+ e(t) 71_‘(”_2)/0( s)" s s

_Bla-n+2,n-2) ., Tle-n+2)

— L 213
F(n—2) ['(e) 21
In/i—Ztﬂ—mH / t— )"~ 3 ﬁ m+1d
0 l"(m 2) (£=9) ’
_BB-m+2,m-2) Bl _ L(B-—m+ 2)#‘3—1, (2.14)
I(m-2) r'p)
[n:2—/l,,( ¢ —f t— n —3—i O— n+1d
0 e(t) = Tn-2— 1) (t-s) s §
_Bla-n+2,n-2—-p) , .
I(n—2- )
INa - 2
L=t e 10, nn, (2.15)
o = py)
1) = F(T/ (£ - syr=3nege= ds
_ B(Ol —-—n+ 2,” -2- nQ)ta—nQ—l
F(n-2-n,)
r 2
@D i 10 mea, (2.16)
INCEEM)

3 Main results
Theorem 3.1 Suppose that (S;)-(S4) hold. Then the BVP (1.1) has a unique positive solution

(u3,v3y), which satisfies

MNa-n+2) ,, DI(a-n+2) ,,
DI' () SHO==rG

F(B-m+2ut!? (T(a-n+2)\* [ (a=1)
I'(B) < DI' (@) )/Oez(s)sg g(s,1,1,...,1)ds

<vi(t)
- (B —m+2)Myuth! (DF(oe —n+2) N 1)§
- r'(B) T'(a = Nm—2)

1
x / 1 -5)P"g(s5,1,1,...,1) ds, (3.1)
0

’

and at the same time u; satisfies:
(1) Forig € (0 00), [l — w5 | = 0, A — Ao.
(2) If0 <o <3, then 0<hy < Ay implies u} <uj,u} #uj,.
(3) limy ||uk|| =0, limy ;o |1} || = +00.

Moreover, for any uo, we construct a successive sequence

1
wa® =152 [ 60965000 Df ),
0

D uk(s), ..., Dy ui(s), Au > (s))
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+ (s, u(s), Doy (), Do ? ui(s), . . ., Dyt (), Au(" 2) (s))]ds},

k=12,...,
and we have |\ux — u; || — 0 as k — oo, and the convergence rate
* O'k
e = ]| = 0(1-r7"),
where r is a constant, 0 < r < 1, and dependent on uy. Moreover,
1
Vi) = I? (,u / H(t,5)g(s, u},(s), Dt (s), ..., DY~ (s)) ds).
0
Proof We first consider the existence of a positive solution to problem (2.10). From the

discussion in Section 2, we only need to consider the existence of a positive solution to
BVP (2.11). In order to realize this purpose, let

1
Ax(t) = Ij* (/L / H(t,5)g(s, 12(s), 12 x(s), . ,Ig:zf"’””x(s)) ds),
0
and, for any x, w € Q,, we define the operator T; : Q, X Q. — P by
1
T (x,w)(2) = 1 / Glt,5)[¢ (5, I 2x(5), Iy "1 x(s), ..., I "2 x(s), Ax(s))
0
+ ¥ (s, 152 w(s), D77 (s), o I 2 w(s),Aw(s))] ds. (3.2)

Now we prove that T; : Q, x Q. — P is well defined. For any x, w € Q,, by (2.13), (2.16), we

have

/ H(s,7)g (v, 1§ 2x(x), Ie . mx(r),...,Igfzf"’"’zx(r)) dt

ooy

5/ Hs, < DI”(oz—n+2)Ta_1 DF(O‘—”+2)T¢1_,71_1

['(a) " Tla-m)
Dl"(a n+2) ,Ml) 0
0[ Nim- 2)
/Hs, <,DF(a—n+2) ’DF(a—n+2) ,W’DF(a—n+2) l)dr
['(a) ['(a—m) (ot = Nyn-2)
/Hs, < Dl"(o:—n+2)+ ,Dl"(a—n+2) ,M,DF(a—n+2)+1>dT
INCE ) I = nm-2) I = nn-2)

(DF(O{ -n+2)
<M)| —=
- F(O[—T]m_z)

s 1
+1> sﬁ”"”/ 1 -1)f"g(r,1,1,...,1)dr, se[0,1],
0

1
/ H(s, )g(v, I37%(), 1 " a(T), o, 10772 (n)) dT
/ His o ’F(a—n+2)ta_l,F(a—n+2)ra_m_l,m,
DI'(x) DI' (o — 1)

MNo-n+2) -L-a_"lm—Z_l) Jr
DI (et = yu—2)




Guo et al. Boundary Value Problems (2016) 2016:147

1 MNa-n+2) ,, Ta-n+2) MNa-n+2)
>/ HSJ)g(“ DI (@) ' DI(a) T DI (a)

I (C( n 2) ( )
p-m+ sla ’],],”.,] , ,1].
>— < DF( ) ) s / 02(T)T g(T )df S [0 ]

Hence, by (2.14), for any s € [0,1], we have

1
Ax(s) = I\ <M / H(s, 0)g(v, 107%(), 1 " a(T), o, 1772 (T)) dr)
0

LB —m+2)MyusP! (DF(a—n+2) )g
= +1
F(,B) Mo - nm—2)

1
X / 1- r)ﬂ‘m*lg(t,l, 1,...,1)dr,

=10 2( / H(s,7)g(7, 157 2x(1), Iy~ 2-m (r),...,Ig+2"’”2x(r))dr>

- wl (B —m +2)sP1 (I‘(a —n+2)
- r'(g) DT'(a)

By (3.3), (2.13), (2.15), (S1), and Remark 2.1, we have

o (s, Iy 2x(s), Iyv . ’“x(s),...,13:27“”’2x(s),Ax(s))
Dl'e-n+2) ,, DI'(a —n +2)

<o g e
Dl(e—n+2) o, C(B—m+2)Myu (DF(a—n+2) )5

— %2 +1

o= o) T Do = 1m2)

sl

1
X 55’1/ a- r)ﬁ’”‘*lg(f,l, 1,....,1)dt + 1)
0

<¢(s,Db+1,Db+1,...,Db+1)
<(Db+1)°¢(s,1,1,...,1)

<2°b°D°¢(s,1,1,...,1), se(0,1),
where

1
D> max{ [2%“1\/11)\ / (1-5)*""9(s,1,1,...,1)ds
0

1
I

1 —o
+ My / so@ D1 - )y (s,1,1,...,1) ds:| ,1,2¢,b7%,
0

1 1 “I-o
[cf’)\/ (91(3)5‘7(“"1)¢(s,1,1,...,1)ds+2""b""k/ el(s)w(s,1,1,...,1)ds] }
0 0

{F(a—n+2) F(ﬁ—m+2)(r‘(a—n+2) )g
b = max 1

(o= pu2)” T(B)Map) \ T (e = npu2)

1
X / 1- t)ﬂ"””g(T,l,l,...,l)dr}.
0

Page 11 of 20

)ar

) fOz(t)fg(“’l)g(t,l,l,.,.,l)df.
0

1

(3.3)

(3.4)
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By (3.3), (2.13), (2.15), (S1), and (S,), we also have

v (s, 15> x(s), Igjzfmx(s), e Ig:zfﬂn’zx(s),Ax(s))

<y (s, Cla-n+ 2)s°“1, Foe-n+2) S Fa-n+2) apn a1
- DT (a) DI'(a — 1) DI’ (o — py-2)
FrB-m+2)s?1 (T(a-n+2)\° [!
1 (IB m + )S < (Ol n+ )) / QQ(T)‘(g(a_l)g(T,l,l,...,1)d‘5>
r'(B) DI () 0
<vyls, 350-1, isa—m—l,m, ﬁsa—/tn-z—l, Lsﬂ—l
- D D D Ds
<yls, is‘)"l, is""l, e is""1
D D D
<(Lso ﬁlp(s 11,...,1)
-\D yylyeees
=cD°s @Dy (s,1,1,...,1), se(0,1), (3.5)
where
. {F(a—n+2) F(,B—m+2),u<f'(oz—n+2)>§
C = min 4,
I (e) r'(B) INGY)
1
X / Gg(r)rg(“’l)g(r,l,...,l)dr}.
0
Noting l%sa‘l <1, by (3.3), (2.13), (2.15), (S1), and (S;), we have
o(s, Ig:zx(s),lgiz_mx(s), .. ,13:2_“"’2x(s),Ax(s))
- ¢(s, MNa-n+ 2)5%1, MNa-n+ Z)S"H‘l*l,.,,, MNa-n+2) gt
- DT'(a) DI'(a - 1) DI'(a - pu-2)
FB-m+2) (T(a-n+2)\° 1
" (,3 m + )< (a n+ )) Sﬁ-l/ 92(T)T§(a_1)g(7:,1,1,u.,l)d‘f)
r'(B) DI’ () 0
>o¢ls, is""l, £s""‘”’l, e is‘)""”*z’l, isﬁ’1
D D D D
>ols, is‘)‘_l, is"‘_l,..., is‘)‘_l
D D D
> (Lot gqb(s L1,...,1)
=\p syl
=c"D 7" Vg(s,1,1,...,1), se(0,1), (3.6)
and by (3.3), (2.13), (2.15), (S1), and Remark 2.1, we also get
v (s, 25> (s), [g:z_“‘x(s), . ,16’:2_“”’2x(s),Ax(s))
- w(s, DI'(w —n+2) a1 DI'(w—n+2) - DI'(w—n+ 2)s"‘”‘”*2’1,
- [ (e) (o = p1) [ = pn2)

LB —m+2)Mp DI'(e —n+2) : B-m+1 ! p-m+1
I'(B) ( () +1) s /0(1—T) g(r,l,...,l)dz)



Guo et al. Boundary Value Problems (2016) 2016:147 Page 13 of 20

>y (s, Dbs*™!, Dbs*~"171 | Dbg*~#n-271 DS bsﬂ_m“)
>y(s,Db+1,Db+1,...,Db+1)

>Db+1)"Y(s,1,1,...,1)

>2bDY(s,1,1,...,1), se(0,1). (3.7)

For x, w € Q,, it follows from (3.4), (3.5) that
1
k/ G(t,s)¢(s,lgizx(s),lgizfﬂlx(s),...,Igfzfﬂ”’zx(s),Ax(s)) ds
0
1
< Myt*" 1y / (1= 8) (5, 10 2x(8), I x(s), ., Iy -2 x(s), Ax(s)) ds
0
1
< 2°b° D° MyAt* "L / (1-8)*"1p(s,1,1,...,1)ds < +o0, te€]0,1], (3.8)
0
1
A/ G(t,s)l/f(s,IgIzw(s),Igiz_mw(s),...,Ig:z_“”‘zw(s),Aw(s)) ds
0
1
< Mlt"‘_”“k/o w(s,lgﬁw(s),lgfzf’” w(s),...,13:27“”’2w(s),Aw(s)) ds
1
< OD° Myage / 1 -s)* s o@Dy (,1,1,...,1)ds < +o0, t€[0,1]. (3.9)
0

By (Ha), (3.8), and (3.9), we see that T} : Q. x Q, — P is well defined.
Next, we will prove that T} : Q. x Q. — Q.. It follows from (3.8), (3.9) that

Ty (x, w)(t) < Dt* "' = De(t), tel0,1]. (3.10)
At the same time, by (3.6), (3.7), we have
1

A / G(t,8)p (s, 1572x(s), 1y (s), ... o -2 (s), Ax(s)) ds

0

1
> t""”*l)»/ 6u()p(s, 1725(s), 10 x(s), . ,Ig:z_””‘zx(s),Ax(s)) ds
0
1
> "D ) / 01(5)s" @ Ve (s,1,1,...,1)ds, te[0,1], (3.11)
0
1

A / G(t, )Y (s, 15> w(s), D77 w(s), o I 2 w(s), Aw(s)) ds

0

1
> (7, / O ()W (5, 1072 w(s), 1 " wls), o, I 72 wi(s), Aw(s) ) dis
0
1
> 279 D p O p gL / 0.6)¥(s,1,1,...,1)ds, tel0,1]. (3.12)
0
Equations (3.11) and (3.12) imply that

T (x, w)(t) > ll)t""”*l = ll)e(t), t € [0,1]. (3.13)

Hence, T; : Q. x Q. — Q, is well defined.
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Next, we shall prove that T} : Q. X Q. — Q. is a mixed monotone operator. In fact, for
any x;,%; € Q, and x; < x,, by the monotonicity of I, 727 A and ¢, for any t € [0,1], we

have

1
/ G(t,8)p (s, 1521 (5), I 2 2 (s), .., I 277201 (5), Ao (s)) ds
0

1
A / G(t, )¢ (5, 12%2(5), 1 25 (5), .. It "5 (5), A (s)) ds. (3.14)
0
Hence, by (3.14), we have
T)»(xl’ W) = T)» (x2r W)! we Qel (315)

that is, T} (x, w) is nondecreasing on x for any w € Q.. Similarly, if w; > w,, wi,w; € Q,,
from (S,), for any ¢ € [0,1], we have

1
A / G(t, )Y (5, 1372 wi(8), I3 wa(s), . dos > " wa (s), Awn (s)) dis
0

1
< A/ G(t,s)lp(s,Igi2wz(s),1g+_2_”1wz(s),...,13:2_””‘2wz(s),sz(s)) ds. (3.16)
0
Hence, by (3.16), we have
Ty(x,w1) < Tix,wa), x€Q,, (3.17)

i.e., T) (x,w) is nonincreasing on w for any x € Q,. Hence, by (3.15) and (3.17), we see that
T5 : Q. X Q. — Q. is a mixed monotone operator.

Finally, we show that the operator T; satisfies (2.12). For any x,w € Q. and / € (0,1),
t € [0,1], by (S2) and (S3), we have

)»/01 G(t,9)¢ (s, Ij*Ix(s), Iy~ P x(s), . I 272 (s), Alx(s ) ds
/0 G, $)¢ (5, UG>x(s), U x(s), .., U2 x(s), Alx(s)) ds
> Al° /0 1 G(t, 8)¢ (s, I 2x(s), 1> x(s), - ..,13:2’”"*2x(s),Ax(s)) ds, (3.18)
Y /0 1G(t,s)w(s,lgizl_lw(s),13:2_’”1 W(s), .., I "2 1 w(s), Al w(s)) ds
> A fo 1 Gt )W (5, 17 L2 w(s), I 2 w(s), ., 172 ws), 17 Aws)) dis
> Al /o 1 G(t, )W (5, 1572 w(s), I "I w(s), ..., I "2 wi(s), Aw(s)) dis. (319)
Equations (3.18), (3.19) imply that

1
Ty <lx, 7w> >1T,(x,w), xweQ,. (3.20)
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Hence, as regards Lemma 2.6 assume that there exists a unique positive solution ¥} € Q,
such that T) (x},x}) = x5 . It is easy to check that x7 is a unique positive solution of (2.8) for
any given A > 0. Moreover, by Lemma 2.7 we have the following conclusions:

1) Forany)»o € (0,+00), [lx3 =5, [l = 0, 2 — Ao.

(2) If0 <o < 3, then 0 < Ay < Ay implies &}, <&}, &5 ##}.

(3) ity 1| = 0, lim, oo 2 = 400,
By Lemma 2.5, we have

uj (8) = 1525, (0),

vi@t) =172y (t), telo,1]. (3.21)

Hence, by (3.21) and the monotonicity and continuity of IJ;2, we get:
@ N —uk0|| — 0, L = Ao.
(2) If0 <o <1, then 0 < A < Ay implies uy, <ul,, u; Ful,.
(3) limy ||uk|| =0, limy— ;0 ||MA|| = +00.
Moreover, for any uy(t) = IjT 2x0 € Q., by Lemma 2.6, constructing a successive sequence

1
X1 () = )»/ G(t,8) [ (s, 7 20n(8), Ige - "2 6i(8), . T -7 2k (), Acw(s))

+ (8, I (), Iy~ 2 (s), ... I = 2xi(s), Axi(s)) | ds,  k=1,2,...,
by txs1(£) = I 2%, (2), then
1
0) :13:2{x f G(t,5)[¢ (s, ua(s), Dlptuar (s), D2 (s), ..., Dt~ g (s), Au" ™ (s))
0

+ (s, ur(s), Dt (), Dy ? i (s), .. ., Dy uiy (S),Auﬁ(nfz) )] ds},

k=12,...,
and we have |lu; — u || = || 15+ 2o — I: zxj\ || = 0 as k — oo, the convergence rate is
_ _ k
e =3 = 115722 = 1525 | = 0 (1= 7),

ris a constant, 0 < r <1, and dependent on ug, where 1 (¢) = Ig:zx;(t), and we easily get

Vi(t) = I 2( / H(t,9)g (s, 1255(5), I o (s), o Ly o *(s))ds),

so by u} (¢) = I+ 2x’;(t) we have

vi(t) = Ig’i_z( / H(t,s)g s, u; (s), D0+ u; (), .. DgT’ZuK(s)) ds). (3.22)

By (3.3), (3.22) , for any ¢ € [0, 1], we easily get

MNo—-n+2)

B . o . DIl -n+2)
DI @) Tt <uw @) = PN () < ——— !

- I'x)
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1
' }7(41’;;' 2)u (F((;);E’la‘; 2)>§t51L ez(s)sg(a—l)g(s,l,lp“,1) ds

<vi() = Iy (2)

- C(B—m+2)Mu (DF(oz -n+2) .\ 1>§tﬁ_1
r'(g) [0 = N2)

1
x/ (1—s)ﬂ"”“g(s,l,l,...,l)ds.
0

Therefore, the proof of Theorem 3.1 is completed. d

Remark 3.1 Compared with previous work [23, 25], the fractional orders are involved
not only in the nonlinearity f but also in the nonlinearity g and the uniqueness positive
solution of equation (1.1) is dependent on eigenvalue 1. Moreover, compared with [25], an

iterative sequence and the convergence rate are also given.

4 Example
Example 4.1 Consider the following boundary value problem:

D3, u(t) = 1 (6, u(®), DL (), (), 0 <<,

-Dgv(t) = ng(t,u(®), 0<t<l, (4.1)
u(0) =u/(0) =0, u'(1) = 0" u'(s) dA(s),

w0)=0,  v(1)= [y vs)dB(s),

where a = %, B = %, his)=a(s)=1,n=0 = %, x =7 =1 Let u(¢) = I x(t), v(t) = v(t), the

equation can be changed to the following:

DE,x(t) + 2 (I, x(0), [ (0, v(©) =0, 0<t<1,
Div(t) +ugt, Ix(t) =0, 0<t<l,

20)=0,  x(1)= [} x(s) dA(s),

WO)=0,  v(1)= [ W(s)dB(s),

4.2)

and

1 1 1 1
Pt %1, %0,%3) = (672 + cost)a] +2tx; +2x5,

1 - 1 _
W(t,xl;xz,xs) = t_jxl + Xy 6 + (2 - t)xB ’

IS
=

glt,u) = (3t + t2)u§ + (¢sint + t)u%,

0, te(0,3),
A)=16, teli,?)
2, tel3,1],
0, te(0,3),
B)=14, tel}3)
1, tel31].

Page 16 of 20
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Hence,

1 ? .
/ Xt "L h(6) dA(E) = / £2 dA(z)
0 0

1 1
1)\?2 3\?2
() )
2 4
~ 6 x 0.7071 -4 x 0.8660

=0.7786

<1,

o 3 .
f 1w g(t)dB(t) = f £2 dB(¢)
0 0

1 1
1\? 32
=4x(=) -3(2
2 4
~ 4 x 0.7071 - 3 x 0.8660

=0.2304

<L
Moreover, for any (t,x;,%2,%3) € (0,1) x (0,00)® and 0 < [ < 1, we have

o (&, lx1, Ix0, Ix3) = (t’% +cos t)(lxl)% + 2t(lxz)411 + 2(lx3)§
L 1 1 1 1
> [ ((t‘7 + cos t)xl7 +2tx) + 2x§)

1
= lz¢(t;x1)x2}x3)?

1
5

V=

1//(15, l’lxl,l_lxz,l_lxg) e (l_lxl)fi + (l_1x2)7 +(2- t)(l’lxg)

>[4 (t’%xﬁ +x2% +(2- t)x;%)
= 3 (£ 10, %0, 5%3),
(1) = (3¢ + 2) ()3 + (esint + (1)}
> 13 (3t + t2)u% + (¢sint + t)u%)

= l%g(t, u).

U (s,1,1,1) =572 +3—s,¢(s5,1,1,1) =572 +c0oss+25+2,g(s,1) = 4s+ssins+s>,

Noting o = %

we have

1 1
/ (1 - ) s o@Dy (51,1,1) ds < / 5@ Vy(s,1,1,1) ds
0 0
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1 1
f (1-5)*"1p(s,1,1,1)ds < f #(s,1,1,1) ds
0 0

1
:/ (s‘% +coss +2s +2)ds
0

=5+sinl < +00,
1 1 )
/(l—s)ﬁ’m“g(s,l)dsf/ (l—s)?(4s+ssins+s2)ds
0 0
1 L,
<[ Q-92(s*+4s+1)ds
0
= — < +00.
3

Thus, the assumptions (S;)-(S4) of Theorem 3.1 hold. Then Theorem 3.1 implies that prob-

lem (4.1) has a unique solution. Furthermore, when A — A, A¢ € (0, +00), we have
||x; - x5, || — 0,
and 0 < A; < A implies
B0 <0, #0750,
Since o = % € (0, %),
li >l =0, li | = .
lim 55 =0, tim 5] - +00
By u;(¢) = Iém}\(t), we can easily get:
(1) Ao €(0,+00), lug - uj\o = 0,A— Ao.
(2) If0 <o < 3, then 0 < Ay < Ay implies w6}, <u}, u}, #uj,.

(3) lim; g llu |l = 0, lim,_ 10 26} || = +00.
In addition, for any initial #o = I(lﬁxo € Q,, we construct a successive sequence

1 1
50 = [ G601 (0, An0)
0
1
+ l/f(t, I(l)+x/<(t),I()z+xk(t),Axk(t))] ds, k=12,...,
by ux1(2) = Ij k41 (2), then
1 1
Ui (t) = I {A/ G(¢, s)[d) (s, ui(t), Dg+ uk(t),Au}((t))
0
1
+ 1//(5, ur(t), Dy uk(t),Au}((t))] ds}, k=1,2,...,
and we have ||uy — u} || = | Ij.xx — Ij. x5 | — 0 as k — oo, and the convergence rate

o= = [ = o] = o1 =r7,
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r is a constant, 0 < r < 1, and dependent on uy. Moreover,

1
vi(t) = ,u/o H(t,5)g(s, u}(s)) ds.

5 Conclusions

In this paper, some existence results are obtained for the case where the nonlinearity is
allowed to be singular in regard to not only the time variable but also the space variable and
the fractional orders are involved in the nonlinearity of the boundary value problem (1.1).
Moreover, our equation system contains many types of equation systems because there
are many parameters in our equation system and the uniqueness of the positive solution
of equation (1.1) is dependent on . An iterative sequence and convergence rate are given
which are important for practical applications. The method which we used for the analysis
in this paper is the fixed point theorem of a mixed monotone operator in cone.
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