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1 Introduction
The purpose of this paper is to investigate the critical Fujita exponent for the following
initial value problem:

(Ix] +1)" Z—j =div(|VulT'Vu) + (Jx| +1)0?, xeR"%,t>0, 1)

u(x,0) = up(x), xeR”, (2)

wherep>1,0<g <1, max{-n,(n-1)/qg—(n+1)} <1 < pr <pu1+ p-1n,and 0 < ug €
Co(R™).

The study of critical exponents began in 1966 by Fujita in [1], where it was proved for
the initial value problem of

du =Au+u’, xeR",t>0

ot
that the problem admits no nontrivial nonnegative global solution if 1 <p<p, =1+ 2/n,
whereas if p > p,, it admits both global (with small data) and non-global (with large initial
data) solutions. Later, in 1981, Weissler [2] proved that the critical case p = p, is still a
blow-up case.

In Fujita’s work, the new phenomenon of nonlinear parabolic equations was discovered.

From then on, there has been a lot of work on the critical Fujita exponents for various non-
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linear evolution equations and systems (see, e.g., the survey papers [3, 4] and the references
therein, and also [5-15]). Among those, the Fujita type theorems for the slow-diffusion

non-Newtonian filtration equation

g—l: :diV(|Vu|q_1Vu) +uf, xeR" t>0 (3)
was investigated by Galaktionov in [16, 17], where p,q > 1. He proved that p. = q + (g +
1)/n by blow-up subsolutions and global supersolutions. Recently, the same problem for
an interesting variant of (3) is studied by the authors [13]. The non-Newtonian filtration
equations with fast diffusion were considered by Qi and Wang in [18], where the critical
Fujita exponent was determined for the Cauchy problem of the equation

2—;’ =div(|Vul"'Vu) + [x|°u?, xeR"%,t>0 (4)
withp>1,(n-1)/(n+1)<g<1l,ando > n(l-q)—g-1.Itisshownthatp, =g+ (g+1+0)/n
by energy functions. Obviously, they did not cover the portion 0 < g < (n—1)/(n +1) of the
fast-diffusion range.

In the present paper, we study the problem (1), (2) and formulate the critical Fujita ex-
ponent as

Pe=q+(q+1+p)/(n+ 1)

and the critical situation p = p, is still the blow-up case. The range of m considered in this
paper is 0 < m < 1, the whole fast-diffusion range of (1). Like the non-Newtonian filtra-
tion equation with fast diffusion, (1) is singular at points where |Vu| = 0. In addition, (1) is
degenerate at |x| = +oo for u; > 0 and singular for p; < 0, different from both (3) and (4).
Inspired by [11, 18, 19], to prove the solutions’ blow-up, we analyze the interaction between
the nonlinear source and nonlinear diffusion via precise estimates through constructing
energy functions by use of the normalized principal eigenfunction of —A in the unit ball
B; of R" with homogeneous initial-boundary condition, rather than constructing subso-
lutions as the author did in [16, 17]. This method for equation (1) and its special case (4)
basically depends upon the nonincreasing properties in the spatial variant of solutions,
which is trivial with p; = po, while it may be invalid if p; < po. For all these reasons, we
have to overcome some technical difficulties.

This paper is arranged as follows. Some preliminaries are introduced in Section 2, in-
cluding the local existence theorem, the comparison principle, and a property of solutions
from propagation of disturbances. The Fujita type theorems are established in Section 3.
Finally in Section 4, the critical case will be concerned.

2 Preliminaries
Throughout this paper, we use B, to indicate the ball in R” with radius r and center at the
origin. The solution considered here is taken in the following sense.

Definition 2.1 We call

loc loc

0 <ue C([0,T);L%(R")) N L0, T; W' (RY))
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a solution to the problem (1), (2) in (0, 7) with 0 < T < +o0 if

T
/ / ((|x| + l)mu% —|Vu|T 'V - Ve + (|x| + l)uzuptl)) dxdt=0
0 n

holds for any ¢ € C3°(R” x (0, T)) and

tlir(r)g /Rn u(x, £) (x)dx = /Rn uo(x)¢ (x) dx

for any ¢ € C§°(R").

Like the non-Newtonian filtration equation, it is not hard to prove the well-posedness
to the problem (1), (2), one can see, e.g., [20].
Next, we will prove the following proposition on a property of solutions from propaga-

tion of disturbances.

Proposition 2.1 Assume that u is a solution to the problem (1), (2) with 0 < ug € Cy(R"”)

nontrivial, then u(0,ty) > 0 for some ty > 0.

Proof That uy is nontrivial shows that there exists 0 #xy € R” and «, p > 0 such that

X — X g+1\ Vag\ 2
uo(x)2K<1—<%) ) , xeR"
0

+

where s, = max{s, 0}. Let

(g+1)& _ g+1\ /gy 2
®(x, 1) = L (1—<|x R’(‘;' ) ) . xeR%Lt>0,

+

1-q ,gq+1
K
D= {(x,t)e]R”+1 x Ry ¢ % = x0] < 2|0, |% — 0|9 < R(£),0 < £ < —'O},

§

with R(¢) = k97 + p?*1, and £ > 1 independent of « and p to be chosen later.
Denote

o — 0|7
el == —  H=1-le".

A direct calculation within D shows

PYe) £k plarDE ) 2 k1 plarhé

[ H - H I/q’
Jat RE+1(t) +q Rg+1(t) ”Z”
2 D\? 1 (g+1)& q 1/q
av(verrve) - -( XDV () (a0 BT,
q R(t)\ Ri(t) H
Setting

REFL(2) 1wy 0P
_ N el gq-1
Z[®] = i e <(|x| +1) o div(|Vo| qu)), (x,2) € D,
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then

L@ = (x| + 1) EH + 3(|x| +1)" |lz| M

2q+ D\ (P4 N [
() Gea) (o)

Divide D into two sets

DY ={(xt)eD:H<8} and D?={(xt)eD:H >3}
with § > 0 satisfying

(1o n(1-1) ) = 2,
8 q

where

Blxol + 1M, 1 =0,
A =
1, M1 < 0.

Then in DY,

Lio) <A+ (M)qafﬂ(m “(q+ 1)(l —1>)
q q 5

2 1
§—A1+8q‘l<n+q+1—£>
q )

<0.

For the chosen § > 0, we have in D®

2 2 1D\? (g+DE \ 9-1
$[¢]§—A2$8+—A1+n( g+ )) <p a) ,
q

q Ré(t)
where
_ 1, M1 Z O’
27| Blxol + DM, <0.
Due to
(g+))E \ 9-1 1 £(1-q) 1-q
p 8 <|1+- 8971 < < , (xt)eD,
R5(2) § d
we know

m 1-
L[] < — kS + 6%1/11 + n(2(q+ 1)) <§> L wheD.

Page 4 of 16

(5)
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So for fixed § > 0 satisfying (5) and & > 1 satisfying

2 2(g+1)\? 1-q
Az%‘(SZ—A1+I’1< (q+ )) (E) ,
q q )

we obtain
" od Kl—qqurl
(x| +1) IE —div(|Ve|*'Ve) <0, xeR",0<t<
Clearly, the constant & > 1 is independent of ¥ and p. The comparison principle implies
ulx,t) > @(x,t), (x,t)eD.
In particular,

ulx,t1)>0, xelj

1- +1
with f; = % and
+1
= {xeR” s o= xo| < 2|x0], |x — %07 < sT,o‘“l}.

If 0 € I3, the proof is complete. Otherwise,

X — X, g+1\ Vay 2
M(x,tl)Zq’(x,tl):Kl(l— (%) ) , xeR",
P1 +

where

Kl:K(i)E p1:p<ﬂ>l/(q+l)'
E+1)’ §

From the above argument, we have
u(x,t) = d1(x,t), (x,t) € Dy,

where

(q+1)& g+1\ /g 2
K X — X
By r) = 2L (g =%l , xeRt>t,
&
R;(t) Ry(2) N

1-g gq+1
K
D = {(x,t) eR" x R, : |x —x0] < 2|x0], |x — %09 < Ri(£), la <t <ty + ﬁ},

with Ry(¢) = Kf_l(t —h)+ pf“. In particular,

ulx,t) >0, xely,
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Kl—qpq+1
with &, = f; + % and

I

0= {xeR”:lx—xol < 2|0, | — 20 |7t < : o

If 0 € I, the proof is complete. Otherwise, repeat the above procedure. We get the con-
clusion in finite steps. O

3 Fujita type theorems
Let us establish the Fujita type theorems.

Definition 3.1 We call « the blow-up solution to equation (1) if there exists some 0 < T, <
+00 such that

thTI; |ut-,t) HLOO(R”) = tgrp; xséu}@ u(x, t) = +oo.

Theorem 3.1 Assume that1<p<p.=q+ (q+1+ p2)/(n+ 1) and 0 < uy € Co(R”) is
nontrivial. Then the problem (1), (2) admits a blow-up solution.

Proof Due to Proposition 2.1, we may assume #((0) > 0. By the comparison principle, we

only need to prove the conclusion for radial and nonincreasing u(x), i.e.,
uo(x) = ho(|xl), x€R”,

where Ky € C}([0, +00)) satisfies /;,(0) = 0 and /;(r) < 0 for r > 0. With such initial data,
the solution u is also radial, namely

ulx, t) = h(|xl,t), x€R",t>0. (6)

If ;g = pg, it is easy to know that u is also nonincreasing by a standard regularization ar-
gument and the maximum principle. However, this method is invalid if p1 < 5. In the
following discussion, we will first of all consider a nonincreasing u, namely 4(r, t) is non-
increasing with respect to r € [0, +00) for any ¢ > 0, and we treat the general case finally.

Let
]-1 0 S |x| S 1’
Yx) = 1f(x[-1), 1<[x<2,
0, || > 2,

where f is the principal eigenfunction of —A in the unit ball B; of R” with homogeneous
initial-boundary condition, normalized by ||f||;,) = 1. For [ > 1, define

Vilx) =¥ (x/l), xeR”

Then

My My |[AYy My
Vil = =2, |Awl = =, <=0
Vil < = INZEES ST

X eBZl \Bl1
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with M, > 0 independent of /. Set

m(t)=/n(|x| +1)" uydx, t>0.

Definition 2.1 gives

d
am =_/ |Vu|q*1Vu-V1/f,dx+/ (%l + 1) uP v, dax.
dt By R”

For radial and nonincreasing u(x, t), one has

/|w|q-lw.vw,dx=/ V|| V| dx
By

By

q 1-¢q
< </Bﬂ|w| . |V1ﬁ1|dx> </BZI'V‘/”"’1">
q 1-q
:(f Vu-Vzpldx) </ |Vw1|dx)
By By

q
< Mol(n—l)(l—q) (/ Vu- Vi dx)
By
and

05/ Vu~V1//1dx:/ LtVl//l-de’—/ uAI//lde—/ UMy dx,
By 0By By

By

where v is the unit outer normal to 9B5;. Hence

/ Uy dx
By

The Holder inequality yields

q q
/ ulNydx| < (/ uIAwlldx)
By By/\B;

q(p-1)/p
< (/ (In] +1) "2 ED | Ay oDy D d")
By \B;

qlp
. (/ (Jc] + l)mupl/fldx>
Byi\B;

q
< M, [1-2)-a0n+n2)lp (/ (Il + 1)”2 u’ dx)

@ > —M, JA-n-1)

q
7 + /l‘v(m + l)ﬂzupwldx.

Ip

with M; > 0 independent of /, which, together with (8), implies

d q/p
% > (/ (|x| +1)“2up1ﬁ1dx)

(-9/p
. [—MOMll”‘q‘l‘q(”“‘Z)/p + (/ (le + I)Mzupl/fl dx) }
RVI

Page 7 of 16
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By the Holder inequality,
(-1)/p
f (|x| +1)Mlmﬂ1dx < </ (|x| +1)(pMM)/(pl)¢1dx)
R By

1/p
. </ (|x| + l)mupllfldx)
RVI

1/p
§M2l("+u1)f(n+u2)/p </ (|x| + l)uzl/lplﬁldx> ’
Rn
and hence
/w (I + 1) sy doe > MyF1Plrem) i) h )
with M, > 0 independent of /. Equations (9) and (10) show that
gl > P -p(r+pa)+(n+ i) qlp_q
dt = (o )"

. {_ MoM, pa-1-atn+ina)lp Mg*P l[—p(n+u1)+(n+m)](p—q)/p,ﬁ*q } (11)

We mention that the above discussion holds provided that p > 1.
Ifp<pc=q+(q+1+pa)/(n+m), then

n—q-1-n+u)gl/p<[-pln+ )+ n+w)|-qlp.

Notice that 7; is nondecreasing with respect to [ € (1, +00) and sup{n;(0) : [ € (1, +00)} > 0,
and from (11) one shows that, for / > 1 large enough, there exists a constant § > 0 such that

% > (MP [P na) )12 g

1 . _
. <5Mg Pl[—p(nﬂn)+(n+u2)](p—q)/P,ﬁ’ ‘1)
> 8nf.
So there exists some 0 < T, < +00 such that

lim n(¢) = +o0.
t—>Ty

Due to supp ¥; = By;, we obtain

)”LOO(]R”) = +00.

lim || u(-, t
t—>Ty
Next, for the general case without the assumption that u(x, ) is nonincreasing, define

u(x,t)= min h(r,t), xeR",t>0. (12)

0=<r<lx|
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Then u(x, t) is nonincreasing,
0 <ulxt) <ulxt), xeR"t>0,

and

d/ s
L w/fdxz—/
dt Rn( ) ’

From the above argument, we get

20

li ’1t o0 (RN
HIT{”Z( )“L ®")

t—Ty

= +00

for some 0 < T, < +00, and (13) ensures that u is a blow-up solution.

Let us turn to the case p > p.. Suppose that
Ux,t) =+ 1) V((E+ 17 (lxl + 1)),

where

o q+1+p g P4,
mp-q) +uag-1)+(@q+p-1)’ q+1+

is a self-similar solution to (1). It is easy to show that V(r) solves

(‘V"q_l V/)/ + HT_1|V”q_1V’ + BV LMV 4 P2VP =0, 1> 0.

|Vul|i'Vu - Vi dx + / (Ixl + 1) Py .
RVI

Page 9 of 16

(13)

(14)

(15)

(16)

17)

Lemma 3.1 Assumethatp >p.=q+(q+1+ p)/(n+ p1). Then for ¢ > 0 small enough, the

function
V(r) = 8(1 + p(s)r*)ﬂ/, r>0,

where

+1 1
=1+ 4 () = —plagt-ag,
1- YA

q q
is a supersolution to equation (17), i.e.

1

(|V’|q_1 V/)/ + n;|\/’|q_l\/' + BrYV L oMV + P2 VP <0, r>0.

Proof 1t is not hard to show that it suffices to verify

qly + l)p(e)k[gykp(g)]q[l + p(s)r’\]_q(wl)_lr(qﬂ)@*l)
—q( = D[eyrp(e)]"[1+ p(e)rk]_q(yﬂ)rq(k—l)—l

— (n=1D)[eyrp(@)][1 + ple)r*] 17 a0
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~Beyap@[1+ p(e)* ]

+ 81’[1 + ,o(e)rk]_pyr“2 <0, r>0,

Pt 4 ae[l + ,o(és)rk]_yr"1

namely

{[evrn(e)]" - Belyrp(e)[1+ p(g)r*]’(y"l)rmﬂ
a0 1] ey - [ pe ]

. 8[1 + ,o(fs)rk]fyr”1 <0, r>0. (18)
From the definition of [ey Ap(g)]? = Be, we have

[qh -1 +n-1]e [eyrp(e)]" o — e’ [1+ ,0(8)1’)‘]_(Iﬂ_l)yr“z‘“1
=(m+m)B—a—el [1 + /o(a)r'\]f(pfl)yr’”_"1

> (n+ B —a - [ple)] V7 prara 2Dy,
Duetop>p.=q+(q+1+up)/(n+p)and (m—1)/g—(n+1) < g < o,
n+p)B>a, AMp-1)y=py—p >0.
Hence,
(n+m)B—o—elt [p(s)]_(p_l)yr“z_““)‘(”_l)y >0, r>0
holds for sufficiently small ¢ > 0, and (18) is obtained. O

Theorem 3.2 Assume thatp > p, =q+(q+1+ o)/ (n+ p1). Then the solution to the prob-
lem (1), (2) exists globally with small uy, or blows up with large u.

Proof Let V(r) be a supersolution to equation (17) in Lemma 3.1. From
V(r)<0, r>0,

one can show that U(x, t) given in (15) is a supersolution to equation (1) with « and 8 given
in (16). Therefore, the comparison principle implies the problem (1), (2) has a nontrivial
global solution with small .

Let us turn to the case of large uy. Denote by the radial « a solution to the problem (1),
(2). Temporarily suppose u is nonincreasing. Then (11) holds with »; defined by (7). If ug
is so large that

g1 1. ) )
MOMllg q-1-(n+p2)alp EMZ Pl([) ) +(n+12)] (p q)/pnz) 1(0)

holds for some [y > 1, then from (11), we get

Ny (t) > Ny (O)! t>0,
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and

dny —p plnt )+ i)\ alp g
dt z (MZ lO ) nlo
1,0 e
. (5 M P sl q)

= So1rj,

for some &y > 0. Therefore, u is a blow-up solution.
For the general case without the assumption that u(x, ) is nonincreasing, considering
a new function just as in the proof of Theorem 3.1, one can also see that # is a blow-up

solution. N

4 Critical case
Now, let us deal with the critical case p = p. = ¢ + (g + 1 + p2)/(n + ). Let ¥y, 5, My, My

be defined as in the previous section.

Lemma 4.1 Assume thatp =p.=q + (q +1+ u2)/(n + 1) and u is a nontrivial, global,

radial, and nonincreasing solution to the problem (1), (2). Then
/ (Ixl + 1) u(x,t)dx <M, t>0, 19)
Rn

holds for some constant M > 0 independent of t.

Proof p = p. yields
n—q—1-(n+u)qlpe = [-pc(n+ ) + (n + ) |(pe — @)/ pe.

Then, for the global, radial and nonincreasing solution #, from (11), we have
MIPenU(e) < 2MoMy,  1>1,¢>0.

Otherwise, u blows up in a finite time. Therefore (19) holds for some constant M > 0 owing

to

lim #,(t) =/ (Il + 1) u(x, £) dx. 0
[—+00 R~

Lemma 4.2 Assume thatp =p.=q+(q+1+ u)/(n+ 1), u be a nontrivial, radial, and
nonincreasing solution to the problem (1), (2) and 0 < 0 < 1. Then

dn

& > M;q(l_e)[(”ﬂu)’l’c(nﬂtl) 77?(1_6)

q0
. {_M3 </ (Il + 1) uypy dx) +M§(19)p”n1;‘q(19)} (20)
By \By

holds for any [ > 1 with a constant Ms > 0 independent of I.
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Proof For any [ > 1, the Holder inequality yields

/ Uy dx
By

q
< ( / MlAlﬁlldx)
By\By
< ( / (1l + 1)—(9pcu1+(l—9)M2)/[(pc—1)(1—9)]
By \B;

- Ay Pel@eD =00~V [(peDA-0)] 1

(| . q(1-6)/pc " q0
. x| +1) 2wy dx (Il + 1) urpy dox
By \B; By\B;

< M4n=2)-q(n+12) pe+q6 (ka—perir—(pe=1)n)Ipe

q(1-0)/pc q0
. </ (J| + I)Mzupflmdx) (/ (l] + l)mm//l dx) ,
R” By\B;

with M > 0 a constant independent of /, which, together with (10) and (8), implies

d q(1-0)/pc
gl > (/ (J| + l)mupflmdx>
dt R”

. { —M, MDA +q(n=2)—q(n+n2)/pc+qb 12 —pepa~(pe-Dnl/pe

q6 [pe—q(1-0)/pc
) (/ (Il + 1) uypy dx) + (/ (Il + 1) ey dx) }
By\B; R”

> (M;Pc l—pc(rz+;q)+(n+u2))4(1—9)/176 77?(1_0)

q

>q(pc—l)(1—9)/17c

. { ~Mp MDA +q(n=2)=q(n+p2)/pe+g0 [1a—pems—Pe—Dnlpc

q6
) </ (Jc| + l)muwldx>
By \B;

& MIO0-Pe P00 el rss a0 } .

Then (20) holds due to
(n-1)(1-q) +q(n-2)—q(n+ pu)/pc+q0[ s — pea — (pc — Dl /pe
= [-pe(n + 1) + (1 + p2)][pe — q(1 - 0)]/pe. O

Lemma 4.3 Assume thatp =p.=q + (q +1+ uy)/(n + (1), u be a nontrivial, radial and
nonincreasing solution to the problem (1), (2). Then

% > _ M, etn-a-D-abru2)Vpe-a) p 5 (21)

holds for some constant My > 0 independent of I.
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Proof From (9), we have

d
am > / (|x| +1)M2u‘”1//1dx
dt R”

n

alp
M) 0-) g2 (ra)pe] ( / (I +1)“2uf’cw,dx> y
R

Then the Young inequality gives

@ > / (|x| +1)“2up”1pldx— 1[ (|x| +1)“2upcw;dx
dt n Pc Jrr

_ Pe 9 1peloe-a) flocn-g-1)-q(n+uz))/ (pe=a)
Pe
> _ M [Pen-a-D-q01+12)l/(pe=q) 0

We are ready to prove the blow-up theorem of Fujita type for the critical case p = p, =
q+(q+1+ )/ (n+ ).

Theorem 4.1 Assume that p =p. =q+ (q+ 1+ u2)/(n + w1) and u is a solution to the
problem (1), (2) with 0 < ug € Co(R") nontrivial. Then the problem (1), (2) admits a blow-
up solution.

Proof Similarly to the proof of Theorem 3.1, at first assume u is radial and nonincreasing.
Then u is radial, given by (6). Denote

A= sup n(t) = sup /}Rn(pcl +1)" " u(x, t) dx. (22)

[>1,t>0 t>0

From (19) and the nontriviality of %, 0 < A < +00. For any 0 < o < A, due to (22) and #;
being nondecreasing with respect to [ € (1, +00), there exist wy > 0 and /o > 2 such that

Nigr2(wo) = A —o.
Then it follows from (21) that
[ (1) sy )
> /Rn o] 1 2406, 000) i 2.(x) e — My (L /2) Pl Pea (s — )
>A-o _M4(10/2)ch(n—q—l)—q(nmz)]/(pc—q)(S —wo), $>wp.
Thus

f (Ix] + l)mu(x,s)x//lo (%) dx
By \By,

5/ (1] + 1) u(x, s) dx—/ (1] + 1) u(x, ) Wiy 0 (x) dc
R" R"

<o+ M4(10/2)[pc(nqul)fq(nmz)]/(pc*q)(S —wy), $>wp.
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Choosing [ = [j in (20), we have

d(;’;o > M1 lgmm)—pc(nm)n;zo(l—e)

q6
: {—Ms (/ (Il + 1) unfy dx) + Mg(l‘(’)—Pc Ufoc_qa_g)}
Baig\By

> M;q(l—G) lgqmz)—pc(mm) n;lo(l—e)

. {_]\/13 (a + My (ly/2)pelr-a-D-aln+u2)l/pe=a) ( _ wo)})q‘]

n Mg(l—é)—pc niﬂoc—q(l—ﬁ)}, t> w.

Fix 0¢ € (0, A) and M5 > 0, independent of /;, such that
1 _0)-
Ms(oo + Ms)™ < EMZI(I DPe(p — goype=ali=),

Then

dmy 1

e 2M;pcl(()n+uz)—pc(n+u1)n1;c wo < t<

0 b
where

M
w1 = wo + — (ly/2)elr=a-D-alnri2)/(pe=)
My

Hence
1. _
iy (1) = i a0o) + My I P (A _ Y (n — o)
1 —pe j(n+p2)—pe(n+py)
= Ny (wo) + EMZ lo (A —0p)e
Ms 2y et Dgtr ) e,
My

Notice

(1 + pa) = pe(n + ) = [pe(n — g =1) = q(n + p2)/(pec — q) = 0,
one gets

/Rn (1] + 1) s, 1) dx > gy (1) > 1y (@) + 8o = A — 0 + 8o,

with a positive constant

M;Pc M5

(A — og P2 peti=a-D-qbr+u2)llpe=9)
2M,

8o =
independent of /. Similarly, we reason

Neip)2(@1) = Ny (1) = A -0 + 89 > A - 0.
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The same argument yields

/ (le + l)mu(x; tr) dx > 1oy, (w2) > Nagy (1) + 80 = A — 00 + 280
Rn

with

0y = o + %lo—[Pc(n—q—l)—q(nwz)]/(pc—q)‘

4

Repeating the procedure, one can show that

/ (Il + 1) u(w, ) A > Moty (@) > gpeny, (@-1) + 80 = A — 00 + kdo
Rﬂ

with

M (=g —1)— _
Wk = Wr_y + ﬁ(zkleo) [pe(n-g-1)~q(n+p2)l/(pc q)’ k=12,....

4

Therefore

sup/ (1] + 1) u(x, £) dx = +00,

t>0

which contradicts (19).

Now, for the general case without the assumption that u(x, ) is nonincreasing, consider
u(x,t) defined by (12), which is nonincreasing and satisfies (13) and (14). Therefore, the
conclusions of Lemmas 4.1-4.3 are all valid for u. Similar to the above argument, one can
show that u blows up in some 0 < T, < +00, and thus u is a blow-up solution. 0
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