Gu Boundary Value Problems (2016) 2016:143 0 Boundary Value PrOblemS
DOI 10.1186/513661-016-0656-x a SpringerOpen Journal

RESEARCH Open Access

CrossMark

A fourth-order elliptic Riemann type

: 3
problemin R
Longfei Gu”
“Correspondence:
gulongfei@lyu.edu.cn o Abstract
Biiaeg;;rﬁf;i%i;hmedn;itg'c;%%; This article is concerned with a fourth-order elliptic equation ie, (A% =k A)[u] =0
PR. China (k > 0) coupled by Riemann boundary value conditions in Clifford analysis. In the

framework of a Clifford algebra Cl(V33), we obtain factorizations of the fourth-order
elliptic equation and construct the explicit expressions of higher-order kernel
functions. Some integral representation formulas and properties of the null solution
of the fourth-order elliptic equations in Clifford analysis are presented. Based on these
integral representation formulas, the boundary behavior of some singular integral
operators, and the Clifford analytic approach, we prove that the fourth-order elliptic
Riemann type problem in R? is solvable. The explicit representation formula of the
solution is also established.

MSC: 30G35;45J05

Keywords: Clifford analysis; Riemann type problem; fourth-order elliptic equations;
micro-electro-mechanical systems

1 Introduction

Fourth-order elliptic equations have become a very important and useful area of math-
ematics over the last few decades, which is caused both by the intensive development
of the theory of partial differential equations and their applications in various fields of
physics and engineering such as theory of elasticity, micro-electro-mechanical systems,
bi-harmonic systems, and so on. We refer to [1-10]. Recently the fourth-order elliptic
equations

BA*[u]-TA[u]=0 (B>0,T>0),

arise in the modeling of micro-electro-mechanical systems; see [5, 6]. The equations com-

bining bi-harmonic equations with harmonic equations can be rewritten as

(A* = k*A)[u] =0, (L1)
with « = %.

The Riemann type problem is one of the famous problems in complex analysis and
Clifford analysis; see [2—4, 11-23]. It is natural and important to study fourth-order el-
liptic equations coupled by the Riemann boundary conditions in R” (# > 3). In general,
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two methods are used to deal with higher-order boundary value problems. One approach
is to transform the boundary value problems for k-regular functions and poly-harmonic
functions into equivalent boundary value problems for regular functions in Clifford anal-
ysis by the Almansi type decomposition theorem [15]. The other is to make use of higher-
order integral representation formulas and a Clifford algebra approach [3, 4, 10]. Obvi-
ously, the first method fails to solve a system of the fourth-order elliptic equation i.e.,
(A2 —k%A)u = 0, coupled by the Riemann boundary conditions. Using the second method,
we need to investigate factorizations of the fourth-order elliptic operator in the framework
of a Clifford algebra. Furthermore, we will construct higher-order kernels. The key idea is
to choose an appropriate framework of the Clifford algebra. A lot of boundary value prob-
lems for some functions with the Clifford algebra CI(V,,o) (n > 3) have been studied; for
example, see [2, 3,11-13, 15, 16, 24]. However, we fail to obtain factorizations of the fourth-
order elliptic equation (A% — k2A)u = 0 (k > 0) using the Clifford algebra CI(V,,0). In this
article, using a Clifford algebra Cl(V33), we get the decomposition of the fourth-order el-
liptic operator i.e., (A% = k2A), and, moreover, construct higher-order kernel functions,
which is different from [17, 25] due to choosing different Clifford algebra.

The article is organized as follows. In Section 2, we recall some basic facts about the
Clifford analysis needed in the sequel. In Section 3, in the framework of the Clifford algebra
Cl(V33), we construct the explicit expressions of the kernel functions and obtain some
integral representation formulas, we study some properties of null solutions for the fourth-
order elliptic equations (A2 —«x2 A)u = 0, for instance, the mean value formula, the Painlevé
principle, and so on. Section 4, on the basis of the above results, considers a Riemann
boundary value problem for the fourth-order elliptic equation.

2 Preliminaries and notations
Let V33 be an 3-dimensional real linear space with basis {e;, e, e3}, C1(V3 3) be the Clifford

algebra over V33 and the 8-dimensional real linear space with basis
{eA,A ={h,...,,}ePN,1<h<---<[, < 3},

where N stands for the set {1,2,3} and PN denotes the family of all order-preserving
subsets of N in the above way. We denote ey by eg and e4 by ey,..;, for A ={l;,...,l,} € PN.
The product on CI(V33) is defined by

esep = (—l)n((AﬁB)\N)(—I)P(A’B)eAAB, ifA,B € PN,

A =2 4 pepn FalBeaes, A =3 acpnraea k=D pepy Hpes
where n(A) is the cardinal number of the set A, the number P(A, B) = ZjeB P(A,j), P(A,)) =
nfi,i € A,i> j}, the symmetric difference set AABis order-preserving in the above way, and
A4 € Ris the coefficient of the e4 -component of the Clifford number A. It follows from the
multiplication rule above that ey is the identity element written now as 1 and, in particular,
eiej +eje; = 28,5, i,j = 1,2,3. Thus Cl(V33) is a real linear, associative, but non-commutative
algebra. An involution is defined by

_ n(A)(n(A)+

eq = (—1) “ 7<A) . €4, if A € PN,

e i : 1)
A= aepn ala if & =2 4epn Haea



Gu Boundary Value Problems (2016) 2016:143 Page 3 of 19

The norm of % is defined by [|A]| = Q" cpn |)»A|2)%. Throughout this article, suppose
that Q is an open bounded non-empty subset of R® with a Lyapunov boundary 89 we
denote Q* = Q, @~ = R\ Q. We now introduce the Dirac operator D = Zi 1€ Bx
particular, we have DD = A where A is the Laplacian over R3. A function z : Q +— C1(V33)

In

is said to be left monogenic if it satisfies the equation D[u](x) = O for each x € Q. A similar
definition can be given for right monogenic functions.
Denote

Z]' = xj€0 —xlelej, j: 2, 3,

and
V... lp(x)— Z 2l 2y

where (/1,...,1,) € {2,3}, the sum is taken over all permutations with repetition of the
sequence (/,...,1,). In particular we define V},, ;,(x) =1 for p = 0 and V};, 4,(x) = 0 for

.....

p<0.
D[CpX/ Vi 4y ()] = Cap¥ Vi (), (2.2)
where x = Z?zlxie,»,

1, j=0,
Cip = }1 , jEN*=N\{0}.
1_[;4 0 3+2p+2u,)

In the following, we define

Alr,u) = max{]

b M0 2 max uco)

Lemma 2.2 [4,27] Let D[u] =0 in R® and liminf,_, o M:f,;“) =L <00, m € N*. Then

m

”(X):Z Z Vit (X)Chy, 1, - (2.3)

For more information as regards the properties of Dirac operators and left monogenic
functions can be found in [2, 3, 27-29].

3 Some integral representation formulas in Clifford analysis
The fourth-order elliptic partial differential operator A% — k2 A, for k > 0, corresponds to

the fourth-order elliptic equation:

(A?=k>A)[u] = 0. (3.1)
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Using the multiplication rule on the Clifford algebra CI(V33), equation (3.1) may also be

written as
DDL,L_.[u]l=DDL_.L.[u)=L_.L.DD[u]=L.L_.DD[u]=0,
where L, =D+« and L_, =D —«.

Lemma 3.1 [7, 8] Let

1 e ¥IXl_1
E(kc,X) = —— —. 3.2
(ox) = —3 X (3.2)

Then the kernel function E(ic,X) is the fundamental solution to (3.1) in R3.

Let
H(k,%) = 5 HXH3’
1
HZ(K x) 47{ m; (3.3)
Hs(k,x) = 471,(2 (25 e + K= T )_(j‘:;\lxn -1+ Kﬁe"‘”x”],
) =Bl =~
and
Ex(ic,x) = 3= ”"E’J K + ke le ™,
Exlie,) = T enxu ’ (3.4)
Eg(K X) 47_“(2 ||x||3 (e_KHxH __ﬂx‘_:_ KWe_K“x”]
Ealic,x) = —E(,%) = =3

where k >0, x e R?\ {0}.
Lemma 3.2 Let H;(x,x) and E;(«,X) be as in (3.3) and (3.4),i=1,2,3,4. Then

L_[Ha(k,x)] = [Ha(kc,X)]L_c = H3(k,X),
L [Hs(k,x)] = [H3(k,X)|Lic = Hy(k,x),
L_c[Ex(k,X)] = [Ex(k,X)]L- = Ey(k,X),
L [Er(k,x)] = [Ex(k, X)]L,c = 0,

and

DIE4(x,x)] = [Ea(k,X)]D = E3(k,X),
DIE;3(x,x)] = [E5(k,x)]1D = E3(, X),
D[H,(k,x)] = [Ha(k,x)]1D = Hy(k, ),
D[Hy(x,x)] = [Hi(k,x)]D = 0,

here k >0,x € R3\ {0).

Remark 3.3 Let

Hj (k,x) = ; [(# - KL> (e"‘”"H - 1) + Kﬁf""} (3.5)

47 ic? [1x]]
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and

1 1

Ef(i,x) = —[% e X _K_]e—ml. (3.6)
4 | |1l Il Il

When Hj(k,x), Ef(«,x) replace Hs(x,x), Ei(«,x) in (3.3), (3.4), respectively, we have the

following results:

L [Hy(x,x)] = [Ha(k,x)]L, = Hj(k,X),
L_ [H3 (e, x)] = [H3 (e, X)]L_ = Ha(x,X),
L [Ex(k,x)] = [Ea(k,X)] L, = Ef (K, %),
L [Ef(k,x)] = [Ef (k,x)]L = 0.

(3.7)

Let © be an open non-empty subset of R® with a Lyapunov boundary, u(x) = Y, eau4(x),
where u,4(x) are real functions. u(x) is called a Hélder continuous function on € if the fol-
lowing condition is satisfied:

1

[x0) = (xa) | = [ZH (%) = 14 (x2) ||] < Cla -l

A
where, for any x;,x; € Q,x; #Xy, 0 <a <1, Cis a positive constant independent of xj, X;.

Lemma 3.4 Letf,g € CY(Q,Cl(V33)) N C(Q,Cl(V33)). Then

_/mfdﬂyg: /Q[f]LKng"'/;ZfLw[g] av
:/V]L‘“gd‘“/flx[g]dv,
& Q

where dV denotes Lebesgue volume measure, do stands for Cl(V33)-valued 2-differential
form.

Proof From Stokes’ theorem in Clifford analysis in [29], the results can be directly proved.
O

Theorem 3.5 Suppose that 2 is an open bounded non-empty subset of R with a Lyapunov
boundary 32, u € C*(Q2,C1(V33)) N C3(R, C1(V33)). Then

3
> (pH | Hiley-x) doy D' [u](y)
i=1

_ / Haylk,y —x) doyL_, A[u(y)
19

+ / Hy(k,y - x)(A2 - KZA)[u](y)dV
Q

_ { u(x), xee, (3.8)

0, xeR3\ Q,

where H;(k,y —x) (i=1,2,3,4) are as in (3.3).

Page 5 of 19
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Proof Let x € R\ Q. Using Lemma 3.4 and Lemma 3.2, we get

fQ Hile,y - x)(A% k2 A) [ul(y) dV
=LH4(K,y—x)LK[L_KAu](y)dV
_ / Haic,y - x) doyL_ Alul(y)
Q
. /Q [Hal,y —30)or - Loy Alul(y) dV
= | Halk,y—x)doyL_ Alu](y)

Q2

- /Q Hi e,y )L Alul(y) dV. (3.9)
Assume
h- / Hy(ie,y - 0L Alul(y) dV.
Q

Applying Lemma 3.4 and Lemma 3.2 once again, we continue to calculate the integral I;

and get

I- / Hy(k,y - x) doy Alul(y) - f [0,y = x)|Le - Alul(y) AV
Q2 §
:/ Hs(K,Y—x)dayA[u](Y)—/H2(K’Y_X)A[”](y)dv
Q2 §
_ / Hs(k,y - X) doy Alul(y) - / Ha (i, y = x) doy Dlul(y)
90 Q2
Q

= | Hslk,y—-x)doyAlul(y) - | Ha(k,y—x)doyD[ul(y)
09 09

+ | Hik,y —x)doyu(y), (3.10)
Q2

From (3.9) and (3.10), in this case, the result follows.
Now, let x € 2 and take r > 0 such that B(x,r) C Q2. Invoking the previous case, we may

write

3
P /d oy FilE Y =) den D)
i=1

Q\B(x,))

- / Halery —x)doy Lo Alul(y)
3(Q\B(x,r))

+ / Hy(ke,y —x)(A? = k*A)[u](y)dV = 0. (3.11)
Q\B(x,r)

Page 6 of 19
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Here we take the limits for r — 0. As regards the weak singularity of Hy(x,y —x), it follows

that

lim Hy(ke,y —x)(A% = > A) [ul(y) dV
=0 Jo\Bx,r)

:/S2H4(K,y—x)(A2—KZA)[u](y)dV.

Furthermore we write

3
S /d oy Hilry =) doyD iy
i=1

Q\B(x,r))

- / Halic,y - x) doyL_ Alul(y)
A(Q\B(x,r))

3
= 2:(—1)"‘1 /zm H;(k,y —x) doy D" [u](y)
i=1

- Ha(ke,y - x) deL—K Alul(y)
aQ

3
-3 eyt fa o Hiliy =) doy D)
i=1

X,r)

+/ Hy(k,y —x)doyL_ Alu](y).
daB(x,r)

We denote
3

B2-Y 0 [ iy -x)doy D ully

i-1 dB(x,r)

+/ Hy(k,y —x)do,L_ Alu](y).
dB(x,r)

Applying the Stokes formula and the Lebesgue differentiation theorem, we have

lim I, = —u(x).

r—0

Combining (3.11) with (3.12)-(3.14), we get the desired result.

(3.12)

(3.13)

(3.14)

O

Theorem 3.6 Suppose that Q2 is an open bounded non-empty subset of R® with a Lyapunov

boundary 32, u € C*(2,C1(V33)) N C3(Q, C1(V33)). Then

/El(ic,y—x)doyu(y)—/ Ey(k,y —x)doyL_.[u](y)
a0 a0

. / Es(k,y —X)doyLL_[u)(y)
Q2

- /Q Ey(k,y —x)doyDL,L_,[u](y)
3

Page 7 of 19
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+ / E4(/<,y—x)A(A —KZ)[M](Y) av
Q

’ Q)

_fubo, xed (3.15)
0, xeR3\ Q,

where E;(k,y —x) (i =1,2,3,4) are as in (3.4).

Proof The result can be similarly proved to Theorem 3.5. O

Applying Theorems 3.5 and 3.6, we directly have the following results.

Theorem 3.7 Suppose that Q2 is an open bounded non-empty subset of R3 with a Lyapunov
boundary 32, u € C*(2,C1(V33)) N C3(Q, C1(V3,3)), and (A? — k> A)[u] = 0 in Q. Then

3

Syt /a Hky =) doy D )

i=1

_ / Haylk,y —x) doyL_, A[u](y)
R

_ i u(x), xeQ, (3.16)

0, xeR3 \5,
where H;(k,y —x) (i = 1,2,3,4) are as in (3.3).

Theorem 3.8 Suppose that S is an open bounded non-empty subset of R® with a Lyapunov
boundary 32, u € C*(22,C1(V33)) N C3(Q, C1(V3,3)), and (A — k> A)[u] = 0 in Q. Then

/ El(x,y—X)deu(Y)—/ Ea(ie,y =x)doyL_ [u(y)
Yol Q2
. / Es(k,y - x) doyLL_ [u](y)
IR
_ / Ey(k,y —X) doy DL, L_[u](y)
Q2

_ { u(x), xee, (3.17)

0, xeR3\ Q,
where E;(k,y —x) (i =1,2,3,4) are as in (3.4).

In this article, as usual dS denotes the Lebesgue surface measure. Using Theorem 3.7

or 3.8, we have the following result.

Corollary 3.9 Suppose that (A% — k2 A)[u](x) = 0 in R®. Then

1+«kR
X) = oy / u(y)dS
4 R?(1 + kR + “5=) JoBxR)

==
=

2 1, R R _&R
/ uy)dv + 2 A[u](x).
B(x,R)

+ 2R2
47 R(1 + kR + =) 1+kR+ 5

Page 8 of 19
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Proof For arbitrary x € R3, Theorem 3.7 and Stokes’ formula imply

1 1
=— u(y)dS + — Alul(y)dV
47 R? Jypx.R) 47 R Jpx,R)

—KR _ 1 —KkR
b / Alul(y)dS
47k?R*  4mkR ) Jopwr)
e R_1
+
4 K2R

u(x)

/ A?[u](y)dV. (3.18)
B(x,R)

Using the mean value formula for harmonic functions and the condition (A2 —«2A)[u] = 0,
from (3.18), we have

1+kR 2
R T2 / uly)ds + e R 5 / uly)dv
AT R* Jypx,R) 47 R Jpx,R)

1-— KR R RZ
+ ( - —>e-KRA[u](x)
kK 3

K2

ux)=e

RZ 2
- <1 — R+ kR+ TK>6_"Ru(x). (3.19)

Thus the result follows. O

Theorem 3.10 Suppose that (A? — k2 A)[u] = 0 in R3 and lim,_, o % =[< 00, meN*.
Then

liminf,_, o, 2L < oo,

Alu](c0) =0, (3.20)
Ly Alu](c0) = 0.

Proof For arbitrary x € R3, by Corollary 3.9, we have

1+kR+ "ZBRZ
Alu)(x) = T——F—F— —Zw 4(x)
2T T3 T
(1+«kR)
- ATRA(L + B4 B _ &Ry /33( uly)ds
2Tk 3 2 %R)
2
- - u(y)dv. (3.21)
AnR(L + B+ B &%) /J;(X,R)

Taking R = ||x|| in (3.21), we obtain

2 x|

L+w|x|l + —5
x> _ eclixi

K 3 «2

N

uc

max { |lu(y)]}

lyll=2/x|l

Ix)2  exlxll
P

w2 Ix]>

3 3 exlIxll
5+ 2y X2 - 355

{u}- (3.22)

max
Iyl =2lix|l

Page 9 of 19
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Denoting ||x|| = 7, we get from (3.22)

2.2
1+kr+ <~
max 210} = |5 max o]
2tttz -2
1+rk
g Hy”g{ [}
KZ K
22
i ERERrYG Hyllgr{ e} (3.23)
P «2
The inequality (3.23) can be rewritten as
[N SRy e sai
M(r, Alul) < |2 1)
atet - LT
Py AQ2r,u)
+ 1 r r2 erx m
artetz T
K22 AQ2r,u
T3 3r 2 e ( m ) (3.24)
- + I +re— 3/(_2 r
In view of (3.23) and lim,_, o A;,’;,“) =< 00, when r — 00, we get Alu](co) =0
Using Lemma 3.13 in [19] and (A — «2) A[u](x) = 0, we obtain
L_ Alu](00) =0 (3.25)
and
L. Alu](o0) = 0. (3.26)

From (3.25) and (3.26), we further obtain D?[u](c0) = 0.
We finally verify the remaining of the result of the theorem. For all x € R3, from Theo-
rem 3.7, Lemma 3.2, Remark 3.3, and Stokes’ formula it follows that

1 y-
Dlu](x) = 471 xR)Wde [M](Y)

1 1

+ —_—
a7 Jopeor) Iy — x|

1 / YZX (el 1) doy, D [u )

+
4K? Jopur Iy — x|

1 y—-X

eVl do Alul(y)

—k [ly=x|| 3
+ — e doy D’ [u](y)
4k Jopaor) Iy —x||? Y

3 1
I )+—/ (y - XAy dV
4R Jopr) V¥ anre B(.R) Y ¥

e—KR

+ doy Alu](y)
4R /313(x,R) Y
3(e*R-1)
4 KR

/ doy Alu](y)
IB(x,R)
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% /B(X,R)(‘/ - x)Alul(y)dV
' ::—:; -/BB(X,R) Aoy Al
' ZiR: /m (=2 A[ul(y)dV
) # iy T (erﬁ:)eR fB(x,R)(v ) A[ul(y)dV

kR 3 —KkR _ 1 3 —KR
+ e + (e ) + e / deA [u] (y)' (3.27)
4R 4nk’R® 4k R? | Jopaor)

Taking R = ||x|| in (3.27), in view of the maximum principle of the modified Helmholtz
equation in [7, 18], it immediately follows that

AQIx[l,u) eI

Dl (x)| <24 w3 lIx[IM (2]|x[, Al])
—« || x|l
te—g IxI2M(211x1, Afu]) + e ™M x M (2)1x]l, Ale])
3(1 — e*IxI 3«

M(2)1x]l, Alu]) + M(2(1x]l, Alu]). (3.28)

x|

Denoting ||x|| = r, we conclude from (3.28)

M(r,D[u]) <24 3 3t

AQ2r, u) _Kr<4r kr* 3
+e
r

—+ — 4+ —>M(2r, A[u])

3(1—e™*")
¥ Kisz@r, Alu)). (3.29)

Then by (3.29), we have

M(r,Dl[u]) <24, AQ2r, u) N e’”1 <ﬂ + ﬁ + E)M(Zr,A[u])
- rm rm- 3 3 K
. MM(zr, Alu)). (3.30)

K2ym

Applying the maximum principle of the modified Helmholtz equation and the condition

lim,_, s % = [ < 00, we have liminf,_, o, % < 00. The proof is completed. O

Next, denote some integral operators as follows:
3 . .
(Fu)(x) = Z(—l)“lf H;(k,y —x) doy D" [u](y)
30

i=1

- / Hy(k,y —x)doyL_Alul(y), x¢€ R3\ 9%, (3.31)
a0

3
S 2N (-1)7' | Hik,y-x)do,D'!
(S1)(x) Zl( ) /m (c,y - x) do, D' [ul(y)

- Hy(k,y—x)doyL_ Alul(y), xe€0d<, (3.32)
FYe!
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where H;(k,y — x) (i =1,2,3,4) are as in (3.3) and the above singular integral is taken in

the principal sense.

Lemma 3.11 Let Q be an open, bounded non-empty subset of R® with Lyapunov boundary
9L, u(x) € H*(02,C1(V33)), 0 < @ < 1. Then, for x € 0%,

limyxgea(Fu)(x) = “52 + (Su)(xo),

xeQ
lim - xp 0 (F12) (%) = 4500 4 (Su)(xo). (3.33)

xeR3I\Q

Proof Applying the Plemelj formulas with parameter (Theorem 2.3 in [10]), the result fol-
lows. O

In the following, we denote

ut(x)= lim u(y), (3.34)
y—>Xx€0Q2
xeQ*

where Q = Q* and Q™ =R3\ Q.

Theorem 3.12 Assume that Q is an open, bounded non-empty subset of R® with a
Lyapunov boundary 99, u € C*(Q,Cl(V33)) N C3(R,Cl(V33)), u € C*KQ™,Cl(V33)) N
C3(Q,Cl(V33)) and u(x) satisfies the following conditions:

(A2 - k2A)[u](x) =0, inR3\ I,

ut(x) =u (x) € H(9%2,Cl(V33)), VYx€dL,

D[u]*(x) = D[u]~(x) € H*2(3%2,Cl(V33)), Vxe€dQ, (3.35)
Alul*(x) = Alu]™(x) € H*3(0R,C1(V33)), VYxe€0L,

L Alul*(x) = L_Alu] (x) € H*(02,Cl(V33)), Vxe€09L,

where 0 <a; <1,i=1,2,3,4, then (A? —k?A)[u] = 0 in R3.

Proof We only need to prove that for Vxo € 9Q, (A2 —k2A)[u] = 0. Taking a constant r > 0,
B(x, r) is an open ball with the center at x¢ and radius r such that Q C B(xo, r). It is clear
that 9Q2 U 9B(xo, 7) is a Lyapunov boundary.

Let

u(x) = u*(x) = u”(x),

Dlu](x) = D[u]"(x) = D[u]"(x),

Alu](x) = Alu]*(x) = Alu]~(x),

Lo Alu)(x) = Lo Alu]*(x) = Lo Alu]™ (x),

here x € 9R2. In view of Theorem 3.7, it follows that

3

utx) = 30 [ ity x0) doy D Llty)

i=1

- Hai(k,y—xp) deL—KA[M] ¥, x €%, (3.36)
Ele)
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3
ux) =3 | Hilk,y — x2) doy D' [u](y)
i-1 dQUAIB(xg,r)

-/ Haylk,y - x3) doyL_ Alul(y),
dQUIB(xq,r)
Xy € B(xq,7) \ Q.
Combining (3.36) with (3.37) and using Lemma 3.11, we obtain
ut(xp) = lim u(x;)
X]1—>X0

u(xo) >
-1 i-1 Hi Y — d Di—l
. +§H:( ) /m (,y — x0) dor, D 1] (y)

— | Halk,y —xo)doyL_, Alul(y),

a0
u (xg) = leiil;l‘o u(xo)
2 P} 3QUIB(xo,r) o ’

- / Ha(k,y - xo) doy L Alul(y).
dQUAB(xq,r)

From (3.38) and (3.39), we derive

3
uxo) = Y0 [ Hlesy - xa)doy Dy

i-1 9B(xq,r)

- / Halk,y = xo) doy L A[u](y).
9B(xq,r)

Therefore A(A — «2)[u](xo) = 0, the result follows.
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(3.37)

(3.38)

(3.39)

(3.40)

O

Theorem 3.13 Let Q2 be an open bounded non-empty subset of R® with Lyapunov bound-

ary 3Q, u € CHQ,Cl(V33)) N C3(Q,Cl(V33)), (A2 —k2A)[u] =0 in Q, and

u(x) € H1(92, Cl(V33)),
Dlu](x) € H*2(322,Cl(V3,3)),
Alu](x) € H*(022,Cl(V3,3)),
L_ Alu](x) € H* (0%, Cl(V33)),

lim,ﬁw% =l<o00o, meN¥

where0<a; <1,i=1,2,3,4. Then
liminf,_, o, 20220

Alu](o0) =0,

L_.[u]A(c0) =0, L. Alu](c0) = 0.

<00,
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Proof Forye 9%, let

u(y) = -A(y),
Dlu](y) = -£(y),
Alul(y) = -£(y),

L Alul(y) = ~fa(y).

For x € R3\ R, we get

4

F(x) = Z )i I/BQHi(K,Y—X)deﬁ(Y)

i=1

?(x): =—F(x) x € QF,
u(x) - F(x), xeQ,

in view of Lemma 3.2, it is easy to check that (A2 — «2A)[F] =0 in R3\ 982, combining

Lemma 3.11, we get

[F1*(x) = [F]~(x) € H(3<2, C1(V3,3)),

D[F]*(x) = D[F]" (x) € H(3<, C1(V33)),
ATF)*(x) = A[F](x) € H*(02, CL(V3)),

L (A[F]*(x) =L_A[F] (x) € H*(0%2,Cl(V33)).

Thus (A2 — k2A)[F] = 0 in R3 where we use Theorem 3.12. Obviously, lim,_, A(’fn(x)) =
I < 00, using Theorem 3.10, we arrive at
liminf,_, » M(r’,’f [17: D . 00,
A[F](c0) =0, (3.41)
L A[F)(00)=0,  L.A[F](c0)=0.

Forxe Q7,

D[u](x) = D[F](x)
L fBQ H;;;HB doyf>(y)

‘3 +K

—rlly=xIl _
4m Jagl( ||y xd Ty y- xn Je X = il dofs(y)

+ 47“(2 fBQ Hy—x||3 (e Iv=xll _ 1) oy x” exly- "”]doyﬁ ),
Alu)(x) = A[F](x) (3.42)
ﬁ Jol s ¢ e + €y le M doyfa(y)
e~ lly=xIl
FIo) ||y xI doyfa(y),
L Alul(x )—L-KA[F]( )

L y-x yox L_1,«lyxl
* a7 Joaliymp + €y + K yle doyfa(y).

|2 +K

Equations (3.41) and (3.42) imply that the result holds. O
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4 Riemann type problem for the fourth-order elliptic equation

In this section we

Dlu]*(x)
Alul*(x) =

(A2 = k2A)[u] =0,
ut(x) = u (x)A + g1 (x),
=D[u]~ (x)B + g2(x),

L Alu]*(x) = L Alu]”(x)D + ga(x),
A(r,

hmr—> 00 T ,m

will find solutions to

inR3\ 9,

X €092,

x €09,

x €09,

x €09,

Alu]l~(x)C + g3(x),

Y =]<oo, meN¥
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(4.1)

where A, B, C, D are invertible Clifford constants and g;(x), g2(x), g3(x), ga(x) € H*(9€2,
Cl(V33)), 0 < <1,k > 0.

Theorem 4.1 The Riemann type problem (4.1) is solvable and the solution can be written

as
4
M(X) = Z ui(x)¢
i=1
where
ey _
o< | 7 e T doely), xe@
= elly=xI_ ~
7 Joa ® Hyyxn Ldoygu(y)D™', xeQ,
et Jial 5 )€ D doydty)
471/( fBQ HY x||2ei’(”y7x” do §3(Y) X € Q+,
walx) = —ic|ly—x|| 1
e fm B ~ <) -D df’vg?’(y)c
4m< fag H;/_x”z Il doy s (y)C xeQ,
E fasz Ty—xI doyg(y)
we=1 o1 2tydyr) CooXVin, oty Gy s XEQ,
ir Jro Ty doy@(y)B™!
1 2ty 1) CLo1XV iy (X)C,ll,_”,lp_lB‘l, xeQ,
L faQ ”;’__,:ﬁ daygl(Y)
1a(X) = t 2 p- 0211 ..... 1) Vitrdy ) Ciy,.. 15 x € Q7
fZ)Q Hy—xH?’ doygi(y)A™
0 2olrrndy) Viedy ®)C oty AT X €,
and
- 1 e~ ly=xI .
g3(x) =gz(x) + —/ doygu(y)(-1+D7'C), x€9Q,
s lly — x|l
g 1 YZX (clyx] -1
- K X ~1d _1+D'B
&0 4ric? /m ||y_x||3(e ) doyga(y) (-1 + )
1 Y-X kly=x 1
e » ||y—x||2€ Y=l doyga(y) (-1 + D7'B)
1 Y- X klly=x ~ -1
T o lyap B

4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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1 y-x 1 ) —clly-xIl 7. = -1
-— - e WX doygs(y)(-1+ CB
4 39(||Y—X||2 lly — x| &) )
1 y-—

i o Ty PN+ )

+g2(X); X€E aQ’ (4.8)

1 —clly=xIl _ 1
g1 (x) = d -1+D'A
&) 47TK2/69 g 2ot D74)

1 - 1
/ ( Y°* & )e"""—x” doygs(y)(-1+ C'A)
a9

+
4mic? ly-xI> Iy -xl|

1 /(y : : ) : )
—K doygs(y)(-1+C A
~ Amk? ly—=xIF lly—xI & )

1 Y- —iclly-x]| 1
= exlyxlg 1+ClA
anc Jio Ty - x||2 & )(-1+C7A)
+ L o doy@ (y)(-1+ B‘lA)
4 Jaq ly-x| "

£ CipaxVi, g, (G o (-1+B7A)

p=1 (l1,-slp-1)

+g1(x), xedQ. (4.9)
Proof Let u(x) be the solution of (4.1) for x € R? \ 9%, we denote w(x) = L, A[u](x). Then
o*(x) =0 (x)D + g4(x), x€IQ. (4.10)

In view of Theorem 3.13, (A% — k2 A)[u](x) = L_. L, A[u](x) = 0, and lim,_, o % =< o0,

we have

1 y—x Kk (y—x) —elly=x] .
w(x) = = o Jaal =P =R =i doygu(y), x e Q,

(y-x) ~lly=x]| 1 -
# Joal o + iy * e doyga(y)D™, xeQ.

Let
1 eyl
(x) = { T oo T dovsly),  xe @ (4.11)
- eyl B )
e Jos W doygi(y)D™!, xeQ.

It is easy to check that

LeAlu—-w](x)=0, inR3\3Q. (4.12)
If we denote

Alu](x) - Al ](x) £ Ox), xeR3*\ 93, (4.13)
and use boundary value condition

Alu]™(x) = Alu]” (x)C + g(x), x€9Q,
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we conclude
O'(x)=0"(x)C +g(x), x€09%, (4.14)

here g3(x) € H¥(3$2,C1(V3,3)), 0 < & <1 is taken from (4.7). It follows that ®(c0) = 0 from
Theorem 3.13. Using (4.12), we get the representation formula

1 yX k=X k. qoklyxll g 5 +
aw Joalyap * e ~ e doygs(y),  xeQ7,
K(Y—X) K

@(X) = —X —K||[y—x s - -
ﬁfm[uyy—xw iy " Tyl Wl doyga(y)C, xe Q.

Analogously, we find with u(x) from (4.4) that
Alu—u —u](x) =0, xeR3\ Q. (4.15)

Denoting D[u] — D[u;] — D[u,] £ E, where x € R? \ 9 and using the boundary value

condition

D[u]*(x) = D[u] (x)B + g2(x), x€ 0%, (4.16)
it follows that

E'(x) = E"(x)B+&(x), x€0dQ, (4.17)

where g,(x) € H¥(d,C1(V33)), 0 < @ < 1 is taken from (4.8). Again applying Theo-
M(r,B)

rem 3.13, we have liminf,_, o =577 < 00. In view of (4.17) and Lemma 2.2, we obtain

1 —X ~
ir Jog H;’——XIF’ doyg(y)
" 1
E(x) = t2pa Z:(11 ,,,,, Ip-1) Vh,...,lp_l (X)Cll ,,,,, Iy x € QF, @is)
ﬁ Joa H;’—;;IP doyg,(y)B™!

,,,,,,,

Finally, we use

ﬁ fasz m doyg(y)
+ ZZ:I Z([l ..... Ip1) Crp-1XViy,y s (x)clll,.“,z,,,y xe Q7
i Jog m doy@(y)B™!
21 Zttyr) Cp-1X Vit (G

uz(x) = (4.19)

. B, xeQ.
'p-1
We arrive at

Dlu—u —uy —u3] =0, xeR3\BQ.

Defining

u(x) — ur(x) — s (x) — us(x) £ T(x), xeR3\ Q. (4.20)
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According to the boundary value condition

ut(x)=u (x)A+g(x), x€09%Q,

we get

T'(x) =T (x)A+g((x), xe0%, (4.21)

M(r,Y)

where g (x) € H¥(32,Cl(V33)), 0 <@ <1, is as in (4.7). It is clear that liminf,_, o i <
oo. Using Lemma 2.2, we get

T (x) = ug(x).

On the other hand, we can directly prove that (4.2) is the solution of (4.1). The proof is

completed. d
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