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Abstract

The aim of this paper is to deal with the existence and nonexistence of weak solutions
to the initial and boundary value problem for u; = div(| Vu[P*?2Vu + b(x, ) Vu) + f(u).
By constructing suitable function spaces and applying the method of Galerkin’s
approximation as well as weak convergence techniques, the authors prove the
existence of local solutions. Furthermore, we choose a suitable test-function, make
integral estimates, and apply Gronwall’s inequality to prove the uniqueness of weak
solutions. At the end of this paper, the authors construct a suitable energy functional,
obtain a new energy inequality, and apply a convex method to prove the
nonexistence of solutions. Especially, it is worth pointing out that the results are
obtained with the assumption that p;(x, t) is only negative and integrable, which is
weaker than most of the other papers required.

Keywords: nonstandard growth condition; nonexistence of solutions; Galerkin's
approximation

1 Introduction

Consider the following initial and boundary value problem:

uy = div(|VulP®2Vy + b(x, ) Vu) + f(u), (x,t) € 2 x (0,T) := Qr,
u(x,t) =0, (x,t)=3Q x (0,T):=Tr, 1.1)

u(x, 0) = uo(x), x €,

where Q@ c RY (N > 1) is a bounded domain, 9 is Lipschitz continuous, and f is a con-

tinuous function satisfying
[f(s)| <aols|*™, 0<ag=constant,1 <« = constant. (1.2)

It will be assumed throughout the paper that the exponent p(x, £) is continuous in Q = Qr
with logarithmic module of continuity:

l<p = inf p(x,t) <px,t)<p" = sup p(xt)<oo, (1.3)
(x,0)eQ (x,0)eQ
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Vz=(%0),& =(,5) €Qr,lz—&l <1, |p@) -pE)| <ow(lz-&l), (1.4)
where

. 1
limsupw(t)In— = C < +00,
T

T—0*

and the coefficient b(x, t) is a Carathéodory function.

Model (1.1) proposed by Ruzicka may describe some properties of electro-rheological
fluids which change their mechanical properties dramatically when an external electric
field is applied [1, 2]. The variable exponent p in Model (1.1) is a function of the external

electric field |E|? which is subject to the quasi-static Maxwell equations
div(eoE+P)=0,  Curl(E) =0,

where ¢ is the dielectric constant in vacuum and the electric polarization Pis linear in E,
i.e. P = \E. Another important application is the image processing where the anisotropy
and nonlinearity of the diffusion operator are used to underline the borders of the dis-
torted image and to eliminate the noise [3, 4]. For more physical background, the inter-
ested reader may refer to [4-17].

In the case when p(x, £) is a fixed constant, there have been many results about the exis-
tence, uniqueness, nonexistence, extinction of the solutions [10, 18, 19]. For nonconstant
case, the authors of [7-9] and the authors of [17] studied the existence and uniqueness
of weak solutions of the initial and Dirichlet boundary value problem with variable expo-
nent of nonlinearity. Besides, the authors of [20] applied the differential and variational
techniques to prove the existence of solutions when the exponent p only depends on the
spatial variable. Motivated by the work above, we consider the existence and uniqueness
of solutions to Problem (1.1). However, since the coefficient b(x, £) is degenerate or singu-
lar, it is natural to ask: which kind of conditions on the coefficient b(x, £) guarantees that
Problem (1.1) admits a local solution? In our paper, we construct suitable function spaces
and apply Galerkin’s method to prove the existence of weak solutions to Problem (1.1) with
necessary uniform estimates and compactness argument. In addition, there exist some dif-
ficulties such as the failure of the monotonicity of the energy functional, the anisotropy
of the diffusive operator and the gap between the norm and the modular, which make the
methods used in [19] fail. In order to overcome such difficulties, we have to search a new
technique or method. In this paper, by constructing a revised energy functional and com-
bining a new energy estimate with convex method, we obtain the nonexistence of weak
solutions when the exponents p is a function with respect to time and spatial variables.
Especially, it is worth pointing out that the results are obtained with the assumption that
pi(x,t) is only negative and integrable which is weaker than those the most of the other
papers required.

The outline of this paper is the following: In Section 2, we shall introduce the function
spaces of Orlicz-Sobolev type, give the definition of the weak solution to the problem, and
prove the existence of weak solutions with Galerkin’s method and the uniqueness of the

solution. In Section 3, we establish sufficient condition of nonexistence of weak solutions
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of Problem (1.1) with the assumption that the exponent p(x, t) depends on the time and
spatial variables.

2 Existence of local solutions
In this section, the existence of weak solutions will be studied. First of all, we introduce
some Banach spaces:

[PW(Q) = {u(x)‘u is measurable in €2, 4, () = /Q |ul?) dx < oo},
lleell o) = inf{k >0,Ap0)(m/A) < 1};
WPO(Q) = {u:u e IPY(Q), [Vul € PY(Q)},

el wrre @) = llpo)e + VUl pe),05

Vi(R) = {ulu € () 0 Wy (), [ul®? e L1(Q), [Vul™ e LY(Q)},
letllv, (@) = llullo,e + 1 Vullpe),;

H(Qr) = {u:[0, T) > Vi(Q)|u € L*(Qr), | Vu| € ’*)(Qr),u=0on T},

lellQr) = lullzor + IVullpo),or

and denote by H'(Qr) the dual of H(Qr) with respect to the inner product in L2(Qr).
From [11], we know that condition (1.4) implies that M £ {u:ue WHH(Q),u=0ondR)
is equivalent to Wé’p(x)(Q) (the closure of C3°(R2) in W7¥(Q)).

Lemma 2.1 [11,12] For any u € I’¥(Q),
1) Nullpey <1(=1>1) & Ay <1(=1>1)
@) Nl <1 = lullby) < Ay < llulb;
lullpy =1 = Nulh, < Apo(w) < lull;

3) lullpey—=0 & Ayy(u) = 0;

ltllp) = 00 & Ayy(u) — oo.

Lemma 2.2 [11, 12] (Holder’s inequality) For any u € [#®(Q) and v € L1%(Q) with q(x) =

p)
/ uvdx
Q

px)-1
Because of the degeneracy, Problem (1.1) does not admit classical solutions in general.

’

1 1 )
< =+ = Jullpolviige < 20ull0Iviige-
(p_ q p q P q

So we introduce weak solutions in the following sense.

Definition 2.1 A function u(x,t) € H(Qr) N L>(0, T; L*(2)), b(x, t)|Vu| € L*(0, T; L*(R2))
is called a weak solution of Problem (1.1) if for every test-function

£ e Z2n():neHQr) N0, T;HYRQ)), . € H(Q1)),
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and every 1, £, € [0, T] the following identity holds:

/ N / [ug, — (b(x, )V + |VulP™D2Vu)VE + f(u)E | dxdt = / ué dxl;?. (2.1)
tn JQ Q

Remark 2.1 On one hand, u € H(Qr), § € Z, implies that

5]
/ / u&; dxdt < oo,
t Q

5]
/ / |VulP®D-2VyuVE dxdt < oo,
t Q
/ ué dxlif <00,
Q

On the other hand,

wel’Qr), |f)]<alul" and &eL®Qr) — / ’ /Q Fu)E dxdt < oo;
b(x,t)|Vu| € L2(0, T;Lz(Q)), §E€eHQr) = ftz / b(x,t)VuVE dxdt < oo,
f Q

which imply that the definition of weak solutions is well defined.
The main theorem in this section is the following.

Theorem 2.1 Suppose that the continuous function f (s) and the exponents p(x, t), « satisfy
conditions (1.2)-(1.4). If the following conditions hold:

N
(Hy) 2<p<p*<max{N, P
N-p

}, 2<a<p;
(M) uo€l®(Q),  blxt) e LiF2(0,00,L7 2 (RQ)),

then Problem (1.1) has at least one weak solution u(x,t) € H(Qr) N L>®(0, T;L*(RQ)),
b(x, t)|Vul| € L*(0, T; L*()).

Duetop™ >2and b(x, t) € LI% (0, oo;Ll% (2)), the term b(x, )| Vu|? can be controlled
by the nonlinear diffusion term |Vu[?®?, and then one may follow the lines of the proof
of Theorem 3.1(a) in [6] or Theorem 4.1(a) of Chapter 4 in [7] to complete the rest of the
proof.

Corollary 2.1 Let the conditions of Theorem 2.1 be fulfilled, then the solution u € H(Qr)
to Problem (1.1) satisfies the identity

// uE dx + // [qu|p(x’[)_2VuV§‘ +b(x, )VuVE — f(w)§ | dx dt
Qr Qr

=0, VEeZ. (2.2)
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When b(x,t) > 0, we follow the line of the proof of Theorem 5.1 in [6] to obtain the
following theorem.

Theorem 2.2 Suppose that the conditions in Theorem 2.1 are fulfilled and b(x,t) > 0, then
the bounded solution of Problem (1.1) is unique provided that the following condition holds

(Hs) the function f(s) is decreasing in s € R.

Furthermore, we have the following comparison theorem.

Corollary 2.2 (Comparison principle) Let u,v € H(Qr) NL*(0, T; H)(R2)) be two bounded
weak solutions of Problem (1.1) such that u(x,0) < v(x,0) a.e. in Q2. If the nonlinearity ex-
ponents and the function f (s) satisfy the conditions of Theorem 3.1, then u(x,t) < v(x,t) a.e.

in QT-

3 Nonexistence of global weak solutions
In this section, we concentrate on the study of nonexistence of weak solutions to Problem
(1.1). For convenience, we first state that the function f(s) and the coefficient b(x, ) satisfy
the following conditions:
b(x) t) Z 0: bt(xr t) S 0, V(x» t) € QT; (3'1)
f(u) e C(R), f@u—-p*Gu) >0, VueR, (3.2)

with G(u) = fou f(s) ds. Before stating the main results, we give the definition of global so-
lutions.

Definition 3.1 A function u(x, t) is called a global solution to Problem (1.1) if VT > O the
following property holds:

sup [ u(x,t) ||L°°(Q) < +00.
te(0,7)

Otherwise, we say that Problem (1.1) does not admit global weak solutions.
First, we consider the case p(x, t) = p(x). Our main result is as follows.

Theorem 3.1 Assume that u(x,t) € H(Qr) NL>(0, T;L*()), b(x, t)|Vu| € L*(0, T; %2(9))
is the local solution to Problem (1.1). If (3.1) and (3.2) are fulfilled and u, € Wé’p x)(Q),
p*>2, such that

b
/QG(uo)dx /Q (x,0) Uo| dx+/m|Vu0|p")dx

4(p* -
Tp o 2)2/ lug|? dx. (3.3)

Then there exists a T* € (0, T such that

lim
t—T*~

u(-,t) ”ooQ = +00.
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To prove Theorem 3.1, we need the following lemma.

Lemma 3.1 Assume that u € H(Qr) is the solution to Problem (1.1), then u(x,t) satisfies
the following relation:

/Qp(x | Vu(x, )|P(x)dx+/ b(x,t)|v ‘de /QG(u(x,t))dx
//(u,) dxdr - //b |Vul?
/ |Vuo(x)|p dx /

Proof Following the lines of the proof of Lemma 3.1 and Theorem 6.1 in [7], we know that
u; € L2(Qr). Noting that

o) dx - /Q G (o)) . (3.4)

d |Vu|P(x) ) 02 5 )
E( () )"V”Vg VuVuy, g(G(u(x,t))) = f(ulx, £)) e,

|Vul?

|Vu|?
Py <b( , 1) >:b(x,t)VuVut+bt

and using the idea of the proof of Lemma 1 in [8], we arrive at the relation

d | V| P h(x,t) ) by|Vul? 2
d — Gluw 1)) ) dr - dx=— | W dx.
g7 Q( ) |Vu ()| G(u(x, 1)) | dx /Q 5 X /Qu X

After integrating over (0, t), it is obvious that Lemma 3.1 holds. O

Proof of Theorem 3.1 Let

2 T(p*-2)
= dx, ty= ——,
Ptz A 0
/ /u dxdr + (T - t)f uodx+,3(t+t0).
Clearly

K'(t) = %/ﬂuzdxdt— %/s;u%dx+ 28(t + t)
- // (—b(x,t)|Vu|2 — |VuP® +f (w)u) dxdt + 2B(t + to);
Qt
K'(t) = / (—b(x,r)IVu|2 — |Vup® +f(w)u) dx + 2.
Q

By Holder’s inequality, we have

1 1 1
—/uzdxdt——/u%dx:—
2 Ja 2 Ja 21Jo Ja
¢ 12, pt 1/2
5(//u2dxdr> (//luf|2dxdr)
0 Jo 0 Je

uz)t dxdt
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Thus by Schwarz’s inequality and the definition of K(£), we have

oy = ([ [ aste) ([ [ tasar) s
o[ o[ )
([ o) [ o) -
+2f0t/9u$dxdr|:(T—t)/Q%u(z)dx+ﬂ(t+to)zj|
v ([ [ Lerasae) (1o [ Siase )
SK(t)(z/Ot/ng dxdr+4ﬂ).

Therefore by Lemma 3.1, we obtain the following inequality:
K(t)K"(¢t) - (1< (t))
> K(t)(/ b(x, 1) (p—+ - 1> |Vul* dx + / ( P 1) |VulP% dx
Q 2 a\px)
' /g(“f () =" Gw) d") ~28(p" 1)

+ 2
+%/|:ZG(u0)—b(x,0)|Vuo|2——|Vu0|1’ ]dx
Q

(%)
+ t 2
—p—/ / blVul”
2 Jo o 2

Noticing p* > 2, K(¢) > 0, we conclude from (3.1), (3.2), (3.3) that

K@K (t) - (K’(t)) >0, forte(0,T),
which implies
(K" (1) <0, forte(0,T).
Noting that Kl’p_; (0)> 0, (Kl’p_;)’(O) <0, then

K5 (0) )

K7 (T*) =0, forsomeT*€ (O, —
(K'="2)(0)

Here

—1(1‘%(0) T [quidx+ 2Bt -
K-Fyo) 20—t T

Page 7 of 10
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Thus, 0 < T* < T and

LIITIl u(-, t)| s = TOO
This completes the proof of Theorem 3.1. d

Next, we consider the case when p is dependent of t. Before stating the conclusion, we
first give a useful lemma.

Lemma 3.2 Assume ug € Wé’p(x’o)(ﬁ), P >2, pr <0. Then the solution of Problem (1.1)
satisfies

() b(x,t)
/5‘219( ‘Vu(x,t)’p +/ ad !V yzdx—/gG(u(x,t))dx

//lm dxdr_/ / belVul?
</QP( ,0) ) dx /

./s.z (uo (x)) dx

1 1
+/( B} )m. (3.6)
Q P(% t) P(x, 0)
Proof Following the lines of the proof of Lemmas 3.1 and Lemma 6.1 of [7], we know
u; € L*(Qr) and

3 [ IVuped
(Ve |VulPSD2 Ty Vu, + pe |VulP®) (In [Vulf™) - 1),
ot P>

p(x,t)
9 v u|2 |V UI2
Py (G(u(x, 1)) = f (e, 0)) sz, b( Jt) =b(x,t)VuVu, + b,
On one hand, a simple analysis shows that
d |V u|P®h) b(x, £) / b Vul|?
— T T \Y - Lt d
7 [ 75 17wl - o) ) as- [ 2
= f [_uf + ’i; |VuP® (In | VP — 1)} dx. (3.7)
Q p
On the other hand, we apply the condition p; < 0 to obtain
/ [Vup? (In|VulP®) —1)p,(x,8) dx
{|VulP <e} PZ(% t) o
- , L - , L
< / I;t(x ) dx < / Izt(x ) dx. (3.8)
(Vup<e) P2 1) o PP t)

The second inequality above follows from
1
-~ <slns <0, 0<s=<1l
e

Lemma 3.2 follows from (3.7) and (3.8). O
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Our main result is as follows.

Page 9 of 10

Theorem 3.2 Suppose that (3.1) and (3.2) hold and p* > 2, p, < 0. If up € Wé’p(x’o)(ﬂ)

satisfies

b(x,0 1
/ G(uo) dx > / (x ) |Vu0|2 dx + / Vi |1ﬁ(x,0) dx
Q Q@ 2 o p(x,0)

4@t - 2 1
Ty - 2)2/ ol dx+/(p p(x,0)>dx’

then there exists T* € (0, T such that

lim
t—T*~

Q=+OO.

Proof We argue by contradiction. Define

2 T(p* -2
ﬂ:*/ugdx, to = (p )y
Q

T(p* -2)? 2
1 [t 1
:5/ /u2dxdr+(T—t)/ Sy Bles o)
0 Ja Q
It is easy to verify that

1 1
2 Jo 3 ),
- // (—b(x, )|Vl = |VuP®) +f(u)u) dxdt +28(t + to);
Qr

K'(t) = / (=b(x, O Vul® = |VulP™) + f(u)u) dx + 28;
Q

/ 2 ! 2
(K'(2)) §K(t)<2 /0 /Q urdxdr+4ﬂ),

Therefore by Lemma 3.2 and (3.10), we obtain the following inequality:

K@K’ (t) - (K (t))

+ / (uf (w) - p* G(u)) dx - 28(p* —1)
+—f|:2G uo) — b(x, 0)|Vug|? - (x2,0) o|P® :|dx

e G e+

(3.9)

(3.10)

(3.11)

In the rest of the proof, we follow the lines of the proof of Theorem 3.1 to finish the proof

of this theorem.

O
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At the end of this paper, we give an example to illustrate that the condition on p;(x, £) is
weaker than that of [8, 9].

JiEcosx

Example 3.1 Set p(x,y,z,t) = 100

+ %, xe(5,m),92€(0,%),0<t <1 Asimple com-
putation shows that

Ccosx
——x<0,
2004/t

1 pm %— 7'[2
/ / // |pt(x,y,z, t)’ dxdydzdt=——, pi(x,y,2t) ¢ L™,
0 % 0 400

pt(x;y;Z) t) =
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