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Abstract

In this paper, we investigate a generalization of the Dirichlet problem for the Poisson
equation in a rectangular domain. We assume that the kth-order normal derivatives of
an unknown function are given on lower and upper bases of the rectangle and that
homogeneous boundary conditions of the first kind are given on the lateral sides.
Under these conditions, we prove the existence of a unique regular solution of this
problem.
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1 Introduction. Formulation of the problem
The boundary value problems for elliptic equations have been studied extensively by many
authors (see, e.g., [1, 2] and the references therein). In [3], the following problem for the

homogeneous heat conduction equation in the domain (0 < x < 00, ¢ > 0) was considered:

(N
Zak”(—k) =f®1),  ux0)=0,
P ox

and the uniqueness and existence of the solution of this problem were proved. In [4], for
the Laplace equation in an #-dimensional bounded domain D a problem with the bound-
ary condition of the form
m
% =f(x), xe€dD,

was investigated, and its Fredholm property was proved. For the Laplace, Poisson, and
Helmholtz equations, the boundary value problems in the unit ball with higher-order
derivatives in the boundary conditions were studied by Karachik [5-8], Sokolovskii [9],
and others. In the papers [4—8], the boundary conditions were given on the whole bound-
ary. Therefore, the uniqueness of problems was proved within homogeneous polynomials
of certain degree. In a rectangular domain for the heat conduction equation, the initial-
boundary value problem with higher-order derivative in the initial condition was studied
in [10]. Boundary value problems in the rectangular domains were studied by Sabitov (see,
e.g, [11-15)).
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In the present paper, we consider the equation

?u  3%u
o Ty T )

in the domain Q = {(x,7): 0 <x < p,0 <y < g}.

Problem Find a function u(x,y) € C*(R), ‘;kT,’f € C(Q) satisfying equation (1.1) in  and
the following conditions:

u(0,9) =0, O<y<gq, (1.2)

ulp,y)=0, O0<y<gq, (1.3)
Ky

—k(x, 0)=¢kx), O<x<p, (1.4)
dy

oky

a—yk(x, 9 =vkx), O0<x<p, (1.5)

where k is a fixed nonnegative integer. If k = 0, then it is necessary for the functions ¢(x)
and v (x) to satisfy the following conditions: ¢(0) = ¢(p) = 0, ¥(0) = ¥(q) = 0.Incase k =0
and f(x,y) = 0 in €, problem (1.1)-(1.5) was studied in [2]. In the papers [16] and [17], the
authors used similar procedures.

In this paper, our goal is to show the existence of a unique regular solution for this prob-
lem.

2 Uniqueness of the solution of problem (1.1)-(1.5)
Here, we prove the uniqueness of the solution of problem (1.1)-(1.5).

Theorem 2.1 The solution of problem (1.1)-(1.5) is unique if it exists.
Proof Assume that
) =0, Y®=0, 0<x<p, flxy)=0, (xyeQ

We will prove that #(x, y) = 0 in Q. In order to show this, we refer to [18] and consider the

integral
P
@)= [ sy, @)
0
where
2 . nmw
Xu(x) = [—sini,xdx, Ar,=—,n=12,...
p p

is a complete orthonormal system in L, [0, p] (see, e.g, [19]). Differentiating (2.1) twice with
respect to y, we get

? 32y
o ):/ —X,,(x) dx.
n(y 0 8_)/2
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From the homogeneous equation (1.1) we have

an(y)=-— /0 ’ U (%, 9) Xy () dix.
Applying integration by parts and using conditions (1.2) and (1.3), we get

@ (y) = Anetn(y) = 0. (2.2)
The general solution of equation (2.2) has the form

o, (y) = ae™ + b,e,

where a,, and b, are unknown constant coefficients. In order to find a,, and b,, we use
conditions (1.4) and (1.5), which imply

aP©=0, aPg=o0. (2.3)
The derivative o’ (y) has form

aPy) = M[(-Dra,e™ + b,e ).
Using (2.3), we have

(-D*a, + b, =0,
(-D*a,e + b,e*n1 = 0.

The determinant of this system equals (~1)¥2 sh(x,q) # 0. Therefore, a,, = b, = 0. Conse-
quently, a,(y) = 0. Finally, from completeness of the functions X,,(x) in L(0, p) and from
(2.1) we obtain u(x,y) = 0 in Q.

Theorem 2.1 is proved. O

3 Existence of the solution of problem (1.1)-(1.5)

In this section, we first construct a formal solution of problem (1.1)-(1.5). Then, we prove
some lemmas on convergence of the series in the formal solution and its derivatives. Fi-
nally, we formulate the theorem on solvability of problem (1.1)-(1.5). We seek a formal

solution of this problem in the form of Fourier series
oo
u(®,y) = Y un()Xu(x) (3.1)
n=1

expanded along system X,,(x). It is clear that u(x, y) satisfies conditions (1.2)-(1.3). Assume
that

f(x»y) € Cz(Q), f(ory) :f(P’y) = 0: QD(?C) € CZ[O,P]) ‘P(O) = ‘P(P) = 0;
Y(x) €C’[0,p],  ¥(0)=y(p)=0.
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We expand the given functions f(x,¥), ¢(x), and ¥ (x) in the Fourier series along the func-

tions X, (x):
@)= f0)Xu(x), (3.2)
n=1
Px) = Y 0uXo(), (3.3)
V) =Y YnXo(®), (3.4)
n=1
where
P
£ = /0 Fo3) X (x) di, (35)
P
On = /O (%)X, (x) dx, (3.6)
P
Y = f V(@) X) d. (37)
0

Using Fourier’s method, we get a solution of problem (1.1)-(1.5) in the form

(-1)k2shr,q A Ak=2s

k=2
i Jn(@-9) _ (Z1yke=mn(@) (2] plk2-29) (0)
€ @n n
uw) = Y :Xn<x>[ fi
n=1

)w,y —Any
e—knnf;q(n) d’]:| ( y—e [‘(ﬂ_k

+
2 ~ (-1)*2shhr,g

(521 (k-2-25) P
b (GO VR
- Z - )\k—Zs + 20 € bl n)f”(n) d?]
n n 0

s=

1

y 1 ra
- —hn(y-n) _ ~hn(1-)
i [ - o e fn(mdn}. ©9)

Now, let us consider the derivatives

(4 _ (~1)ke D) | o,
R
(-D*2shr,q Mk=2

[’%]f(k —2- 25)( 1l

n —An

-yt X 0@
s=0

n

1 1 a (-t — et |y,
1! — n?]d
+ o /0 S (ne 77:| + D)2 | 52

@
Il
(=)

(552]

fysz—Zs)() k 1 (15
)Lk—z 2s 2 Z A

s
s=0 n s=0 n

(O)e—)»nq]
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2

9 () =£(0)e ]

1

1

@) g | = =
|35

s
s=0 n
1

L 4 1/ —~An(y=1) l l (s) (s) —Anlg—y)
‘un/of"‘")e d"—zzkz[fn ) ~ £ (e 1]

1

A 1=9) gy } , (3.9)

n(q-y) ( 1)ke-x,,(q ) |: (552] (k=2-2s) (0)

2y = ey _ (- -
- X, _
8y2 HX:; (x) (_1)k2 sh )an Z )Lk‘2‘23

1
1 1 1 q
— —(f 0) - (s) ~Anq U —)Lnr]d
3 L5 WO A o e n}

1552

+ (-D)fer — e |: Vi %

F g (1 Z( 1y (9@

)MI;Z )Lk225 + 2

(=1)k2shA,q o " =0

k s
f (0) —Anq ( ) /f//( knqﬂdn}_l_ﬁl(y)__Z( 1) [fn (y)

A5
s=0 n

_ £ (0)e _Lfy vt LS 9
SO = o | e dy 2st[f )

s=0

_ f;"SS)( q) e—/\n(q—y)] _

q
"(n)e D dp |, 3.10
2 ), (n) n (3.10)

and

(552] k-1

k 2
273: ZX (x ){ shi (q y) |:(/)n _ Z Aﬁsf;’fk—2—2s)(0) + %ZAE—Z—SDCVES)(O)
s=0 s=0

[532]

1 [ sh, >
—f,ES)(q)e_'\”q] + K/O fyfk)(n)e—)mn d'}:| ) |:1//n Z )»isf,fk_z_zs)((ﬁ

s=0

S (DR 6)( o o)
Z)\(HZk(fs nq 2)\ /f "qndU

[%2]

Kk k-1

+ Z A2ka 2 23)(y _ Z )»k 2-2s s)(y) _ﬂs)(o)e—kny]

s=0 s=
b / (0 (a1 kf: N[ 9 ) £ (e ]

2)\,;{1 0 n 2 por n n n

1 k A
-5 / SO e 0 dy ¢ (3.11)
nJy

Denote by C}C;;’ () the class of the functions u(x, y) such that u(x, y), u.(x,y) € C(Q).

We have the following lemmas.
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Lemma 3.1 If

— a
flx,y) e C}C’g(Q), a—f e Lip,[0,p], O<a<l,
" x

uniformly with respect to y, then the series in (3.2) absolutely and uniformly converges in Q.

Proof Applying integration by parts to (3.5), we obtain

i) = %fn“’(y), (3.12)

where

P 9 2
yfl)()’)=/ —f(x,y)\/jcosknxdx.
0 0x p

According to [20], [fn(l) ()| < ;%, where ¢ > 0 is a constant. Then, |f,(y)| < £ =, and the

™ plre?
series ) oo, nl% is convergent. Consequently, the series in (3.2) is absolutely and uniformly
convergent in .
Lemma 3.1 is proved. d

Lemma 3.2 If
ox) € W3(0,p),  ¢(0)=¢(p) =0
and
v eW, 0.0, ¥(0)=v{p)=0,
then the series (3.3) and (3.4) are absolutely and uniformly convergent in [0, p].

Proof Integrating the integral in (3.6) by parts, we have

1
on = o, (3.13)
n

where

, 2
oWV = / @' (%), | = cos Axdx.
0 p

Taking into account equality (3.13) and applying the Holder inequality to the sum (see,
e.g., [21]) of the series

Pl
[ 1.,
n%nwn

we get

’

1

3/ oo 3
(Z|¢g>|2> :

n=1

Pl P 1
;Z;lwﬂs;(Z;)
n=1 n=1
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Using Bessel’s inequality (see, e.g., [21]), we find

(zw ) 1 ]yopy

Furthermore,
o0 3 2\ )
r Zi _P (TN P
w\ = n? 7\ 6 N

Hence, we have

o0
V4 1 ) p
; ; Z|¢n1 | = %||¢/(x)||L2(0,p)‘

Page 7 of 15

Consequently, the series (3.3) is absolutely and uniformly convergent in [0, p]. The proof

of absolute and uniform convergence of the series (3.4) is analogous.

Lemma 3.2 is proved.

Lemma 3.3 If

p(x) e W3(0,p),  @(0)=0(p)=0, ¢"(0)=¢"(p)=0

and

YW e W00, ¥(0)=y(p)=0,
then, for any k > 0, the series

>, el _ (~1)kernla))
Z (=1)*2shx,q Ak=2

n=1

and

i( )k Ay _ g=hny Y
kZShA nq  Ak2

n=1

are absolutely and uniformly convergent in Q.

Proof We show the inequalities

erna=y) _ (—1)ke*nla-y)

< Cy,
- 2shX,q =0
_1)kerny _ p=Any
OS (l)ek—e < C():
(-1)*2shAr,q

where Cy = iﬂ .

1-e

=" (p)

O

(3.14)

(3.15)

(3.16)

(3.17)
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Indeed,

ey _ (—1)kenlay)  gnla9) 1 _ (—1)ke2rnlay)

ernd — e=*nq B ernd 1—e2Mnq
Since
An(q-y)
e Y.
—— <1,  1-(-Dfe™V <2 1-ePMs1-e77,
ernq
we have
ern@=y) _ (—1)ke*nla~y) 2 c
< = .
2sh g T e 0

Inequality (3.16) is proved.

Similarly, one can verify inequality (3.17). In the case k = 2, the series (3.14) and (3.15)
are absolutely and uniformly convergent in © according to Lemma 3.2. When k > 2, the
series (3.14) and (3.15) evidently are absolutely and uniformly convergent in 2. Let k = 0
We consider the absolute value of the series in (3.14)

2 @) _ (~1)ke~rnla-y)
e e
> Al ul.
2shi,q

n=1

In order to prove the convergence of the last series, we apply integration by parts in (3.6).
We have
1
On = )L?’ ‘/)n ’ (3.18)

where

P 2
‘/’S) — / " (x). [ = cos Axdx.
0 p

Using (3.16) and (3.18) in the last series, we get

G YRl et

Applying Holder’s inequality to the sum to the last series, we obtain

&3 Ll <cl (3 h )(Z\ )

n=1
1

o2 7 (Swer)
)
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Using Bessel’s inequality, we have

-~ 3
(Zw) < 10" ]y
n=1

Further, we have

= Cp n
&>l = 1
n=1

Consequently, the series (3.14) converges. Analogously, the proof of convergence of the
series (3.15) can be obtained, and, thus, we do not give it here.
Lemma 3.3 is proved. d

Lemma 3.4 If o ’2”' € C(Q), then the series

n(q-y) —(- 1)/( —n(g— y)[ 2 ]fk 2- 23)(0)

ZX (x ) (=1)k2shA,q — Ak=2s (3.19)
and
_1)kehny — g=rny 1P) fle2-29
ZX ( )( )1)k2 shi,q ; f Ak Zs(q) (3.20)
are absolutely and uniformly convergent in Q.
Proof By the condition of the lemma we have
@] <, (3:21)

where a = 0 or a = ¢, and C; > 0 is constant. Taking into account (3.16), (3.17), and the last
inequality, we conclude that the series

oo[“l

CoCy ZZ =n (3.22)

n=1 s=0 ”

is a majorant for the series (3.19) and (3.20). If s = 0 and k > 2, then the series (3.22)
converges. At s = [%], we have
k-2 3 ifkis odd,
k—2s=k- 2[ } Lome
2 2 if kis even.
Consequently, at s = [k’z] if k is an odd number, then the series (3. 22) has the form
> L L ;if k is an even number, then the series (3.22) has the form ) -, . In both cases,
the series (3.22) is convergent. Therefore, the series (3.19) and (3.20) are absolutely and
uniformly convergent in Q.
Lemma 3.4 is proved. g
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Lemma 3.5 If

m-1 "
m (S C(§)7 % € LQ(O,Q);

9 ym—l

then we have the estimate
o / et ) diy < Ilf l (323)
2A.n 0 Ly(0 q

where C = ( ﬂ)% andm=2orm=k.

Proof Applying the Holder inequality (see, e.g.,[21]) to the integral on the left-hand side
of inequality (3.23), we obtain

- [5(1—5”%)]%%” oo
= W s = g 8 L
- I
Lemma 3.5 is proved. O

Lemma 3.6 If . k 2 ) ¢ C(Q), then the series

na=y) _ (~1)ke An(qy)[2]fk225)(0)

X (3.24)
Z k2 shk,,q pors )”In( 2-2s
and
oo k phny —Any [1%2] (k—2-2s)
(1) —e™"n Jn (@)
Z n(%) k k—2-2s (3.25)
— (=1)*2shi,q - AK

absolutely and uniformly converge in Q.

Proof Taking into account (3.16) and (3.17), we conclude that the series

552 (k-2-29)
¢} Zlﬁl s) )|

Z Z )Lk -2-2s (326)

nl s=0

where a = 0 or a = g, is majorant for the series (3.24) and (3.25). If s = [1%2], then we have

2

k—2—2s:k—2_2|:k_2:|: 1 ifkisodd,
0 if kiseven.
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Therefore, in the case where k is an odd number, the series (3.26) has the form
0 /
3 LAQIY (3.27)
n=1 )\'"

and if k is an even number, then the series (3.26) has the form

> @] (3.28)
n=1

Applying the Holder inequality to the series (3.27), we get

3 Lt (Z ) (ZW)\)

n=1 An n=1

Using Bessel’s inequality, we find

( fla )|) Hafx,a)

Since (3 ., %2)% = %, the series (3.27) converges. In order to proof the convergence of

the series (3.28), we integrate by parts the integral

= /0  fx, )X () dx,
and we obtain
fula) = %nfn(” (@), (3.29)
where

fV(a) = /p I, \/; COS Ay dx.

Substituting (3.29) into the series (3.28), we find

Slh@| =Y @)
n=1 n=1 "

Further, as in the case of (3.27), we have

it af (x,a)
2 e < Nl

Ly(0,p)

Ifs < [1%2], then the series (3.26) converges for both odd and even k. Consequently, the
series (3.24) and (3.25) are absolutely and uniformly convergent in Q.
Lemma 3.6 is proved. g
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Lemma 3.7 If

Uy s o 92

WGC(Q), ,j=0,1,...,k=1i+j=k-1, FPo 0,y) = ™ 2l(py =
where

1=0,1,... {k;z fkis even,

2 3.30
k%S ifk is odd, (8:30)
then the series
k
o0 T [o¢]
Z )»25 k 2—25)(a)| _ Z |:Vn(k—2)(a)’ + )\’}21 wk_4)(a)|
n=1 s=0 =
. A=2f(a)|  ifk is even, (3.31)
A=3\fa)|  ifk is odd
converges, where a =0 or a = q.
Proof Let k be an even number. If s = [Tz] then 2s = 2['(2;2] =k — 2. If the series
o0
> 2@ (3.32)
n=1
converges, then the series (3.31) is also convergent, where
» 2
fula) = / fx,a), [ —sinA,xdx.
0 V4
Integrating the last integral by parts k — 1 times, we have
(@) = ——fH19g) (3.33)
fula) = = £ a), .

k—
0= [ 2 Pl

Taking into account (3.33), the series (3.32) gives

. k-2 - 1 k10
;kn A@!SEM{}‘" (@)].

Applying the Holder inequality to the right-hand side of the last inequality, we have

o]

Z% klO(a)| (Z%) (ka—l,m(a)‘Z) :%<Zwk-1,o)(a)|2) '
n n=1

n=1
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Using Bessel’s inequality, we find

1
0 2 —
(Smar) <|* 2
n = k— .
=t 0
Hence, we obtain
R CE e e
dx 1,0,)

The convergence of the series (3.32) is proved.
Let k be an odd number and s = [k;—z]. In this case, 2s = 2[]%2] =k — 3. If the series

> M@ (3.34)
n=1

is convergent, then the series (3.31) is also convergent for odd k. The proof of this assertion
is analogous to the proof of convergence of the series (3.32).
Lemma 3.7 is proved. d

Lemma 3.8 Let the conditions of Lemma 3.7 be satisfied. Then the series

oo k-1
Z )\l/:l 2—s lf

=1 s=0

a=0,q,

=

is convergent, and the series

oo k-1
Z )\l;—Z—s lfySS) (y) _fn(O)e—)\ny
n=1 s=0
and
oo k-1
Z )»1; 2—s (s) (y) - fn(S)(q)e—kn(q—y)’
n=1 s=0

are absolutely and uniformly convergent.

Proof of this lemma is analogous to that of Lemma 3.7. Using the results of the presented
lemmas, we get the following theorem.

Theorem 3.1 Let the following conditions be satisfied:

i) ¢@x)eWs0,p), @0)=¢@ =0, ¢"(0)=¢"(p)=0;
(i) ¢veW;0p), V0O =ypE=0  ¥(0)=y"(p)=0;

ak—l ) -
i) ST ey ivjek-1ij=0,1,.. k-1,
oxt oy
*f (x,y) 9%f i
—x €@, —5(0.9) = =5 () =0,
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T
5]

ifk is even,
3 ifkis odd.

~
|
e
=
N|’TN

Then the series (3.8)-(3.11) absolutely and uniformly converge in Q, and solution (3.8) sat-
isfies equation (1.1) in Q and conditions (1.2)-(1.5), where u(x, y) € C*(Q), ngZ e C(Q).

Proof Adding (3.9) and (3.10), we find that solution (3.8) satisfies equation (1.1) in . From
the properties of the functions X,,(x) it follows that solution (3.8) satisfies conditions (1.2)

and (1.3). The absolute and uniform convergence of the series (3.8) in Q follows from
Lemma 3.3 with » = k and from Lemmas 3.4 and 3.5. Therefore, u(x, y) € C(2). The ab-
solute and uniform Convergence of the series (3.9) and (3.10) in © follows from Lemmas

3.1-3.5. Hence, we have cLeC (Q) 2u “ ¢ C(R). The absolute and uniform convergence of
the series (3.11) in Q follows from the Lemmas 3.2,3.5,3.7,and 3.8. Therefore, " 4 e C(Q).
Consequently, u(x,y) € Cc3(Q), & % k € C(Q). Taking the limit in (3.11) as y — 0 andy — q,

we conclude that solution (3.8) satisfies conditions (1.4) and (1.5).

This proves the theorem. g
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