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Abstract
In this paper, we are concerned with nonlinear elliptic equations of the p(x)-Laplace
type operators

{
–div(a(x,∇u)) + |u|p(x)–2u = λf (x,u) in �,

a(x,∇u) ∂u
∂n = λθg(x,u) on ∂�,

which are subject to nonlinear Neumann boundary conditions. Here the function
a(x, v) is of type |v|p(x)–2v with a continuous function p :� → (1,∞) and the functions
f ,g satisfy a Carathéodory condition. The main purpose of this paper is to establish
the existence of at least three weak solutions of the above problem by applying an
abstract three critical points theorem which is inspired by the work of Ricceri
(Nonlinear Anal. 74:7446-7454, 2011) Furthermore, we determine two intervals of λ’s
precisely such that the first is where the given problem admits only the trivial
solution, and the second is where the given problem has at least two nontrivial
solutions as considering the positive principal eigenvalue for the p(x)-Laplacian
Neumann problems and an estimate of the Sobolev trace embedding’s constant.

MSC: 35D30; 35J15; 35J60; 35J62

Keywords: p(x)-Laplace type operators; variable exponent Lebesgue-Sobolev
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1 Introduction
In the present paper, we are concerned with multiplicity of weak solutions of nonlinear
Neumann boundary problems involving p(x)-Laplace type

⎧⎨
⎩– div(a(x,∇u)) + |u|p(x)–u = λf (x, u) in �,

a(x,∇u) ∂u
∂n = λθg(x, u) on ∂�,

(N)

where � ⊂ R
N is a bounded domain with Lipschitz boundary ∂�, ∂u

∂n denotes the outer
normal derivative of u with respect to ∂�, the function a(x, v) is of type |v|p(x)–v with a
continuous function p : � → (,∞), the functions f , g satisfy a Carathéodory condition,
and λ, θ are real parameters. Many authors have widely studied the existence of nontrivial
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solutions of nonlinear elliptic boundary value problems; see [–] and the references
therein.

The study of differential equations and variational problems involving p(x)-growth con-
dition have been a strong rise of interest in recent years, since there are many physical
phenomena which can be modeled by such kind of equations, for instance, elastic me-
chanics, electro-rheological fluid dynamics, image processing, etc. We refer the reader to
[, , , –] and the references therein.

Since the pioneer work of Ricceri [, ], an abstract three critical points theorem has
become one of the main tools for finding the multiple solutions to elliptic equations of
variational type. Afterward, many results on the existence of at least three weak solutions
of nonlinear elliptic equations have been investigated; see [, , , –]. However,
Ricceri’s theorems in [, , ] gave no additional information on the size and location
of a precise interval of λ’s for an energy functional admits at least three critical points.
The refinement process of Theorem  in [] as giving precise information on the loca-
tion and size of the three critical points interval was completed in []. G. Bonanno and
A. Chinnì [] obtained the existence of at least one, two or three distinct weak solutions
of p(x)-Laplacian Dirichlet problems as applications of two recent critical point theorems
in [, ]. The authors in [] localized the interval on the existence of three solutions
of equations of p-Laplace type with various boundary conditions (for example, homoge-
neous Dirichlet and inhomogeneous Robin problems) which were inspired by the study
of Arcoya and Carmona []. Recently, Kim and Park [] established the localization of
the interval for the existence of at least three solutions for equations of p(x)-Laplace type
with nonlinear Neumann boundary conditions which was based on []. In particular,
they showed that the problem (N) possessed at least three weak solutions in any closed
and bounded interval of the parameters contained in an unbounded open interval of posi-
tive real numbers. In the present paper, we establish more precise interval than that of [],
by applying an abstract three critical points theorem introduced by Ricceri []. Roughly
speaking, we determine two intervals of λ’s precisely such that the first is where problem
(N) admits only the trivial solution, and the second is where problem (N) has at least two
nontrivial solutions. To do this, we consider the existence of the positive principal eigen-
value for the p(x)-Laplacian Neumann problems and an estimate of the Sobolev trace em-
bedding’s constant based on J.F. Bonder and J.D. Rossi’s result [].

This paper is arranged as follows. We first introduce some basic results on the variable
exponent Lebesgue-Sobolev spaces and present some properties of the corresponding in-
tegral operators. Second, we observe multiple solutions for equations of p(x)-Laplace type
with nonlinear Neumann boundary conditions using the abstract three critical points the-
ory introduced by Ricceri [] (see Theorem .). And finally we give the interval much
more accurate than the three critical points interval in Theorem . (see Theorem .).

2 Preliminaries and main results
We first introduce some definitions and basic properties of the variable exponent Lebesgue
space Lp(·)(�) and the variable exponent Lebesgue-Sobolev space W ,p(·)(�). For a more
rigorous treatment on these spaces, we refer to [–, , ].

Set

C+(�) =
{

h ∈ C(�) : min
x∈�

h(x) > 
}
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and, for any h ∈ C+(�), we write

h+ = sup
x∈�

h(x) and h– = inf
x∈�

h(x).

For any p ∈ C+(�), we introduce the variable exponent Lebesgue space

Lp(·)(�) :=
{

u : u is a measurable real-valued function,
∫

�

∣∣u(x)
∣∣p(x) dx < ∞

}
,

endowed with the Luxemburg norm,

‖u‖Lp(·)(�) = inf

{
λ >  :

∫
�

∣∣∣∣u(x)
λ

∣∣∣∣
p(x)

dx ≤ 
}

.

The variable exponent Sobolev space X := W ,p(·)(�) is defined by

X =
{

u ∈ Lp(·)(�) : |∇u| ∈ Lp(·)(�)
}

,

equipped with the norm

‖u‖X = ‖u‖Lp(·)(�) + ‖∇u‖Lp(·)(�).

Throughout the present paper, we assume that a function p : � →R is log-Hölder con-
tinuous on � if there is a constant C such that

∣∣p(x) – p(y)
∣∣ ≤ C

– log |x – y| (.)

for every x, y ∈ � with |x – y| ≤ /. As established in [, ], if � is a bounded domain
with Lipschitz boundary and p satisfies the log-Hölder continuity condition, then smooth
functions are dense in variable exponent Sobolev spaces.

Lemma . [] The space Lp(·)(�) is a separable, uniformly convex Banach space, and its
conjugate space is Lp′(·)(�) where /p(x) + /p′(x) = . For any u ∈ Lp(·)(�) and v ∈ Lp′(·)(�),
we have

∣∣∣∣
∫

�

uv dx
∣∣∣∣ ≤

(


p–
+


(p′)–

)
‖u‖Lp(·)(�)‖v‖Lp′(·)(�) ≤ ‖u‖Lp(·)(�)‖v‖Lp′(·)(�).

Lemma . [] Denote

ρ(u) =
∫

�

|u|p(x) dx

for all u ∈ Lp(·)(�). Then:
() ρ(u) >  (= ; < ) if and only if ‖u‖Lp(·)(�) >  (= ; < ), respectively;
() if ‖u‖Lp(·)(�) > , then ‖u‖p–

Lp(·)(�) ≤ ρ(u) ≤ ‖u‖p+
Lp(·)(�);

() if ‖u‖Lp(·)(�) < , then ‖u‖p+
Lp(·)(�) ≤ ρ(u) ≤ ‖u‖p–

Lp(·)(�).
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Remark . Denote

ρ(u) =
∫

�

(|∇u|p(x) + |u|p(x))dx

for all u ∈ X. Then:
() ρ(u) >  (= ; < ) if and only if ‖u‖X >  (= ; < ), respectively;
() if ‖u‖X > , then ‖u‖p–

X ≤ ρ(u) ≤ ‖u‖p+
X ;

() if ‖u‖X < , then ‖u‖p+
X ≤ ρ(u) ≤ ‖u‖p–

X .

Lemma . [] Let q ∈ L∞(�) be such that  ≤ p(x)q(x) ≤ ∞ for almost all x ∈ �. If
u ∈ Lq(·)(�) with u 
= , then

() if ‖u‖Lp(·)q(·)(�) > , then ‖u‖q–
Lp(·)q(·)(�) ≤ ‖|u|q(x)‖Lp(·)(�) ≤ ‖u‖q+

Lp(·)q(·)(�);
() if ‖u‖Lp(·)q(·)(�) < , then ‖u‖q+

Lp(·)q(·)(�) ≤ ‖|u|q(x)‖Lp(·)(�) ≤ ‖u‖q–
Lp(·)q(·)(�).

Lemma . [] Let � be an open, bounded set with Lipschitz boundary and let p ∈ C+(�)
with  < p– ≤ p+ < ∞. If q ∈ C(�) satisfies

q(x) ≤ p∗(x) :=

⎧⎨
⎩

Np(x)
N–p(x) if N > p(x),

+∞ if N ≤ p(x),

then we have a continuous embedding

X ↪→ Lq(·)(�)

and the embedding is compact if infx∈�(p∗(x) – q(x)) > .

Lemma . [] Let � ⊂R
N , N ≥  be a bounded domain with smooth boundary. Suppose

that p ∈ C+(�) and r ∈ C(∂�) satisfy the condition

 ≤ r(x) < p∂ (x) :=

⎧⎨
⎩

(N–)p(x)
N–p(x) if N > p(x),

+∞ if N ≤ p(x),

for all x ∈ ∂�. Then there exists a compact and continuous embedding X ↪→ Lr(·)(∂�).

Now we shall give the proof of the existence of at least three weak solutions for problem
(N) by applying an abstract three critical points theorem obtained by Ricceri in []. To do
this, let us introduce the two functions

χ(r) = inf
u∈	–((–∞,r))

infv∈	–(r) A(v) – A(u)
	(u) – r

,

χ(r) = sup
u∈	–((r,+∞))

infv∈	–(r) A(v) – A(u)
	(u) – r

,

for every r ∈ (infu∈X 	(u), supu∈X 	(u)).
The following lemma is the main tool of this section.
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Lemma . [] Let X be a reflexive real Banach space; A : X → R a sequentially weakly
lower semicontinuous C-functional, bounded on each bounded subset of X and whose
derivative admits a continuous inverse on X∗; 	 : X → R is C-functional with compact
derivative. Moreover, assume that

there exists r ∈
(

inf
u∈X

	(u), sup
u∈X

	(u)
)

such that χ(r) < χ(r), (.)

and that, for each λ ∈ (χ(r),χ(r)), the functional A + λ	 is coercive. Then, for each com-
pact interval [a, b] ⊂ (χ(r),χ(r)), there exists R >  with the following property: for ev-
ery λ ∈ [a, b] and every C-functional 
 : X → R with compact derivative, there exists a
number τ >  such that, for each θ ∈ [, τ ], the equation

A′(u) + λ	 ′(u) + θ
′(u) = 

has at least three distinct solutions whose norms are less than R.

To begin with, we assume that a : � × R
N → R

N is a continuous function with the
continuous derivative with respect to v of the mapping A : � × R

N → R, A = A(x, v),
that is, a(x, v) = d

dv A(x, v). Suppose that a and A satisfy the following assumptions: for
p ∈ C+(�) with  < p– ≤ p+ < ∞,

(A) the equality

A(x, ) = 

holds for all x ∈ �;
(A) there is a nonnegative constant b such that

∣∣a(x, v)
∣∣ ≤ b|v|p(x)–

holds for almost all x ∈ � and for all v ∈R
N ;

(A) A(x, ·) is strictly convex in R
N for all x ∈ �;

(A) there exists a positive constant c∗ such that the relations

c∗|v|p(x) ≤ a(x, v) · v and c∗|v|p(x) ≤ p+A(x, v)

hold for all x ∈ � and v ∈ R
N .

Let us define the functional A : X →R by

A(u) =
∫

�

A(x,∇u) dx +
∫

�


p(x)

|u|p(x) dx

for any u ∈ X. Under the assumptions (A), (A) and (A), it is easy to check that the func-
tional A is well defined on X, by similar calculations as in []. And then we can modify
the proof of Lemma . in [] to get A ∈ C(X,R) and its Fréchet derivative is given by

〈
A′(u),ϕ

〉
=

∫
�

a(x,∇u) · ∇ϕ dx +
∫

�

|u|p(x)–uϕ dx

for any ϕ ∈ X where 〈·, ·〉 denotes the pairing of X and its dual X∗.
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The fact that the operator A′ is a mapping of type (S+) plays an important role in obtain-
ing our main results. The proof is essentially the same as the one in []; see also [].

Lemma . Assume that (A)-(A) hold. Then the functional A : X → R is convex and
weakly lower semicontinuous on X . Moreover, the operator A′ is a mapping of type (S+),
i.e., if un ⇀ u in X as n → ∞ and lim supn→∞〈A′(un) – A′(u), un – u〉 ≤ , then un → u in
X as n → ∞.

Corollary . Assume that (A)-(A) hold. Then the operator A′ : X → X∗ is strictly
monotone, coercive, and hemicontinuous on X. Furthermore, the operator A′ is a home-
omorphism onto X∗.

Proof It is obvious that the operator A′ is strictly monotone, coercive, and hemicontinuous
on X. By the Browder-Minty theorem, the inverse operator (A′)– exists (see Theorem .A
in []). If we apply Lemma ., then the proof of the continuity of the inverse operator
(A′)– is similar to that in the case of a constant exponent and is omitted here. �

In order to deal with our main results, we need the following assumptions for nonlinear
terms f and g . Denoting F(x, t) =

∫ t
 f (x, s) ds and G(x, t) =

∫ t
 g(x, s) ds, then we assume

that:
(H) p ∈ C+(�) and  < p– ≤ p+ < p∗(x) for all x ∈ �.
(H) m ∈ L∞(�) and m(x) >  for almost all x ∈ �.
(F) f : � ×R →R satisfies the Carathéodory condition and there exist two

nonnegative functions ρ,σ ∈ L∞(�) such that

∣∣f (x, s)
∣∣ ≤ ρ(x) + σ(x)|s|γ(x)–,

for all (x, s) ∈ � ×R, where γ ∈ C+(�) and (γ)+ < p–.
(F) There exist a real number s, an element x ∈R

N , and a positive constant r so
small that

∫
BN (x,r)

F
(
x, |s|

)
dx >  and F(x, t) ≥ 

for almost all x ∈ BN (x, r) \ BN (x,σ r) with σ ∈ (, ) and for all  ≤ t ≤ |s|,
where BN (x, r) = {x ∈ � : |x – x| ≤ r} ⊆ �.

(F) lim sups→
|f (x,s)|

m(x)|s|ξ(x)– < +∞ uniformly for almost all x ∈ �, where ξ ∈ C+(�) with
p(x) < ξ(x) < p∗(x) for all x ∈ �.

(G) g : ∂� ×R →R satisfies the Carathéodory condition and there exist two
nonnegative functions ρ,σ ∈ L∞(∂�)

∣∣g(x, s)
∣∣ ≤ ρ(x) + σ(x)|s|γ(x)–

for all (x, s) ∈ ∂� ×R, where γ ∈ C+(∂�) and (γ)+ < p–.
(G) lim sups→

|g(x,s)|
|s|ξ(x)– < +∞ uniformly for almost all x ∈ ∂�, where ξ ∈ C+(∂�) with

p(x) < ξ(x) < p∂ (x) for all x ∈ ∂�.
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Define the functionals 	 , H : X →R by

	(u) = –
∫

�

F(x, u) dx and H(u) = –
∫

∂�

G(x, u) dS

for any u ∈ X, where dS is the measure on the boundary. Then we obtain 	 , H ∈ C(X,R)
and these Fréchet derivatives are

〈
	 ′(u), v

〉
= –

∫
�

f (x, u)v dx and
〈
H ′(u), v

〉
= –

∫
∂�

g(x, u)v dS

for any u, v ∈ X, respectively.

Definition . We say that u ∈ X is a weak solution of the problem (N) if

∫
�

a(x,∇u) · ∇v dx +
∫

�

|u|p(x)–uv dx = λ

∫
�

f (x, u)v dx + λθ

∫
∂�

g(x, u)v dS

for all v ∈ X.

As applications of Lemma ., we give two consequences about the localization of the in-
tervals of λ’s for the existence of at least three solutions of problem (N); see Theorems .
and .. In particular, the three critical points interval in Theorem . is finer than that
of Theorem ..

Theorem . Assume that (A)-(A), (H)-(H), (F)-(F), and (G)-(G) hold. Then,
there exists a constant �̂ with the following property: for each compact interval [a, b] ⊂
(�̂, +∞), there exists a number τ >  such that, for each θ ∈ [, τ ], the problem (N) has at
least three distinct solutions for every λ ∈ [a, b].

Proof By Lemma ., the functional A : X → R is sequentially weakly lower semicontin-
uous C-functional. Moreover, it is bounded on each bounded subset of X. Using Corol-
lary ., the operator A′ is a homeomorphism onto X∗, that is, there exists a continuous in-
verse operator (A′)– : X∗ → X. Moreover, the modification of the proof of Proposition .
in [] shows that the operators 	 ′, H ′ : X → X∗ are compact. Using the assumptions (A)
and (F), we know

lim‖u‖X→∞
{

A(u) + λ	(u)
}

= +∞

for all u ∈ X and all λ ∈R. In fact, for ‖u‖X large enough and for all λ ∈R, it follows from
Lemmas ., ., . and . that

A(u) + λ	(u)

=
∫

�

A(x,∇u) dx +
∫

�


p(x)

|u|p(x) dx – λ

∫
�

F(x, u) dx

≥ c∗
p+

∫
�

|∇u|p(x) dx +
∫

�


p(x)

|u|p(x) dx – |λ|
∫

�

∣∣ρ(x)
∣∣|u|dx

– |λ|
∫

�


γ(x)

∣∣σ(x)
∣∣|u|γ(x) dx
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≥ c∗
p+

∫
�

|∇u|p(x) dx +


p+

∫
�

|u|p(x) dx – |λ|‖ρ‖L∞(�)‖u‖L(�)

–
|λ|

(γ)–
‖σ‖L∞(�)

∥∥|u|γ(x)∥∥
L(�)

≥ min{c∗, }
p+

(∫
�

|∇u|p(x) dx +
∫

�

|u|p(x) dx
)

– |λ|C‖u‖X –
|λ|C

(γ)–
‖u‖(γ)+

Lγ(·)(�)

≥ min{c∗, }
p+

‖u‖p–
X – |λ|C‖u‖X –

|λ|C

(γ)–
‖u‖(γ)+

X

for some positive constants Ci (i = , , ). Since p– > (γ)+ > , we deduce

lim‖u‖X→∞
{

A(u) + λ	(u)
}

= +∞

for all λ ∈R.
Let s 
=  be from (F). Fix � ∈ (, ), define

u�(x) =

⎧⎪⎪⎨
⎪⎪⎩

 if x ∈ � \ BN (x, r),

|s| if x ∈ BN (x,�r),
|s|

r(–�) (r – |x – x|) if x ∈ BN (x, r) \ BN (x,�r).

It is clear that  ≤ u�(x) ≤ |s| for all x ∈ �, and so u� ∈ X. Moreover, the continuous
embedding Lp(x)(�) ↪→ Lp– (�) (see Theorem . of []) implies

‖u�‖α
X ≥ ‖∇u�‖α

Lp(x)(�) ≥ C

∫
�

|∇u�|p– dx =
C|s|p– ( – �N )

( – �)p–
rN–p–

 ωN > 

for a positive constant C, where α is either p+ or p– and ωN is the volume of BN (, ).
Also, by using the assumption (F), we get

–	(u�) =
∫

BN (x,�r)
F
(
x, |s|

)
dx +

∫
BN (x,r)\BN (x,�r)

F
(

x,
|s|

r( – �)
(
r – |x – x|

))
dx

> .

Then the crucial number

�̂ := χ() = inf
u∈	–((–∞,))

(
–

A(u)
	(u)

)

is well defined. It remains to show that the condition (.) holds. For all u ∈ 	–((–∞, )),
we get

χ(r) = inf
u∈	–((–∞,r))

infv∈	–(r) A(v) – A(u)
	(u) – r

≤ infv∈	–(r) A(v) – A(u)
	(u) – r

≤ A(u)
r – 	(u)

for all r ∈ (	(u), ). Then we have

lim sup
r→–

χ(r) ≤ –
A(u)
	(u)
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for all u ∈ 	–((–∞, )). Hence we assert that

lim sup
r→–

χ(r) ≤ χ().

Now, we claim that there exists a positive real number K∗ such that

∣∣F(x, s)
∣∣ ≤ K∗m(x)|s|ξ(x) (.)

for almost all x ∈ � and for all s ∈ R. First of all, the assumptions (F) and (F) imply that
f (x, ) =  for almost all x ∈ �. Indeed, if there exists A ⊂ �, |A| >  such that |f (x, )| > 
for all x ∈ A, then lims→

|f (x,s)|
m(x)|s|ξ(x)– = ∞ for all x ∈ A, contradicting with (F). Thus, we

get lim sups→
|F(x,s)|

m(x)|s|ξ(x) < ∞ uniformly almost everywhere in � by the L’Hôpital rule. We
denote

K = lim sup
s→

|F(x, s)|
m(x)|s|ξ(x)

for almost all x ∈ �. Then there exists δ >  such that |F(x, s)| ≤ (K + )m(x)|s|ξ(x) for
almost all x ∈ � and for all s ∈ R with |s| < δ. Next, let s be fixed with |s| ≥ δ. Then it
follows from (F) that

∣∣F(x, s)
∣∣ ≤

(
ρ(x)
m(x)

|s|–ξ(x) +
σ(x)

γ(x)m(x)
|s|γ(x)–ξ(x)

)
m(x)|s|ξ(x)

≤
(

K|s|–ξ(x) +
K

(γ)–
|s|γ(x)–ξ(x)

)
m(x)|s|ξ(x)

≤
(

K
(
δ–(ξ)+ + δ–(ξ)–

)
+

K

(γ)–

(
δ(γ)––(ξ)+ + δ(γ)+–(ξ)–

))
m(x)|s|ξ(x)

for almost all x ∈ � and for positive constants K and K. Hence equation (.) holds,
where K∗ = max{K + , K(δ–(ξ)+ + δ–(ξ)– ) + K/(γ)–(δ(γ)––(ξ)+ + δ(γ)+–(ξ)– )}.

By (.), it follows that

∣∣	(u)
∣∣ ≤

∫
�

K∗m(x)|u|ξ(x) dx ≤ CK∗‖m‖L∞(�)‖u‖β

X

for a positive constant C and for any u ∈ X, where β is either (ξ)+ or (ξ)–. If r <  and
v ∈ 	–(r), then we obtain by (A)

r = 	(v) ≥ –CK∗‖m‖L∞(�)‖v‖β

X

≥ –CK∗‖m‖L∞(�)

(
p+

min{c∗, }A(v)
) β

α

,

where α is either p+ or p–. Since u =  ∈ 	–((r, +∞)), by the definition of χ, we have

χ(r) ≥ 
|r| inf

v∈	–((r,+∞))
A(v) ≥ |r| α

β
–

(CK∗)
α
β ‖m‖

α
β

L∞(�)

min{c∗, }
p+
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and hence limr→– χ(r) = +∞ because β > α. Then we deduce

lim sup
r→–

χ(r) ≤ χ() = �̂ < lim
r→–

χ(r) = +∞.

This confirms that, for all integers n ≥ n̂ =  + [�̂], there exists a negative sequence {rn}
converging to  with

χ(rn) < �̂ + /n < n < χ(rn),

and thus

∞⋃
n=n̂

(
χ(rn),χ(rn)

) ⊃
∞⋃

n=n̂

[
�̂ +


n

, n
]

= (�̂, +∞).

Due to Lemma . with 
 = λH , we conclude that for each compact interval [a, b] ⊂
(�̂, +∞), there exists a number τ >  such that, for each θ ∈ [, τ ], the problem (N) has at
least three distinct solutions for every λ ∈ [a, b]. This completes the proof. �

In the remainder of this paper, we give much more accurate interval than the three crit-
ical points interval in Theorem .. Roughly speaking, we determine the intervals of λ’s
for which problem (N) admits only the trivial solution and for which problem (N) has at
least two nontrivial solutions. To do this, we consider an estimate of the Sobolev trace
embedding’s constant and the positive principal eigenvalue for p(x)-Laplacian Neumann
problem. To begin with, we observe the constant of the embedding X ↪→ L�(x)(∂�). Thanks
to Bonder and Rossi’s result (see for instance []), it is possible to obtain the estimate of
the embedding constant c̃�.

Remark . For any  < r < N and  ≤ � ≤ r∂ := r(N – )/(N – r), we have W ,r(�) ↪→
Lr∂ (∂�) and hence the following inequality holds:

c̃r,r∂ ‖u‖r
Lr∂ (∂�)

≤ ‖u‖r
W ,r (�) (.)

for all u ∈ W ,r(�). This is known as the Sobolev trace embedding theorem. The best
constant for this embedding is the largest c̃r,r∂ such that the above inequality holds, that is,

c̃r,r∂ = inf
u∈W ,r (�)\{}

‖u‖r
W ,r (�)

‖u‖r
Lr∂ (∂�)

.

From Lemma ., we have the continuous embedding W ,r(�) ↪→ L�(∂�) for  < r < N
and  ≤ � ≤ r∂ . Denote d = r∂/� and d′ = r∂/(r∂ – �). Since |u|� ∈ L

r∂
� (∂�), by the Hölder

inequality, we have |u|� ∈ L(∂�) and

∫
∂�

∣∣u(x)
∣∣� ds =

∥∥u�
∥∥

L(∂�) ≤ ∥∥u�
∥∥

Ld(∂�)‖‖Ld′ (∂�)

=
(∫

∂�

∣∣u(x)
∣∣r∂ ds

) �

r∂ |∂�| 
d′ = |∂�| r∂ –�

r∂ � ‖u‖�

Lr∂ (∂�)
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and so

‖u‖L�(∂�) =
∥∥u�

∥∥ 
�

L(∂�) ≤ |∂�| r∂ –�

r∂ ‖u‖Lr∂ (∂�).

From (.), we get

‖u‖L�(∂�) ≤ ‖u‖Lr∂ (∂�)|∂�| r∂ –�

r∂ ≤
(


c̃r,r∂

) 
r
|∂�| r∂ –�

r∂ ‖u‖W ,r (�). (.)

Now let � ∈ C(∂�) and  < �(x) ≤ �+ ≤ (r–)∂ ≤ r∂ (x) for each x ∈ ∂�. By using (.) for
r = p– and � = �+, we obtain

‖u‖L�+ (∂�) ≤
(


c̃p–,p∂–

) 
p– |∂�|

p∂––�+
p∂– ‖u‖W ,p– (�) (.)

for each u ∈ X. Taking into account that (see Theorem . in []) Lp(x)(�) ↪→ Lp– (�)
and L�+ (∂�) ↪→ L�(x)(∂�) with continuous embeddings and that the constants of such
embeddings do not exceed |�| +  and |∂�| + , respectively, we have

‖u‖W ,p– (�) = ‖u‖Lp– (�) + ‖∇u‖Lp– (�) ≤ (|�| + 
)‖u‖X (.)

and

‖u‖L�(x)(∂�) ≤ (|∂�| + 
)‖u‖L�+ (∂�). (.)

It follows from (.), (.), and (.) that

‖u‖L�(x)(∂�) ≤
(


c̃p–,p∂–

) 
p– |∂�|

p∂––�+
p∂–�+

(|�| + 
)(|∂�| + 

)‖u‖X

and so denoting by c̃� the embedding constant of X ↪→ L�(x)(∂�), this implies that

c̃� ≤
(


c̃p–,p∂–

) 
p– |∂�|

p∂––�+
p∂–�+

(|�| + 
)(|∂�| + 

)
. (.)

Next, we consider the positive principal eigenvalue for the p(x)-Laplacian Neumann
problems. From the analogous argument to the proof of Proposition . in [], we deduce
the following proposition.

Proposition . Let us consider the eigenvalue problem

⎧⎨
⎩– div(|∇u|p(x)–∇u) + |u|p(x)–u = λm(x)|u|p(x)–u in �,

∂u
∂n =  on ∂�.

(E)

Assume that (H)-(H) hold. Denote the quantity

λ∗ = inf
u∈X\{}

∫
�

|∇u|p(x) dx +
∫
�

|u|p(x) dx∫
�

m(x)|u|p(x) dx
. (.)
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Then λ∗ is a positive eigenvalue of problem (E), that is, there is u ∈ X with

∫
�

m(x)|u|p(x) dx = 

such that realizes the infimum in (.) and represents an eigenfunction for λ∗. In particular,

λ∗
∫

�

m(x)|u|p(x) dx ≤
∫

�

|∇u|p(x) dx +
∫

�

|u|p(x) dx

for every u ∈ X.

Denote the crucial values

Cf = ess sup
s 
=,x∈�

|f (x, s)|
m(x)|s|p(x)– and Cg = ess sup

s 
=,x∈∂�

|g(x, s)|
|s|p(x)– .

Then the same arguments as in [] imply that Cf and Cg are well defined and positive
constants. Furthermore, as mentioned in the proof of Theorem ., we get
lim sups→

|F(x,s)|
m(x)|s|ξ(x) < ∞ uniformly almost everywhere in �. Finally,

Cf = ess sup
s 
=,x∈�

|f (x, s)|
m(x)|s|p(x)– ∈R

+.

Indeed, Cf >  having f 
≡  and Cf < ∞, since, first by (F),

lim
s→

|f (x, s)|
m(x)|s|p(x)– = lim

s→

( |f (x, s)|
m(x)|s|ξ(x)–

)
|s|ξ(x)–p(x) = 

uniformly almost everywhere in �, where p(x) < ξ(x). Moreover,

|f (x, s)|
m(x)|s|p(x)– ≤ ρ(x) + σ(x)|s|γ(x)–

m(x)|s|p(x)– ≤ (C̄ + C̄)|s|γ(x)–

m(x)|s|p(x)– =
(C̄ + C̄)|s|γ(x)–p(x)

m(x)

for almost all x ∈ � and all |s| ≥  by (F), namely lims→∞ |f (x,s)|
m(x)|s|p(x)– =  uniformly almost

everywhere in �, since γ(x) < p(x). In the same way, using the assumptions (G) and (G),
we can show that Cg is positive and constant. Furthermore, the following relations hold:

ess sup
s 
=,x∈�

|F(x, s)|
m(x)|s|p(x) =

Cf

p–
and ess sup

s 
=,x∈∂�

|G(x, s)|
|s|p(x) =

Cg

p–
. (.)

By applying Lemma ., we can obtain the following assertion which is our main result
in this paper.

Theorem . Assume (A)-(A), (H)-(H), (F), (F), and (G)-(G) hold. Then we have
the following:

(i) For every θ ∈R, there exists �∗ = (λ∗ min{, c∗}p–)/(Cf + λ∗|θ |Cg c̃p)p+ such that
problem (N) has only the trivial solution for all λ ∈ [,�∗), where c∗ is the positive
constant from (A) and λ∗ is the positive real number in (.).

(ii) If furthermore f satisfies the following assumption:
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(F)
∫
�

F(x, u(x)) dx > b/c∗p– holds, where u is the eigenfunction corresponding to
the principal eigenvalue of problem (E) satisfying

∫
�

m(x)|u|p(x) dx =  and
b, c∗ >  are constants given in (A) and (A), respectively,

then for each compact interval [a, b] ⊂ (�∗, c∗λ∗ max{, b}/b), with �∗ ≥ �∗ and
�∗ = χ() < c∗λ∗ max{, b}/b, there exists τ >  such that problem (N) has at least
two distinct nontrivial solutions for every λ ∈ [a, b] and θ ∈ (–τ , τ ).

Proof Under the assumptions (A)-(A), (H), (F), and (G), all of the assumptions in
Lemma . except the condition (.) are satisfied.

Now we prove the assertion (i). Let u ∈ X be a nontrivial weak solution of problem (N).
Then it is clear that∫

�

a(x,∇u) · ∇v dx +
∫

�

|u|p(x)–uv dx = λ

∫
�

f (x, u)v dx + λθ

∫
∂�

g(x, u)v dS

for any v ∈ X. If we put v = u, then it follows from (A), (.), (.), the definitions of Cf

and Cg , and Lemma . that

λ∗ min{, c∗}p–

p+

(∫
�

|∇u|p(x) dx +
∫

�

|u|p(x) dx
)

≤ λ∗
(∫

�

a(x,∇u) · ∇u dx +
∫

�

|u|p(x) dx
)

= λ∗
(

λ

∫
�

f (x, u)u dx + λθ

∫
∂�

g(x, u)u dS
)

≤ λ∗
(

λ

∫
�

f (x, u)
m(x)|u|p(x)– m(x)|u|p(x) dx + λθ

∫
∂�

g(x, u)
|u|p(x)– |u|p(x) dS

)

≤ λCf

(∫
�

|∇u|p(x) dx +
∫

�

|u|p(x) dx
)

+ λ∗λ|θ |Cg

∫
∂�

|u|p(x) dS

≤ λ
(
Cf + λ∗|θ |Cg c̃p

)(∫
�

|∇u|p(x) dx +
∫

�

|u|p(x) dx
)

.

Thus if u is a nontrivial weak solution of problem (N), then necessarily λ ≥ �∗ =
(λ∗ min{, c∗}p–)/(Cf + λ∗|θ |Cg c̃p)p+, as claimed.

Next, we show the assertion (ii). From (F), it is clear that the crucial positive number

�∗ = χ() = inf
u∈	–((–∞,))

(
–

A(u)
	(u)

)

is well defined. Hence, by the definition of u and assumption (F), we have

�∗ = χ() = inf
u∈	–((–∞,))

(
–

A(u)
	(u)

)
≤ –

A(u)
	(u)

=

∫
�

A(x,∇u) dx +
∫
�


p(x) |u|p(x) dx∫

�
F(x, u) dx

<
c∗p–

b

(∫
�

b
p(x)

|∇u|p(x) dx +
∫

�


p(x)

|u|p(x) dx
)

≤ c∗ max{, b}
b

(∫
�

|∇u|p(x) dx +
∫

�

|u|p(x) dx
)

=
c∗λ∗ max{, b}

b
.
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In addition, to assert �∗ ≥ �∗, let u be in X with u 
≡ . From (A) and (.), we obtain

A(u)
|	(u)| =

∫
�

A(x,∇u) dx +
∫
�


p(x) |u|p(x) dx

| ∫
�

F(x, u) dx| ≥
c∗
p+

∫
�

|∇u|p(x) dx + 
p+

∫
�

|u|p(x) dx∫
�

|F(x,u)|
m(x)|u|p(x) m(x)|u|p(x) dx

≥
min{,c∗}

p+
(
∫
�

|∇u|p(x) dx +
∫
�

|u|p(x) dx)
Cf
p–

∫
�

m(x)|u|p(x) dx
≥ min{, c∗}p–

Cf p+
λ∗

≥ λ∗ min{, c∗}p–

(Cf + λ∗|θ |Cg c̃p)p+
= �∗.

Hence we have �∗ ≥ �∗. Now we claim that there exists a real number r satisfying condition
(.). For any u ∈ 	–((–∞, )), we deduce that

χ(r) ≤ A(u)
r – 	(u)

for all r ∈ (	(u), ). This implies that

lim sup
r→–

χ(r) ≤ –
A(u)
	(u)

for all u ∈ 	–((–∞, )). Hence we have

lim sup
r→–

χ(r) ≤ χ() = �∗.

As we already mentioned in Theorem ., it follows from (F) and (F) that there exists a
positive real number K∗ such that

∣∣F(x, s)
∣∣ ≤ K∗m(x)|s|ξ(x)

for almost all x ∈ � and for all s ∈ R. Then it follows that

∣∣	(u)
∣∣ ≤

∫
�

K∗m(x)|u|ξ(x) dx

≤ CK∗‖m‖L∞(�)‖u‖α
X +

b min{, c∗}
c∗λ∗p+ max{, b}‖u‖β

X

for a positive constant C and for all u ∈ X, where α is either (ξ)+ or (ξ)– and β is either
p+ or p–. If r <  and v ∈ 	–(r), then it follows from (A) that

c∗p+ max{, b}
b min{, c∗} r =

c∗p+ max{, b}
b min{, c∗} 	(v)

≥ –CK∗‖m‖L∞(�)
c∗p+ max{, b}

b min{, c∗} ‖v‖α
X –


λ∗

‖v‖β

X

≥ –CK∗‖m‖L∞(�)
c∗ max{, b}

b

(
p+

min{, c∗}
) α

β
+

A(v)
α
β

–
p+

λ∗ min{, c∗}A(v). (.)
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Since u =  ∈ 	–((r, +∞)), by the definition of χ, we have

χ(r) ≥ 
|r| inf

v∈	–((r,+∞))
A(v),

and hence there exists an element ur ∈ 	–((r, +∞)) such that A(ur) = infv∈	–((r,+∞)) A(v);
see Theorem .. of []. According to (.), we get

c∗p+ max{, b}
b min{, c∗} ≤ Ĉ|r| α

β
–

(
A(u)

|r|
) α

β

+
p+

λ∗ min{, c∗}
A(u)

|r|
≤ Ĉ|r| α

β
–

χ(r)
α
β +

p+

λ∗ min{, c∗}χ(r), (.)

where the positive constant Ĉ denotes

Ĉ = CK∗‖m‖L∞(�)
c∗ max{, b}

b

(
p+

min{, c∗}
) α

β
+

.

Then there are two possibilities to be considered: either χ is locally bounded at –,
so that relation (.) shows lim infr→– χ(r) ≥ (c∗λ∗ max{, b})/b because α > β , or
lim supr→– χ(r) = ∞.

Since the functional A + λ	 is coercive for all λ ∈ R by Theorem .. For all integers
n ≥ n∗ :=  + /[(c∗λ∗ max{, b}/b) – �∗], there exists a negative sequence {rn} converging to
 as n → ∞ such that χ(rn) < �∗ +/n < (c∗λ∗ max{, b}/b)–/n < χ(rn). Due to Lemma .
with 
 = λH , we conclude that u ≡  is a critical point of the functional A + λ	 + λθH and
there exists τ >  such that problem (N) admits at least two distinct weak solutions for
each compact interval

[a, b] ⊂
(

�∗,
c∗λ∗ max{, b}

b

)
=

∞⋃
n=n∗

[
�∗ +


n

,
c∗λ∗ max{, b}

b
–


n

]

⊂
∞⋃

n=n∗

(
χ(rn),χ(rn)

)

and for every λ ∈ [a, b] and θ ∈ (–τ , τ ). This completes the proof. �

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
1Department of Mathematics, Incheon National University, Incheon, 22012, Republic of Korea. 2Department of
Mathematics Education, Sangmyung University, Seoul, 03016, Republic of Korea.

Acknowledgements
The first author was supported by the Incheon National University Research Grant in 2014.

Received: 10 August 2016 Accepted: 29 September 2016



Kim et al. Boundary Value Problems  (2016) 2016:185 Page 16 of 16

References
1. Ricceri, B: A further refinement of a three critical points theorem. Nonlinear Anal. 74, 7446-7454 (2011)
2. Barletta, G, Chinnì, A, O’Regan, D: Existence results for a Neumann problem involving the p(x)-Laplacian with

discontinuous nonlinearities. Nonlinear Anal., Real World Appl. 27, 312-325 (2016)
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26. Rădulescu, V, Repovš, D: Partial Differential Equations with Variable Exponents: Variational Methods and Qualitative
Analysis. CRC Press, Taylor & Francis Group, Boca Raton (2015)
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28. Ru̇žička, M: Electrorheological Fluids: Modeling and Mathematical Theory. Lecture Notes in Mathematics, vol. 1748.
Springer, Berlin (2000)
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