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Abstract

In this article, an elliptic equation, which type degenerates (either weakly or strongly)
at the axis of a 3-dimensional cylinder, is considered. The statement of a Dirichlet type
problem in the class of smooth functions is given and, subject to the type of
degeneracy, the exact classical solutions are obtained. The uniqueness of the
solutions is proved.
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This paper is a continuation of [1] and generalizes Problem D1 for equation (2) which is
solved in this article. Namely, we consider here the more general Dirichlet problem in
cylinder Q with non-zero boundary value conditions on the lateral surface of cylinder Q
(including its edges).

In this part, we use the notation introduced in [1] and continue the numbering of asser-
tions, remarks and formulas.

1 Statement of the problem and preliminaries
In this paper, we deal with the following Dirichlet problem.

Problem D2 Find the solution u of equation (2),

2a<82u 10u 1 0%u
Up + 7

— +-——+——-)-cu=0, «a>0,c=const>0,
ar2  ror r?og?

in the class of the functions C%(Qy) N C(Q\{r = 0}) (or, maybe, in the class C*(Q,) N C(Q))
which is bounded in Qo and satisfies the boundary value conditions

u(R,¢,2) =f(¢,2), (p,2) €S, (46)

and

u(r,go, (i- l)H) =fi(r,p), =12, (47)
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for (r,¢) € Dy UK (or, maybe, for (r, ¢) € D); here f € C(S) and f; € C(D) are given functions
such that the compatibility condition

flo,(i-DH) =fi(R,¢) Voe[-n,7]i=12, (48)
are fulfilled.

Besides, we assume here that f and f; are 2w -periodic functions in ¢. (The concrete
requirements concerning the smoothness of these functions will be given below.)

Let us note that the difference between Problems D1 and D2 is only this: in Problem D2
the compatibility condition (48) is more general than in Problem D1, where this condition
is of the shape

flo,(i-DH) =f(R¢)=0 Ve [-n,7]i=1,2.

Asis mentioned in [1], the partial case of problem (46), (47) when f;(r, ¢) = 0 and f (r, (i —
1)H) = 0, i = 1,2, is investigated in [2]. Here, assuming that f € C2(S), the exact solution
uo € C*(Qo) N C(Q) is composed; specifically, it is of the shape

oo o0
Ryun(7) 0 0 - .
uo(r,¢,2) = Z Z 2, R (g, cOS M@ + By, sinme) siny,z; (49)
n=1 m=0
here o2, B2, are the coefficients of the Fourier expansion

o0 oo
flp,z) = Z Z(af’nn cosme + B2 sin mq)) sin y,z,

n=1 m=0

where y, = 77, Ry, are bounded at the point r = 0 solutions of the equation

R+ 1R —[(y2 + ) + m*|R =0, (50)
ie.,
Im Qu,rt) ifa<l,
j 2
Ronlr) = | Kt @uart™) ifa>1, -y, YI2E G
—
r«/m2+y,12+c lfC( - 1,

where I, and K, are the modified Bessel functions of the first and second kind of order v
[3]. It follows directly from (49) that

uo(0,9,2) =0 fora>1

and
uo(0,9,z) = ——" _siny,z fora<l,
21: Io@u,R=) "

for each (¢,z) € S, i.e., the solution ug is continuous on the line of degeneracy r = 0.
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2 Problem D2 with zero valued boundary conditions on the edges of cylinder Q

Primarily, we consider Problem D2 under the particular condition
flo,(i-DH) =fi(R,¢)=0 Vg€ [-m,7],i=1,2, (52)

instead of the condition (48). So, we seek the solution of this problem which is equal to

zero on the two edges of cylinder Q. To this end, we shall use the results obtained in [1, 2].
Theorem 4 Let the functions f and f;, i = 1,2, be such that:

(i) f e C*(S)
(ii) f; and % e C(D), % e C(Dy UK), and

r

(iii) £(0,¢) = 0¥g € [-7, 7], 24 € C(Dy UK), and

dr<oco Veel[-n,nm],i=12;

aﬁ(l",(p) ‘
or

ofi(r, ) _ O(rl_za) and azﬁ(r7(/’)

ar 52 = O(r_zo‘) asr— 0,

uniformly with respect to ¢ (in the case when « < 1);
(iv) fORr% dr |7 |fi(r, @)l dg < oo (in the case when o > 1);
(v) the compatibility condition (52) holds.
Then there exists the unique solution u of Problem D2 such that:
(a) u € C*Qo) N C(Q\{r=0}) for a < 1 under conditions (i)-(ii), (v), and for o = 1 under
conditions (i), (ii), (iv), (v);
(b) u e C*(Qo) N C(Q) for a < 1 under conditions (i)-(iii), (v), and for a > 1 under

conditions (i), (ii), (iv), (v).

Proof Let ug be the solution of equation (2) defined by (49). Then, as is mentioned above,

uo(R,¢,2) =f(9,2), (9,2 €S,

uo(r,p,(i-1)H) =0, (r,¢)€D,

and uy € C*(Qy) N C(Q). Denote by #® the solution of Problem D1. (Remember that,
subject to the type of degeneracy of equation (2), #? is obtained under assumptions (ii)-
(iv) in [1] (see Theorems 1-3).) Then the sum

u=ug+u®

satisfies equation (2) in Qg and, since

u(o)(R,w,z) =0, (p,2)€S,

u9(r,0,(i~1)H) =fi(r,¢), (r,¢) €Dy UK,
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this sum satisfies boundary value conditions (46), (47), evidently. Further, by virtue of (52),
the equalities

u(R ¢, (i-1)H)=0 Veel[-n,7]i=12,
hold, i.e., the sum u = uy + 4@ is equal to zero on the edges of cylinder Q.

Further, as is shown in [1], we have the inclusion #® € C*(Qy) N C(Q\{r = 0}) for o = 1
(under conditions (ii), (iv)) and also for « < 1 (under conditions (ii)), and the inclusion
u©® e C2(Qy) N C(Q) for o < 1 (under conditions (ii), (iii)) and also for & > 1 (under condi-
tions (ii), (iv)). Hence, there hold the same inclusions for the solution # of Problem D2 as
for the solution u#® of Problem D1, i.e., both assertions (a) and (b) of the lemma are true.

The uniqueness of Problem D2 follows under the condition (52) by virtue of Lem-
ma 4 [1]. O

3 Problem D2 with non-zero conditions on the ages of cylinder Q
If the condition (52) is not fulfilled, then a solution of Problem D2 cannot be obtained in
the same way as above. In this case we consider the auxiliary problem.

Problem D4 Find the solution u, € C*(Q,) N C(Q) of equation (2) which satisfies the
boundary value conditions

ua(R’ ¥, Z) =f(§0, Z), (‘P; Z) € E! (53)
where the function f € C2(S) is such that f(p, (i — 1)H) #0, i = 1,2, identically.

Assuming that the assumption (i) is fulfilled we expand the function f by the double
Fourier series

o0 o0
flo,2) = Z Z(amn COS TP + By Sinmp) cos vz, (¢,2) €S, (54)
n=0 m=0
where
H P4
a K cos m
= m; / cosy,,zdz/ flo,2) 3 . ¢ dp =0, m,neN,,
Bimn 7 Jo o sin mg
1 1
Koo =1, KmO:E, KWM:Z’ m,neN.

According to the assumption f € C%(S), this series converges uniformly and absolutely in
S [4]. By the method of separated variables, we represent the solution u, of Problem D4
by the series

o0 o0 Rmn
uy(r,¢,z) = Z Z R ((;)) (@ COS QP + By SINMQ) COS V2, (55)

where Ry, (r), m € Ny, are the solutions of equation (50) defined by (51) for all n > 0 if
¢ #0, and for all # > 1 if ¢ = 0, whereas

RmO(r) = rm7
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if ¢ = 0. Hence, in the case when ¢ = 0, the series (55) can be rewritten as follows:
Ua(r,9,2) = ul) (r,0) + U2 (r,0,2), (56)

where

(0] m
r .
ul(r,0) = (E) (0tmo €08 M@ + B SinMQ),
m=0

o0 oo
R, (r
uP(r,2)= ") m"()(amncosmw+ﬁmnsinm<0)cosyn2.
< 2 R,0,(R)

n=1 m=

It is easily seen that u,(R, ¢, z) = f (¢, z). Since the functions R, (r), m, n € Ny, are mono-

tonically decreasing on the interval (0,R) for all @ > 0, i.e.,
0 < Ryn(r) < Rpu(R) Vre[0,R],m,n e Ny,

by virtue of the absolute convergence of the series (54), we have the estimate

|4a(r,0,2)] <D (ot + 1Bnl) <00, (,9,2) € Q.

n=1 m=0

Thus, the series (55) converges uniformly and absolutely in Q; consequently, u, € C(Q).
The inclusion u, € C*(Q,) can be justified just in the same way as, for instance, the same

inclusion of the sum u(r, ¢, z) of the series (34) in [1]. Thus, #, € C*(Qo) N C(Q). Besides,

let us note that the component u,(ll) of sum (56) is harmonic in D and continuous in D.

Therefore, the following theorem holds.

Theorem 5 Let f € C*(S). Then there exists a solution u, € C*(Qo) N C(Q) of Problem Dy,
which can be represented by the series (55).

Next, we consider the behavior of the derivatives of solution u#, as r — 0.

Lemma 5 Let the inclusion f € C*(S) holds. Then the solution (55) of Problem D 4 is such
that

8 ¥ _lH —

ug(r, @, (i ))eC(D)
dp

forall o > 0.

Proof Under the assumption of the lemma, equality (55) is term-by-term differentiable

with respect to ¢. Particularly,

%ﬁ;l)]{) = Z Z(—l)(i‘l)”m(—amn COS MY + By SINMQ);
-0

n=0 m=0
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besides, due to the assumption f € C(S), the series on the right-hand side converges also
uniformly and absolutely. Thus,

Bf((p,(L—l)H) ZZm(IamM +|Bnl) < 00

n=0 m=0

Since the functions R,,,(r) are monotonically decreasing on the interval (0, R) for all

o > 0, we obtain

auar, (i-1 H)‘ ZZ (R) |amn|+|ﬁmn|)

n=0 m=0 mn
o0 oo
<> m(lctunl + 1Bml) <00, (r,9) €D,
n=0 m=0
i.e., the derivative 2 is continuous in D for all & > 0. O

0<ﬂ

Lemma 6 Let « < 1. Assume that the inclusion f € C*(S) holds. Then the solution (55) of
Problem Dy is such that

r

uniformly in S.

ou,(r,¢,z)

dr<oo (57)
ar

Proof We deal with the asymptotic properties of the derivative R}, , as r — 0. Since « < 1,
(see (51)) forallm >0 ifc#0,and foralln > 1ifc=0

Ryn(r) = Lm. (2uar'™), meN,,
and
Ro(r)=1r", meN,

if ¢ = 0. Taking into account that [3, 5]

1,(t) = <£>V(1 + O(t_l)) ast — +0,

and
211/)(t) = Iv—l(t) + Iv+1(t)r

by straightforward calculation, we obtain for the following asymptotic expressions as

r—0:
Ryun(r) = /’Ln_a m(l + O( 2(1-a) ))
Ry, (r) = 2(1 — )22 (1 + O(r20-)),

L) = A—a)uF (14 0(20)),  meN.
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If ¢ = 0, then, obviously,
R, o(r) = mr™ Y, meN,.
Thus, if % < a < 1, then we have the relation

R, .(r)= o(rl’za), r—>0,meN, (58)

for all n € Ny.
Differentiating equality (55) with respect to r and taking into account (58), we obtain

lim rza,l aua(r: (2 Z) _ 1 i (J/,qz + C)“On

= COS zZ.
=0 or 20 — ) 2 Iy R-) <>

n=0

Observe that Ij(214,R1™®) — 0o as n — oo (because of the asymptotic properties of the
function Iy(z) as z — +oo [5]). Therefore, the series on the right-hand side of the last
equality converge uniformly and absolutely, i.e.,

Ou,(r, ¢, z)

P =0(r'™) asr—0,

uniformly in S. Since « > 1, this implies (57).
If0<a< %, then the asymptotic relations (58) do not hold. However, in this case

Ry, (r) = o(r_"‘), R (r)=0(1) asr—0,meN,

for all n € Ny. Therefore, it follows from (55) that

Ou,(r, ¢, z) _ o(r"")

r— 0,
ar

uniformly in S. Since @ < 1, this yields (57). O

Lemma?7 Leta > 1. Assume that inclusion f € C*(S) holds. Then the solution (55) of Prob-
lem Dy satisfies the condition (57) and, if ¢ # 0, it satisfies the condition

R b4
f r% dr/ |ua(r,g0,z)|d<p<oo, 0<z<H. (59)
0 -

If ¢ = 0, then the condition (59) is satisfied if and only if

H T —
/0 dz/ F(0,2) {Cf’sm“’} dp=0, ™=9mo (60)

sin me

with mg = [@], where [a] is the integer part of a number a € R.
Proof Let «a >1. Then (see (51))

Ryn(r) =K m (2uar'™), m,neN,
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if n? + ¢* #0. Since [3, 5]

K, (t) = ! te’t(l +0(t™)) ast— +oo,

and
21(;(” == v—l(t) - I<U+1(t)7
we have the expressions

a-1

Ryn(r) = vur 7 exp{=2u,r"*}(1+0O(r*™")), r—0,

a+l

R, (r)=v,r % exp{-2u,r'*}(1+0O(*")), r—0,

m, n € Ny, where v, and v}, are some non-zero constants which depend only on n. Observe
that

Run(r) = o(Rmo(r)) and R, (r)= o(R’mO(r)), neN,
as r — 0. Thus, if ¢ # 0, then we get from (55)

limr'z* exp{20r'™* Yua(r, @, 2) = voF (),
r—0

}i_I)I(l) e exp{2uor' ™} W = voF(p),
where
1 00
F(p) = Koina) ;(amo COS M@ + B sinme).

Hence, we have the estimates

a-1

Uua(r,0,2) = O(r = exp{-2uor'*}), r—0,
aua(g;‘/”z) = O(;«‘o%1 exp{—ZMorl_“}), r—0,

uniformly in S. This yields the obvious validity of the conditions (57), (59).
If ¢ = 0, then the solution u, can be represented as the sum (56). Taking into account
that

Ry (r) = K L (=2pmr'™),

by just the same reasoning as above, we get for the component 12 the estimates

u®(r,¢,2) = O(ra2;1 exp{—2u1r1’°‘}), r—0,
U (r, ¢,2) B

oy O(r"%1 exp{—Z,uorl""}), r—0,
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uniformly in S. Thereby, the component u,(lz) also satisfies the two conditions (57), (59). The

1)

component i, , as harmonic in the desk D function, satisfies the condition (59), obviously,

3(0(—1)]

whereas, as is easily seen, it satisfies (59) if and only if &0 = Bu0 = 0 for m < mg = [=5

where, let us remember, «,,,0 and B,,0 are the Fourier coefficients of expansion (54):

- 1 H b4
mo =—/ dz/ flp,2) c?smw dp =0, meN.
Bmo| 27*Jo n sinmg

Thus, in order for the condition (59) to be fulfilled, orthogonality conditions (60) are suf-
ficient and necessary.
Let o = 1. Then

)
Ry (r) = rV"170 m,n e N,
and, consequently,

a a ’ ’
w92 _

uy(r,p,z) = O(r‘/z), o

(r*/z’l) asr— 0,
uniformly for (¢,z) € D. Thus, the condition (57) is fulfilled if ¢ > 0, whereas the condition
(59) is valid only for ¢ > 0.
If ¢ =0, then
u,(0,9,2z) = ago + O(r) asr— 0.
Hence, the condition (59) is fulfilled if and only if «g9 = 0, i.e., if (60) with my = 0 holds. O

Let us couple the assertions of Lemmas 5-7 by the following corollary.

Corollary Iff € C*(S), then the functions
hi(r,@) := ua(r 0, (i-DH), =12, (61)
are such that h; and 3—2 e C(D), ‘,L—hr‘ € C(Dy UK), and
R
J

for each o > 0. Furthermore, ifo > 1 and ¢ # 0, then

ahi(r! QD)

ar

‘dr<oo Yo € [-m, 7]

R k4
/ P dr/ |hi(r,(p,z)|d<p<oo Vze[0,H],i=1,2.
0 -

If a > 1 and c =0, then this estimate holds if and only if function f satisfies (60). Thus,
if f € C*(S) and the condition (60) for & > 1 and c = 0 is fulfilled, then the functions h;,
i = 1,2, satisfy the same conditions (ii) and (iv) of Theorem 4 as the functions f;, i = 1,2.

Theorem 6 Let the following assumptions hold:
1. Functions f and f;, i = 1,2, satisfy the corresponding conditions (i) and (ii) of
Theorem 4, and the compatibility condition (48) is fulfilled.
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2. Inthe case when o > 1, the functions f;, i = 1,2, satisfy the condition (iv) of
Theorem 4.

3. Inthe case when o > 1 and ¢ = 0 function f satisfies the condition (60).

Then, under assumption 1, Problem D2 has the solution u € C*(Qo) N C(Q\{r = 0}) for
a<l.Ifa > 1andc+#0,then, under both assumptions 1 and 2, Problem D2 has the solution
u from the class C*(Qo) N C(Q\{r = 0}) for a = 1, and from the class C*(Qo) N C(Q) fora > 1.
Ifa > 1and c =0, then the last predication is true under assumptions 1-3. In all cases the
solution is unique.

Proof Introduce the functions

gi(r¢§0) = h,’(l", (0) _ﬁ(n(/))r i=12, (62)

and consider Problem D1 to equation (2) (see (3)-(4) in [1]) with the following boundary

value conditions:

u((r,@,(i—1DH)) =gi(r,¢), (r,9) €Dy UK,i=1,2, (63)
u(R,¢,2) =0, (¢,z)€S. (64)

Let us verify whether the functions g;, i = 1,2, satisfy the respective conditions of Theo-
rems 1-3 (see [1]).

By virtue of Theorem 5, under conditions (i), there exists the solution u, € C?(Qp) N
C(Q) of Problem D. This yields the correct determination of the functions /; by (61).
According to the corollary, the condition (i) implies the guarantee that the functions #;
satisfy the same conditions (ii), (iv) of Theorem 4 as the functions f;, i = 1,2. Consequently,
the functions g;, i = 1,2, defined by (62), also satisfy the conditions (ii), (iv). Moreover,

g(R,¢) = hi(R,9) —fi(R, ¢) = f(¢, (i — DH) - fi(R,) =0, i=1,2,

because of (48). Therefore, these functions (61) satisfy the respective conditions of Theo-
rems 1-3 [1], according to those there exists the unique solution #(©) of problem (63), (64),
which is from the class:
(i) C*(Qo) N C(Q\{r =0}) if @ <1 (under assumption 1 of the theorem);
(ii) C*(Qo) N C(Q\{r =0}) if @ = 1 (under assumptions 1 and 2 in the case when ¢ # 0
and under assumptions 1-3 in the case when ¢ = 0);
(iii) C?(Qo) N C(Q) if & > 1 (under assumptions 1 and 2 in the case when ¢ # 0 and
under assumptions 1-3 in the case when ¢ = 0).
Obviously,

u=u,—u? (65)

is the solution of equation (2) which belongs to the same classes (i)-(iii) as the solution ()

and is such that

u(r, ¢, (i = 1)H) = uy(r, 0, (i —1)H) — u® (r,¢, (i —1)H)

=hi(’”7<ﬁ)—gz‘(r;<ﬂ) =ﬁ(r¢¢)r i=12,
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for (r,¢) € Dy UK if o <1 and for (r,¢) € Dif o > 1, and

u(R,¢,2) = us(R, 0, 2) = f(9,2), (9,2) €S,

i.e., boundary value conditions (46), (47) are fulfilled. Thus, (65) represents the solution
of Problem D2.
The uniqueness of the solution follows from the maximum principle,

|u(r,<p,z)| <max{mng(r,¢) ,m§x|g1(r,<p) ,m§ax|g2(r,<p) }, (r,¢,2) € Qo,

which due to Lemma 4 holds. O

It follows from Theorems 1-3 [1] that, under conditions of Theorem 5, the solution #%(®

of problem (63), (64) can be expanded by the corresponding series (34), (41), and (45)
subject to the type of degeneracy of equation (2). Since solution #, of Problem Dy is given
analytically by (55), the solution (65) of Problem D2 can be represented exactly.

Remark 1 If o <1, then it follows from (55) that

o]

Qoo Aon
0,0,2) = + COS V2,
a0 02) = ok 2 o k)

n=1

where

Io(QuoR") ifc=0,
=
1 ifc#0.

Hence, gi(0,¢) = 0, i = 1,2, only in the peculiar occurrence; specifically, if and only if
(0, 9) = fo; = const and if

oo

Ho0 don
+ = f10
Io(2poR#) Zlo(2ﬂnR1_°‘) Fo

n=1

oo

200 (—l)na0n
+ = f20.
Io(2poR#) Zlo@Man_“) fao

n=1

In the opposite case, g;(0,¢) # 0, i = 1,2, i.e., the functions g;, i = 1,2, do not satisfy all
conditions of Theorem 1 under which there exists the solution of Problem D1 (63), (64)
continuous at the line of degeneracy r = 0. Therefore, if o < 1 and the condition (52) is not
satisfied, the solution of Problem D2 does not belong to C2(Qp) N C(Q) in general.

4 Conclusions concerning Problem D2

It is easily seen that Problem D2 generalizes Problem D1. Nevertheless, the main difficul-
ties in the consideration of Dirichlet type problem assert in Problem D1, where the behav-
ior of boundary functions at the points Py and Py must be harmonized with the type of
the degeneracy of equation (2). However, the following effects in the case of Problem D2
are evident (see Theorems 4 and 6):
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1. If the boundary value conditions are non-zero valued on the edges of cylinder Q,
then the solution of this problem is continuous on the line of degeneracy r = 0 only
ifa > 1, i.e., only in the case of the strong degeneracy of equation (2).

2. If boundary value conditions are zero valued on the edges of cylinder Q, then,
under supplementary requirements for boundary functions on the bases of this
cylinder (see conditions (iii) of Theorem 4), the solution of Problem D2 can be also
continuous on the line r = 0 if o < 1, i.e,, if equation (2) is weakly degenerate.

3. If c= 0 and & > 1, then the solvability of Problem D2 requires some additional
orthogonality condition on the lateral surface of cylinder Q (see (60) in Lemma 7)
with respect to the boundary function.
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