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1 Introduction
In this paper, we consider the following Boussinesq equations in R? with coupled equa-

tions governing the viscous incompressible flow and heat transfer:

ur—vAu+w-Viu+Vp=—j0 +f inQ x(0,T],

divu=0 inQ x (0,77,

O, —2wAl+u-Vo=g in Q x (0, T], (1.1)
u=0, 0=0 on d2 x (0, T1,

u(x,0) = uo, 0(x,0) = 6y, on Q x {0},

where Q2 is a bounded convex polygonal domain, % = (uy, u3)” is the fluid velocity, p is the
pressure, 0 is the temperature, v > 0 is the viscosity, A = Pr7L, Pr is the Prandtl number,
j = (0,1)7 is the vector of gravitational acceleration, T > 0 is the final time, and f and g are
the forcing functions.

The Boussinesq equations (1.1) are an important dissipative nonlinear model in the at-
mospheric dynamics (see [1]). This system not only contains the velocity and pressure but
also includes the temperature filed, and therefore finding a numerical solution of problem
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(1.1) becomes a difficult task. There are numerous works devoted to the development of ef-
ficient schemes for this model, for example, the standard Galerkin finite element method
(FEM) [2], the projection-based stabilized mixed FEM [3], the precondition techniques
[4, 5], the two-level algorithms [6—8], and the references therein. In the literature men-
tioned, the suitable stability condition is a key issue for these developed schemes. Gener-
ally speaking, we can adopt the fully implicit, semi-implicit, and implicit/explicit schemes
to treat the nonlinear equations. The fully implicit schemes are unconditionally stable.
However, we have to solve a system of nonlinear equations at each time level. Explicit
schemes are much easier in computation, but they suffer from a sever restriction of time
step by the stability requirement. A popular approach is based on an implicit scheme for
the linear terms and a semi-implicit scheme or an explicit scheme for the nonlinear terms.
The semi-implicit scheme for the nonlinear terms results in a linear system with variable
coefficient matrix of time, and an explicit treatment for the nonlinear term gives a constant
matrix. Many researchers have studied the stability and convergence of these schemes for
the Navier-Stokes equations [9-15]. The main results are summarized by He in his recent
works [16, 17].

In this paper, we consider a first-order scheme for the Boussinesq equations. In view
of the advantages of the explicit scheme for the nonlinear terms, we adopt the im-
plicit/explicit scheme for the Boussinesq equations (1.1). Under the conditions kAt <1
and k; At <1 with two positive constants ki, k», we present some new stabilities and estab-
lish the corresponding convergence for velocity, pressure, and temperature by the Taylor
expansion and other skills. This report can be considered as an extension of the existing
results [10, 16, 18, 19] from the Navier-Stokes equations to the more complex Boussinesq
equations. Our main results can be stated as follows:
<C(At+h?), 1.2)

Ju—willo + 16 -651,

[V =)o+ VO =60y + |p—pill, = ClaL+ ), (13)

where C > 0 is a constant depending on the parameters f, b, U, 6o, 2, v, and A, but in-
dependent of & and At, where f, = sup,.o{|f| + |f]}, f: = %,goo =sup;ollgl + 181}, & = %.
Here and thereafter, C denotes a general positive constant, which may take different values
at different places. From (1.2)-(1.3) we can see that our results are optimal for both space
length /2 and time step At.

The outline of this article is as follows. Some basic notation and results for problem (1.1)
are recalled in Section 2. Section 3 is devoted to develop the Euler implicit/explicit scheme.
Stabilities and optimal error estimates are established in Sections 4 and 5, respectively.
Finally, a series of numerical results are provided to verify the efficiency and effectiveness
of the Euler implicit/explicit scheme.

2 Preliminaries
In this section, we construct a variable formulation for problem (1.1) and recall some clas-
sical results, which will be frequently used in this paper. To fix the idea, we set

X=Hy(Q)?, ~ W=HyQ), Y=L Z=LQ),

M=Ly(Q) = {w eLZ(Q);/ (pdxzo}.
Q
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Throughout this paper, we adopt (-,-) and || - ||o to denote the inner product and norm
on L%(R2) or L?(£2). The spaces H}(£2) and X are equipped with the usual scalar product
and norm || Vu||3 = (Vu, Vu). Define the continuous bilinear forms a(-, -),d(-,-), and a(:, -)
by

a(u,v) =v(Vu, Vv), d(v,q) = (g,divv), a(0,v) =2(Vo, V)

forallu,ve X,qe M,and 6,y € W.
Next, we introduce the closed subset V of X given by

V={veX,dv,q)=0,YgeM}={veX,V-v=0inQ}
and denote by H the closed subset of Y (see [17, 20]) given by
H={veY,V-v=0,v-n|yo =0}.
We denote the Stokes operator by A = PA, where P is the L?-orthogonal projection of Y
onto H or of Z onto W. Assume that € is such that the domain of A is given by (see [10,
17,21, 22])

D(A)=H*(Q)*NX or EA)=H*Q)NW. (2.1)

For instance, (2.1) holds if I" is of class C? or if Q2 is a convex plane polygonal domain.

Moreover, we can define the trilinear forms for all #,v,w € X and 6,¢ € W as follows:

—_

b(u,v,w) = ((u -V)y, w) ((diV u)yv, w) =—((u- V), w) — %((u -V)w, v),

N =

+ —
2
_ 1, . 1 1

With these notations, for given f € L*(R*; Y) with uy € D(A)NV and g € L*(R*; Z) with

0o € E(A), the variational formulation of (1.1) reads as follows: For all (v,q, %) € X x M x
W, find (i, p,0) € X x M x W with

ueL®(R5X)NL*0,T;V),  u,eL*(0,T;V'),  6,€L*(0,T; W),

pel’(0,T;M),  6eL®R;5W)NL*0,T;Z), VT >0,

such that

(61, v) + a(u,v) —d(v, p) + b(u,u,v) = (f,v) — (jO,v),
d(u,q) =0,

(60 9) +a(0,¥) + b(w,0,%) = (g, ¥),

u(x, 0) = ug, 6(x,0) = 6,.

(2.2)

Assuming that f € L2(0, T; X'),g € L*(0, T; W’), and uo € V,6, € W, problem (2.2) has
at least one solution (u, p, 6) satisfying u € L>°(0, T; ) N L2(0, T; V) and 6 € L*°(0, T; Q) N
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L2(0, T; W). The uniqueness and regularity of the solution (i, p,#) can also be proved by
strengthening the assumptions on the data; see [23] for details.
We recall the following discrete Gronwall lemma, which can be found in [17, 24].

Lemma 2.1 Let Cy and ay, b, cx, dx for integer k > 0 be nonnegative numbers such that

n n-1 n-1
a, + Athk < Atdezzk + Athk +Cy Vn>1.
k=0 k=0 k=0

Then,

n n-1 n-1
a, + Athk < (Athk + Co) exp(Atde) Vn>1.

k=0 k=0 k=0

Following the proofs provided in [1, 20, 22, 23], we can obtain that problem (2.2) pos-
sesses a unique solution (i, p, 0) with the following regularity properties.

Theorem 2.2 Let f € L°(R*;Y),f; € L*>(0,T;Y),g € L*(R*; Z),g; € L*(0, T;Z) and uy €
D(A) N V,0y € E(A). Then the solution (u, p,0) of problem (2.2) satisfies

4], + [ 0], + [0, + 460, + |60, + [46.0], < C.
Introduce the following Poincaré inequalities:
Ivllo = GillVvilo VveXorW; IVvllo < CollAvlle Vv e D(A) or HX(Q). (2.3)

We end this section by recalling some properties of the trilinear forms b(, -, -) and b(-, -, -),
which can be found in [1, 6-8, 10, 17, 21, 22].

Lemma 2.3 The trilinear forms b(.,-,-) and b(-,-, ) satisfy:
(1) Under the condition div u = 0, we have that

bu,v,v)=0 Yu,veX;  bu,0,0)=0 YueX,0eW.
(2) We have the following estimates for trilinear terms b(-,-,-) and b(-,-,-):

b, v, w)| < Csllully [ AY2u] ) |AV2v ] IAVIE Iwllo  Vue V,ve D), weX,

|b(u,v,w)| < CallullIAVIG* [VInlwllo  Vue V,veDA),weX,

1/2
0

1/2

|b(,60,9)| < Csllullg®|A"ul,"|A?6 ], 14615 1Wllo  Vue V,0 € E(A), ¥ € W,

|b(,6,9)| < Cellullg*|Aullg?| A6 ¥ llo  Vue D)6, € W.

3 The Euler implicit/explicit scheme for the Boussinesq equations

Let T, be a family of finite element partitions of 2 into triangles satisfying the usual com-
patibility conditions [21] with s = max /ix, where /i is the diameter of an element K € Tj,.
We assume that 7y, is shape regular, that is, there exists a constant o > 0 such that /ix < opx
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for all K € Tj,, where g and p;, denote the diameter of K and the diameter of the largest
ball that can be inscribed into K, respectively.

The finite element subspaces of interest in this paper are defined by the so-called MINI
element with the continuous piecewise finite element subspace for the approximation of
velocity and pressure and the linear polynomial for temperature, respectively:

Xy = {vi € Xpn s vilk € Pi(K)? @ span{dhahs} VK € Tp},
My ={qeM:qlx € Py(K) VK € Ty},

Wi ={y € W: ¢k € P(K) VK € Ty}

Note that A1, A2, and A3 are the barycentric coordinates of the reference element.
We define the subspace Vj, of X}, by

Vi = {vh e Xy :dvn,qn) =0Vq, th}.
Let P, : Y — Vj, or Z — W), denote the L?-orthogonal projection defined by
(Prw, xn) = (w, xp) VYo eYorZ y, € Vyor W
We introduce a discrete analogue A, = —P, A}, of the Stokes operator A through the
condition (Ay¢n, Y1) = (Vou, Vi) for all ¢y, ¥y € X0rWy,. The restriction of Ay to V),

is invertible with the inverse A;'. Since A;! is self-adjoint and positive definite, we may
define the “discrete” Sobolev norms on V), of any order r € R by setting

2
lwnll, = | A} en wy € V.

OY
These norms will be assumed to have various properties similar to their continuous coun-
terparts, implicitly imposing conditions on the structure of the spaces X, My, and Wj,. In
particular,

lonlls = IVenllo, lwnll2 = [Anwnllo  Yon € Vy or Wi

The discrete Laplace operator Ay, is first introduced in [20] to analyze and obtain the op-
timal estimates for the transient Navier-Stokes equations. Furthermore, from [1, 22] we
know that there exists a positive constant 8 > 0 independent of / such that, for all v, € X},
and g;, € My,

b(viqn) = Bllvallrlignllo. (3.1

The finite element discretization applied to problem (2.2) leads to spatial discrete equa-
tions as follows: Find (i, py,, 0n) € Xj, x My, x Wy, such that, for all (v, qp, ¥y) € Xj, X My, x
Wi,

(ne> vir) + alun, vi) + b, up, vi) — A(Wis pi) = (F, vi) = (0> Vi),
b(uh’qh) =0, (32)
Oner W) + @Oy W) + b, Oy W) = (g, V).
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For the stability and convergence of problem (3.2), we have the following results.

Theorem 3.1 (see [7]) Let f € L®°(R*;Y),f; € L*>(0,T;Y),g € L*(R*;Z),g; € L*(0, T; Z),
ug € D(A) NV, 0y € E(A) and assume that uy(0) = up,6,(0) = 6y. By Theorem 2.2 problem
(3.2) admits a unique solution (uy, py,0) € Xy x My x W), satisfying

||uh||o+v/ ||wh||ods<||uo||o+—/ 112 ds (90+—/ ||g||0ds),

2
v2C? vC? 1
IVunllg +V/ Il Anunllg ds < | Vuoll§ + . 21160115 + —/\24/ Igllg ds + ;/ IF1I3 ds,
0 0 0

t C2 t
||9h||3+kv/ V6515 ds < 116015 + —1f lgllg s,
0 v Jo
t 1 t
19013 + 20 [ 163 ds < 160l + 3 [ gl
0 vJo
L t
facl+v [ 1V ds s 10120 [ 1963 ds <.
0 0
v 2 ' 2 Av 2 ‘ 2
E”Ahuh”o + ; Vg ds + > lAnBnlly + ; 'VOelg ds < C,
t t
lloae 115 + v f IV 243 1[5 s + 116 I + A / IV63elig ds < C,
0 0
2 v [ 2 2 M [t 2
IVunells + 3 I Antinellg ds + 1V Onellg + > |l AnOnellg ds < C,
0 0
v 2 ! 2 Av 2 ! 2
EHAhuht”o + [ I Vipllgds + 7||Ah9ht||o + | NVOulgds <C,
0 0
IV@—un)|,+lp=pullo+ VO -6, <Ch  llu—uplo+16 —6ullo < Ch>.
Let At > 0 be the time-step, and let ¢, = nAt (0 <n <N = [ -1), uj, pj,, and 0} denote
the numerical solutions of uy,py, and 6y at t,, respectively. We consider the Euler im-
plicit/explicit scheme for the Boussinesq equations (1.1). As we have pointed out in Sec-
tion 1, the advantage of adopting the Euler implicit/explicit scheme is that a linear system
with constant coefficient matrix is obtained, and then a lot of computational cost can be

saved.

The Euler implicit/explicit scheme for problem (3.2) reads as follows:

(”h ,V) +v(Vull, V) + b(u)™ Juy Lv) = (v, Vpp) = (f(t),v) - (6}, v),
(V- uh,q) =0, (3.3)

G 0y 4 3V, V) + B, 60 ) = (glta), 1),

with 1 <# < N. From (3.3) we can see that the discrete system (3.3) is a linear system; for
the existence and uniqueness of u}, p}, and 6;/, we refer to [25].
For n = 0, equations (3.3) can be rewritten as

(u2, V) + Atv(Vug, Vv) — At(v, Vpg) = At(f(to),v) — At(j@,?,v),
(V-ujp,q) =0, (3.4)
O, ¥) + Atav(VOP, V) = At(g(t), V).
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n n-1
/et
At

Y= 9,?, vy = ug, and g, = pg in (3.4), we have the following estimates:

In order to simplify the expressions, we set d,wj, = , where w is u or 6. Choosing

|ud]) < At(Ifllo + Atliglo),  [69], < Atliglos (3.5)

C; C3 C
[Viilo < =Wl + 55 lghor V87l < 5 lilo- (3.6)

From (3.5)-(3.5) we can see that scheme (3.4) is stable.

4 Stability of the numerical solutions

In this section, we establish the stability of the numerical solutions u}, pj;, and 6} in the
Euler implicit/explicit scheme (3.3) for the Boussinesq equations. The mathematical in-
duction has been used to obtain the desired results; this technique has also been used to
other problems, for example, for the Dirichlet problems with (p, g)-Laplacian [26] and the

mixed initial-boundary value problems [27].

Theorem 4.1 Under the conditions of Theorem 3.1 and the stability conditions kiAt <1

and ky At <1, the solutions uj, pj,, and 0}, are bounded for any integer 0 < n < [%]:

ol + vAtiHWZ lo=vs.  leil+ kvAtiHVGZ o =7 (4.1)
i=1 i=1

| Va2 + uAtXn:”Ahu; le<ko — |V6[|e+ )\uAtXn:HAhe; e < koa, (4.2)
i=1 i=1

ldag2 + vae S IVda 2 <koos  |df[2 e vne Y |VASLE <has, (43
i=1 i=1

||Ahuz “5 < kos =12v72 (k03 +f020) +7+ 481}’4C§kgly02, (4.4)

| 4467 |12 < kos = 12000) 2 (koa + b2) + 480v) *Cikd 2, (4.5)

where

yd =2)|ul s + 201+ 420|602 + 20T(T + At)g2, +4(1L + At)f2,

y2=2]00]2 + 4T(T + ADG,,
kop = 8 4 4 o2, Y 02
01 = eXp ﬁcoyo 2| Vs ”o + E”Auh H0
2 - i |2
a0t (1 gm ol Sl )
0<t<T i=0

83 A
koy = eXP(mCEL V02V12> <2HV913 o+ = 467 |3at +247G0) ™ sup ||g(t)H§)r
v 4 0<t<T
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8C2k 16
koz = exp <6XP(16V2C§/<01) exp( )?v 9 ) WCS Cskoz T) -exp(16v~>Cko)
2 _ 8C2k
X (”dtu2”0+4v lC(z)T sup I[ft||(2)+exp( 3 02)
0<t<T AV

0112 C(%T 2
< (latly 4527 sm leol;))
8C2k 43T
tas= exp( ") (gl + 22T sup letol)

4C2C2k, 8C2k
x 1+ L 302exp 3702 ,
Av2 AV

k1 = 2\)71C2k05¢ k2 = 2()\1))71(?2/(05.

Proof We prove this theorem by induction. From (3.5)-(3.6) we know that (4.1)-(4.5) hold
for n = 0. Assume that (4.1)-(4.5) hold for n = 0,...,/ with0 <J <N = Alt]. We need to
prove (4.1)-(4.5) forn =] + 1.

First, taking v, = 2Atuj, q; = 2Atp), and ¥, = 2At0;) in (3.3), we obtain

(s — ™t 2u)) + 20 At| Vi, ||§ + 2Atb (u) ™ uy ™ u))

= 2At(f (6), ufy) — 2A(j6, uly) (4.6)
and
(6 - 677,2607) + 200 AL|| VO |2 + 2A8b (w7, 6)7L,67) = 2A¢(g(£,), 6}). (4.7)
By using of the identities
(a-b,2a)=al*> - |b* +|a-b*> and 2(a,b)=al*+|b|*-|a-b? (4.8)
equations (4.6)-(4.7) can be transformed into

leillg = el + o — ™o + 2880 | Ve [0 + 288b (™ 1~ 1)

= 2At(f (6n), ufy) — 2A(j6, ufy) (4.9)
and

6316 = el + leg: = 65 g + 28erw | Ve g + 2Aeb (a0, 67)

=2At(g(ta), 0}). (4.10)
For the right-hand side terms of (4.9)-(4.10), we have
280, | - [28e(F ) + 28¢(F, 1 - )|

1
< 2At|fllo]|u ™, + 1 o — 2|2 + 422112,
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el )| = ae(og, ) + 280y - i)

<2465 o | + iHuZ S IR LA

12At(g,05)| = [2A¢(g,0;7") + 24t (g, 05 - 07|
1
<2Atlgllo] 677, + 3 |67 = 0772 + 28218112,

For the trilinear terms, thanks to Lemma 2.3, we deduce that
20wy uy ™ )| = 2|b(uy ™ u uy — w7

= 2Cu|[Auaa™ o[ Vi o odh = i

2

<v|vagllg+ vl gl - il

2[b (e, 657, 67)| = 2[b (™ 67,65 - 67|
=2Cs |4 || V65 o 167 =627

< 1|05 2+ Gy €2 2 7 - 01

Combining these estimates with (4.9)-(4.10), we arrive at

i3 s + vae] v
< (vl e - 3 ) o7
#2810 + 65 ) + 252 (W1G + 65 ):
I~ Iy + vase] e

s((kv)-lcénAh Moat- )H@h 7

+2A¢t]67] ,lglo + 28 gl12,

0°

Page 9 of 25

(4.11)

(4.12)

for all 1 < n < N. Under the stability conditions k§At < 1,k; At <1 and the induction

assumptionon n =0,1,...,/, we have

“12 n-1|2 1 1,2 1 1 1
v Cy | Apu At — = <v CikosAt— — < —Atk1 — = <0,
4'“ hp ||O 2= 4105 2=2 1 2=

1 1 1
(Av)” C2 ||Ah lnoAt— — < (Av)” 1C2k05At— 5 < = Atkg - 5 <0.

Summing (4.11)-(4.12) for n from 1 to / + 1 and using (4.13)-(4.14), we obtain

J+1
o} 2+ At " vy
n=1

”0 3 Ho +291 Tgoo + 2T Atgee < ¥

and

J+1

(4.13)

(4.14)

|, ||0 + Ath”Vuh ”0 [ ||0 +4y0Tfa + 4T Atfoo + 2Ty + 4T Aty < 2,

n=1

which is (4.1) withn =] + 1.
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Next, taking vj, = (%dtuz +Apup) At € Vi, and ¥y, = (kl—vdﬁ;’ +A,0;)At in (3.3), we get

vt dug g+ vadlana o+ [V llo = 1Vt g+ 19 - ) g
+ b(uh 7 —dtuh +Auh)At

= (f(tn), v doutly + Aup) At — (j6), v dyuy, + Auly) (4.15)
and

(o)At a6y o+ awae|Aueg |, + | Ve

lo o= Ivei s+ IV @ -6l

lo
+b(uy 007, ) 6] + A At

= (g(ta), Wv)'d,0] + AG)) At. (4.16)
For the right-hand side terms and the trilinear terms, by using Lemma 2.3 we obtain

’b(u;,’ l,uh ,V ldtuh +Ahuh)’
<2G |42 ol o A o (07 Ny + [Anasi )

1
= ldag ]+ 2|+ ;cg Y2 o | | Ane

1 3
oy Al g LI+ (3) ctlaa ol

- 4v |
b(uf~, 017, (W) 2 d,0) + An6})|
e i L i e

IIAhes lll”z( ) dib; ||0 + |4 ],)

- 4k ”dtgh ||0 ”Ath ||0 HAhQ;;’*l ||(2)
1 3 ) ) i
5 () @ Blve

1 v 20
(), v duady + Ana)| < ooty g + 2 fAwgh g + = @),

01 v- 1 v 20
|6, v dely + Apudly) | < @Hdtuﬁ ||3 + E”AWZ”?) + THQ: (2),

o ., 1 2 AV o 12
(ete, o) ity + )| = o= g 2o 2 g 2+ 12 [t

Combining these inequalities with (4.15)-(4.16), we find
5
oo} 2wl 219 v 3 LA - 3l 1)

8’ 40 40
< (;) Cy|| v, ||(2)||u;;—1 ||z|| Vul! ||(2)At+ 7|[f(tn)||(2)At+ 7||9,7 HzAt (4.17)
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and

@) At|di6p |2 + 2| Ve

lo o2V I

lo
5 n 1 n—.
e Sl - 514 1})
8\° . . . 24
< () T v ol a2 e [oa 1)
Summing (4.17)-(4.18) for n from 1 to J + 1 and using Lemma 2.3, we finish the proof of
(4.2).

Moreover, forallve V,and ¢ € Wy, with2 <n < [Alt] —1, we deduce from (3.3) that

(duuy,v) + a(dudy, v) + b(dyuy ™ uy ™ v) + b(w)y, dyy ™, v)

1 [ o
= tH(ft, v)dt — (jd0y,v), (4.19)
(duuy,v) + a(dyw, v) = (jd,6;,v), (4.20)
(dub), ) + (a0, ) + b(dedy 607 0) + b(u >, d0) ", )
1 [
") (g, ¥) dt, (4.21)
(duby,v) +a(d0,, %) = 0. (4.22)

Choosing v = d,u} At and ¢ = d,6;, At in (4.20) and (4.22), respectively, we obtain

|6} + |t 2ar s 2ol ey e = e

lo

[y lg + [ o2 + v Vo [oae < s + 5 IIdtHh o

Taking v = 2d,uj, At in (4.19) and Y = 24,0, At in (4.21) with2 <n < [%], we get
| deus; Ho | ey 1H0 +20At|Vd,u), Ho +2b(deuy uy ™ dagy) At

+ 2b(uh 2, dtuz 1, dtuh At < 2/ (ﬂ, d;uh) dt — (]d,g@h,dtuh) (4.23)

and

e R L N A

+ Zb(dtuh 1,9” 1 dtgl,};l)At + 25(“2_2, dtG;_l,dtth)At

tn
<2 / (g du6;) dt. (4.24)

tn-1
By Lemma 2.3 and the Poincaré inequality we have

2lb(di w7 )| + |26, e, )
<3G (| |, + VAni )| Vs i,
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2

Vv
< IVaad g+ 907 Rl g+ [ ) [ e

2|6(duy 057", d0)) | + [26(upy 2, 4,057, d,6)) |
= 2Ca |45 o Vit | N |y + 2Cal na o | it | |0y

A
< = |vdio; 2+—‘f’(HAh917’1|| e g + w5 et |),

lo

n n vAL |2 e [ 2
) f ()] < "2 | Va2 + 07 / W12 e,
tp-1

n-1

2

ty
/ (gt,dﬁ;)dt‘ < AVAE
tp-1

4
G )| < 2 | Vel g + = CF |y 5

ty
2 _
O, +40w) ' f g 12 dt,
tp-1

It follows from these inequalities that (4.23) and (4.24) can be transformed into

[t g = e g+ vae| Vs g

tn
<0G [ s Jasg]?)
-1

+ 4 ([ Aua o+ A o) sy [ (4.25)
and

[ lg ~ 1y g + 2w A vy g

tn
< 40w)C2 / g2 de
tn 1

aC?
+ (e o e g + | Anae [Nt ). (4.26)

Summing (4.25)-(4.26) for n from 1 to J + 1 and using Lemma 2.3, we finish the proof of
(4.3).
Using again Lemma 2.3 and (3.3), we deduce

vlAni]ly < Jdei o + @l + 2G5 Ve ol o™ NAnas "

and

1/2

40 o

wolaei o < il + el + 2Cs i o)

Vi |

111172
V6o |
If |Apufllo < IIAnu; ™ llo and |A40] lo < 446} |0, then by (3.5)-(3.6) we have that (4.4)-
(4.5) hold. Otherwise, setting k, = supy,<;,1 lAntllo and ke = supg<,<s,1 1440} lo and
using (4.1)-(4.3), the obtained inequalities give

s

12 2 _ 4 2
I2<k < §<1§$+1”d‘”2 o +/2) +4sv-c} o [vulolulo + v

2 n
] o =k = o (o [ddi g +l) +a8GurCE sup Va3l
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Combining these estimates with (4.1)-(4.3), we finish the proof of (4.4)-(4.5) with n =
J+1. O

5 Error estimates
This section is devoted to present the optimal error estimates of velocity, pressure, and
temperature in the Euler implicit/explicit scheme (3.3). In order to simplify the descrip-

tions, we denote
EZ = uh(tn) - MZ: EZ :ph(tn) —PZ, Eg = Gh(tn) - 91,:[;

where (u(¢4), pu(t), 04(t,)) and (i}, p}l,0}) be the solutions of problems (3.2) and (3.3),
respectively. Furthermore, we set E0 = E) = 0.
Let us define the truncation errors R!, and Rj by

il nn) oy Ay (8,) + (un(tn) - Vg (tn) + Vou(ta) = f (8) = jOu(8) + RL,
V- up(ty) =0, (5.1)

) Inent) 5 ) NG () + (U () - V)On(t) = g(t) + RE,
where
1 tn tn

(t—t)uu()dt and Rj=-—

ty-1

R =

- t —t,)0(t) dt.
u At ( ) htt()

-1
By subtracting (3.3) from (5.1) we obtain the following error equations:

n_pn-1
BT —VAE] + (u(6) - Vn(6) = ™ - V)™t + VE) = R — jE,
V-E,=0, (5.2)

En_En—l
bt — MWAE] + (up(ty) - V)Ou(tn) — (" - V)6, = R}

Now, we present the error estimates for Ej, Ej, and Ej in different norms. In order to

simplify the expressions, we denote

tn
Zy = up(ty) — up(tyr) = / Up dt,

tp-1

tn
2 =0t -0 = [ Ot

th-1

Then

uh(tn) - HZA = Mh(tn) - uh(tn—l) + Mh(tn—l) - M271 = ZZ + Ez—l’

On(tn) = 05" = On(t) — O (ta) + On(tnn) = 6, = Z5 + Ej .
As a consequence, we find

(u(t) - V() = (- V) up ™!

= (EF VYU + (20 V) un(teer) + (un(tanr) - V)EL + (un(ts) - V) Z



Zhang et al. Boundary Value Problems (2016) 2016:181 Page 14 of 25

and

(un(t) - V)Ou(ta) = (17" - V)65
= (B V)0 + (20 V)0n(tuar) + (un(tuo) - V)E; + (untn) - V) Z3.

Lemma 5.1 Under the assumptions of Theorems 3.1 and 4.1, we have

J+1 J+1
L1 + 15 1 + vae S IVELG + awae S| VES ] < o
n=1 n=1

Proof Taking the inner product of (5.2) with 2A¢E” and 2A¢E}, and using the fact that
V- EJ =0, we obtain

IEZN2 — | E27H|Z + 20 AL VER||Z + 2Ath(EXY, ul ™Y E7) + 2Ath(Z2, up(t,-1), ET)
+ 2Ath(up(ty1), ENY ER) + 2Ath(uy(t,), Z1, E™)
< 2AHR",E") - 2At(EL, E"),
IEZNZ = |EZ Y2 + 200 AL VEL|? + 2Ath(E", 07, E)
+ 2AtD(Z", 0 (ty1), E2) + 2Atb(up(t,1), XY EX) + 2 Ath(uy(t,), Z2, EL)
<2ALR}, E}).

(5.3)

The right-hand side terms of (5.3) can be treated as follows:

2

tn
/ (= ty1)ups dt
tn-1 0

2
28u(Ry £ < ¥

VAL
+——|VE:[;

o

In VAL
< CAtZ/ llttse |12 it + THVE; >
ty-1

2
+

AVAL
286(Ry, E})| < |vE|?

5AtC?|| [
- ! / (t — ty1)Onee dt

AVAL
<car / Opecl2 e + 22
ty-1

I VE”

6AL VAt

[~2a0(E; B3| < 28| E5 B2, < == ES g + —— [E2G

For the nonlinear terms, by Lemma 2.3 we have

2am(E i B < 20,8 B 4| | E,

I P e L=

ob(z ) D) <2Chael 2] oo L VL],

6C? VAL

< = tad|zilgl Al + == | VE:

I

< cmzf lanally e + VTHVEZH(Z,’
tn-1
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|2A80(un(tur), Ey ' Ep) | < 2Cu||Anun(tan) | o | E27 o | VEL]
6C? At
< T4At||Ez_1 ||(2) ||Ahuh(tn—1)||§ + VT “ VE, i

280t 23 ED)| = 2Cat| 22 s e, | VE no

6C?

< =t Azl g+ ||VE”||0

tn
VA 2
5CAt2/ ||Mht”(2)dt+_6 HVEZ 0
th-1

adb(Er o5 E)| < 2Cead £ Jawei || VE],

AVAL

6C2
< —Cad g7 ol g + == IVE G

RAGB(Z] 0461, E3)| = 2Co| 22 1 ) | o l,

6C?

AMVAL
sT;At||zz||é||Aheh<rn_1>||§ -

e A

tn
Av
< CAtzf llotne |3 At + —— ”VE”
tp-1

(2 (us (6 B )| < 2G5 st ||EH lbIvE,

_6Ce i WAL,
" —CAt|E; 1” | Anun(tuas ||0 HVE HO,
285 (un(6), 23, £3) | = 2Cese| 23w el | 55,
_6Ce AVAEL
—ead|zg|; ||Ahuh(tn>n0 v

<CAP f 0hell2 e + 222 HVE”HO-
th1

From all these inequalities and Theorems 3.1 and 4.1 we obtain

[E2s = 1E:7 s + 12— B |G + vae| VEL

tn 6
< CAt|ES: + CAt2/ (onac 2 + Neene 13) bt + ;At”Eg 2 (5.4)
-1
and
[E5 e~ 1E2NS + B3t — B+ aw e | VES™ 5
tn
< Cat|E o + Car? f (I9nael13 + 160el13 + loael13) dit. (5.5)
tp-1

Summing (5.4) and (5.5) from n =1 to J + 1 and using Lemma 2.1, we finish the proof. [

Lemma 5.2 Under the assumptions of Theorems 3.1 and 4.1, we have

J+1 J+1
IVELY G + | VES o+ vAt> | ArEL]o + avat Y [AEs]; < CAL.

n=1 n=1



Zhang et al. Boundary Value Problems (2016) 2016:181 Page 16 of 25

Proof Taking the inner product of (5.2) with —2AtA,E! € V}, and -2AtA,E} and using
the fact that V - E”*! = 0, we obtain

IVELNG = IVEL G + 2vAL|ARELG
<2AHB(E, ul™t ARED) + b(Z!, up(tn-), AnEL) + b(uy(t,1), 27, ALED)
+ b(uy(t,), Z),, ALE}) + (GEy, ARE)) — (R), ALEY)),

5.6
IVEZIIZ — IVE; 15 + 2av At|| AnE; I3 (>0
<2Au(b(ELT, 077 AREY) + D(ZLL, 0(tu1), AWES) + Bus(tur), B} AREY)
+b(un(tn), Zy, AnEy) — (R, AnEp)).
Now, we treat the linear terms in the right-hand side of (5.6) as follows:
" n n n 2 n 2 VAL |2
2At(R), ALE))| < 2At| Ry | |ARE] |, < CAE g et + —— |AE; |5
ty1
tn AVAL 2
286(R;, AuEg)| < 24t R7 | [ AE;™ |, = Car? / Onally dt + == AnE5 5
ty-1

[-2AGE;, AnEy)| = 248 | E5 |, |AE]

VAL
e e VY=

For the trilinear terms of (5.6), by applying Lemma 2.3 we have

RAB(E ™ AuEL | <26, A |VES | | AEL

62

At
Y R A

6
RA(Z e, AvEL) | = 20t V2, st |y A4S

a2
HAhEu 0’

6C3 At
< T4At||VZZ ”(2) “Ahuh(tn—l)“é + VT |axE; ”(2)
tn
< CAtZ/ Ve It + VTM |ALE;,

tp-1

28 (00, EL L AL | = 2G4 At VEL |44

2
0’

lo

2
0’

6C? At
< 2 A VE gl | + = |AE:

|2Atb (up(tn), Z)j, AWEy) | < 2CuAE|VZ || | Anun(Ea) |, | AEL

6C? At
= 2 A VZi o |Anmnen) g+~ | AL
tn
§CAt2/ Vot |12 it + VTMHA;,EZ 2,
th-1
RA(EL ™ 01 AES)| < 2Cont| VEL |, [ 4s5 | 4E]
6C? AVAL
= 2 Al vES ol o+ = |z,
[2A6B(Z2,04(6:1), AnE})| = 2Cs |V ZL o | Anbutta) ] | A4S
6C? AVAL
= 2= 8| VZi[ At [ + = 4iEs
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AVAL ||AhEg

2
6 o

tn
< CAtZ/ | Vo |13 dt +
t,

n-1

|2Atb(un(tur), By~ AnEg) | < 2Cs | Anun(tan) | o| VE;™ |, | AnEs [
AMVAL

6C> ]
< O A VER At [] + P2 s
|2Atb(un(tn), Z5, AnEy)| < 2C6 At||VZ5 ||, | Antan(an) | | ARES |
oG rAt
= )\—jAtH VZy ||(2)”Ahuh(tn)||§ + VT | ALE; Hi

AVAL
2 sk

tn
§CAt2/ Ve || dt +

tp-1
Combining these inequalities with (5.6) and summing # from 1 to J + 1, we obtain

A J+1 T
[VES 5+ =8 |AiEs]g < car /0 (160e 12 + 196412 + V20 12) e
n=1

J+1 J+1

+CALY | VES o+ catd | VEL,,

n=1 n=1
2 Vv - 2 T
IVE |, + 5AtZ”AE;“ I, < CAt2/O (lothee |G + | Ve |15
n=1

J+1 4 J+1

+CatY [ VE o+ ae Y IVE g
n=1 v n=1

By Lemma 2.1 we complete the proof. d

Now, we present the error estimates for Ey, which show that pj; is first-order approxi-
mations to p in the L>(L?) norm. In order to achieve this aim, we provide some estimates

En_pn-1 pr_pn-1
n _ tyu"ty n _ ~60 "0
for d,E}} = AL and d,E} = N

Lemma 5.3 Under the assumptions of Theorems 3.1 and 4.1, we have

J+1 J+1
| B[ o + | By g+ vae > |V ES o+ avary [ VdEM|; < CAL.

n=1 n=1

Proof From problem (5.2) we obtain that, for allv e V and ¢ € W,

(dttEZ; V) - U(AthZ, V)
= (R, ) = (jdeEp,v) = b(dZl, wn(ts1),v) = B(Z)7, dytty(tn1),v)
— b(thZ_l, MZ_l, V) - b(EZ_Z, dtuz_l, V) — b(dtuh(tn_l),EZ_l, V)

- b(uh(tn—Z), thZ_l’ V) - b(dtu(tn); er V) - b(u(tn—l), dtzsr V) (5'7)
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and

(duEL,v) - 2v(Ad,E],v)
b(dtzweh n— 1) ) (ZZ 11dt9h( [ 1) )
+ (diRg,v) = b(d LT, 0,7, v) = b(E, di0y ™, v) = b(douun(tu1), By v)

- b(uh(tn—Z)) thg_lr V) - b(dtu(tn)’ Zg: V) - b(u(tn—l)) dthl V)- (58)
Choosing v = 2Atd,E}, and = 2Atd,E} in (5.7)-(5.8), respectively, we deduce that

|diEn]o -

lo = ldeEi™ g + s - deEi™ g + vare| VaeEy |

= 2At{(d,RL, d,EL) — (jd Ej, diEY) — b(d, 2!, wy(ty-r), d:ELL)
-b(Z) deun(tu-r), diEL) — b(d.EL uly ™t diEL) — b(ES 2, dtly ™ v)
= b(deun(tunr), E)" diEL) = b(un(tu-s), diE) ", d,ELL)
— b(dult,), 2!, d.EY) - b(ulty), di 22, d,EL) ) (5.9)

and

ldE o~ diEs™ g + | diEs - iy~ | + 200 At | VLE] |
= 2At{(d,R}}, d,E}) — b(dy Z), On(tur), dES) — b(Z) 7, diOn(tn-r), A, E})
th 9}7 1, d[En) b(Eniz, dtelf;lil, thg) - b(dtuh(tn_l),Egil, thg)

— b (tn-2), diEY ™ dES) - b(dui(t,), 25 diER) — b(ultnr), i 2, duEy) ). (5.10)
Now, we estimate the right-hand side terms of (5.9)-(5.10) separately. For (d;R, d;E}}) and
(diRy, d,E}), using the techniques adopted by He [16], we arrive at

tn

(dtRZ,thZ) =——

t
At2 (t - tn—l) ~/t\_ t(Uhttt(S), thZ) dS dt

tp-1

and
(dth, thn At2 / (t tu1 / th(s), thg) dsdt
At

for all 2 < n <J. We deduce from these equalities that

|2At(d,R], d,E]})|

< 28t diR; | |4} |, = CoAL|duRs 5 + 2 AL |Va.E

o lo

lo=C
0
ty t 2 1/292
<c)At| A2 | (- 1,) U () ds|| dt + 2 At|va,E|?
ullo
b1 t—At 0 4

tn
< CAtZ/ ||Mhm||(2)dt + EAt” Vad.E, “(2)
tn-2
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In the same way, we have

tn
12At(d, Ry, d,Ej*)| < C()\u)Aﬂ/ |Oneee |3 At + }L—VAtHthEg f)

tn-2

|GaEs, diEy)| < ek | |2, < C) i |

Jo+ 3 IVa.EL

o

For the nonlinear terms, with the help of Lemma 2.3, we find that

2At|b(dtZ:, Z'th(’tn—l)! thZ) ’

< 2C4 At ”dtZZ || 0 ”Ahuh(tn—l) “0 || thE: || 0

<2082 1) + O(AL) |, sttt |, [ VLEL

20C?
= A [unalto) + O(A) [ |Aunern) [y + 55 [ VaE]

2At|b(ZZ_1, dtuh (t}'l—l)’ thZ) |
<2GAt|Z | [Anden(tan) o | VAEL]

20,8112 | [ At + O | ViEL

lo

_20¢3 Z
4At / loapel12 dt - | Aptane(612) + O(AL) ¢ + %”thEZ 2
tn-1

20t b(dE) " wy " diEy) | < 2CiAt|dET | | Anugy || VAEL |,

5 20C4

Al g™ g lAwg G+ % sIvaE;

2AL|B(Er2, dud ™ d,ED)| < 2C4At”15" 2 | Andi |, ”thn I,

=2GAt|E A + O | Va:EL

20C4At||£”2“ A? + O@D2 + - | VaE,

”0 ’
2At|b(dyty(tsr), EL™ L EL)|
zoc4

At||EL 1|| |Antne(ta) + O(AL) ||0 ||th£; ||(2)At

20C}
28t]b(ws(tn-2) diEL dE)| < = ALl B o |Awntna) [ + 5 | VeEL,

2AL|b(dyuy(t,), 21, d,EL)|
< 2C, | Audan) |, |22, | Va2l
< 2C | Asattnn) + 080, | 221 | ViEL

20C2

tn
< D5 / el e Araa62) + OAD L + 5 [ VaiEL 2 e
tp-1

zm(b(u(tn_l),dtzz,thZ)\

20C
< AL [un(t) + O(AD? I Anun(ta) | + % |vd.E2|: At.
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In the same way, we have

2A8|b(d 2, O(t-1), o) |

20C?

A
=0 AL [(tar) + O(A) [ | Anbatnon) [+ % |vd,E!|’

= lo

2ALB(ZY, dyOu(tsr), diEL) |

AV
2 + % H thEg 2

20C2 b
=T Ar / lianell6 dt - | Axbre(tn-2) + O(AD g b
ty-1

— 20C? A
20e[B(diEr 0 )| < = C AelaE o |aney [+ S | VaiEs [

7,(En-2 n-1 n 20Cg n-2 |2 n-2 2 Ay |2
2A¢|b(ES 2, dyo) " diEy) | < o At|E; | || Ay +O(At)||0+%||Vd,E0||O

2At|b(dyup(tu-r), Ef, d,E})|

2oc%

H vaEj|;

AL ES [ Ansetn-2) + OAD]g + 5

2AL|b(up(ty ), dEL dyEL) | < ())56

A
Aty [ Annten 2+ 2 Ve

2At|z(dtuh(tn)ng’ thg) |
20C2 b -
=5 A / 16012 e Apatne(t0) + QD2 + 22| VA, EL |
) - 20

2AL|b(un(tn 1), di 25, duE) |

ZOC n
= 2% A2 hattr) + O Ll A |2+ 22 [V

Combining these inequalities with (5.9)-(5.10) and summing from z = 1 to J + 1, we obtain

J+1 J+1
|dE |3+ Y | dEy —dEL 5 + varY | VaEL]
n=1 n=1

J+1

AtZIIE” oldndls

40 TC?

20C?
—— AL (6 Do lAntntrn) | + =2

2 J+1

20C
+ CAf? / Nl thsae |% At + . 4AtZ||th” 1|| (|| Ansy 1||0 + [ Apue 1)
n=1
20 J+1
+ —At ||Ahuht||of ||uht||odt+CAtZ||th”||0 (5.11)
n=1
and
) J+1 ) J+1 )
|dES™ | + Z||thg - diEj + vAtZ”thEg I
n=1 n=1

20C2T
< TjAtz(lléhttlléllAhuhllé + ltnee 1511 ARO o)
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20C? T
+ —6At2||Ah9ht||%/. ||uht”%dt
AV 0

J+1

20C?
At (| dEr o | Anbr o + |l deEr | o Antenld + | Ex 2 Apsene 2
n=1

v

+

n-2 || 2 n-2 2 20C§ 2 2 ’ 2
BNl Anbig) + = ACNAally | 16wl e
0
T
+ CAL? / l|theae I At (5.12)
0
Substituting (5.12) into (5.11) and using Lemma 2.1, we obtain the desired results. O

Remark 5.1 In the estimates of trilinear terms, the bounds of fOT | 4pee |3 At and
foT 0nee |3 dt are used. We can prove them by differentiating (3.2) twice with respect
to time and following the proofs provided in [7]. As for the bounds of IIA;,MZ;ZIIO and
lA40;5 2110, we can obtain them as we have done in Section 4. Here, we omit these proofs

for simplification.

Now, we are in the position of establishing the optimal error estimate for pressure in

L*®(L?) norm based on the results presented in Theorems 3.1 and 4.1 and Lemmas 5.1-5.3.

Theorem 5.4 Under the assumptions of Theorems 3.1 and 4.1, we have
| - i, < CAL.
Proof We rewrite the first equation of (5.2) as follows:
-VE, = d/E,; - vAE,; - R} +jEj + (un(ts) - V)un(ty) - (- V)u ™. (5.13)

Taking the inner product of (5.13) with arbitrary v € X and using the Poincaré inequality,
we obtain

|(d:ELv)| < | deEL | IVllo < Ci|[deEL | o1V Vll0s

lv(AEv)| <v|VE; ||0||VV||0,
sl 1/2
|(R,v)| < | Ry [ lvllo < CAt(/ ||um||§) Vil
tn
[GES )| < |E5 [ 1vlo < G| E5 IV Vllo-

For the nonlinear terms, applying Lemma 2.3 and Theorems 3.1 and 4.1, we arrive at

tn 1/2
yb(z;,uh(tn_l),vﬂ5c4||z:||0||Ahuh(tn_1)||0||wnoEC(At f ||uht||%dt) IVvllo,

ty-1

| (n(tnr) EL7 )| < Cal B2 [ Anun(ta) |19 VH0 < CEZ oIV Vlo,

tn 1/2
|b(uh<tn),z::,v)|sc||z:||0|}Ahuh(tn)no||w||osC(At f ||Mhz||<2)dt) IV vllo,
ty

-1
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[BELui )| = Cal[EL7 o | 4w |19 vllo = CEL 411V Vilo-

By the discrete inf-sup condition (3.1) we obtain

tn 1/2
Iz = ) etz oI VELL [zl + (o [ i)

tn-1
Ll 1/2
+At</ ||uhn||(2)dt> }
tn

With the results of Theorem 3.1 and Lemmas 5.1, 5.2, and 5.3, we complete the proof. [

6 Numerical experiments

In order to gain insights on the established convergence results in Section 5, in this section,
we present some numerical tests. Our main interest is to verify and compare the perfor-
mances of the Euler implicit/explicit scheme (3.3) for the Boussinesq equations. In all ex-
periments, the Boussinesq equations are defined on the convex domain 2 = [0,1] x [0,1].
The mesh consists of triangular elements that are obtained by dividing €2 into subsquares
of equal size and then drawing the diagonal in each subsquare. The model parameters
v and A are simply set to 1. We use the MINI element that satisfies the discrete inf-sup
condition to approximate the velocity # and pressure p and the linear polynomial to ap-
proximate the temperature 6. The boundary and initial conditions and right-hand side
functions f and g are selected such that the exact solutions are given by

uy = 10x%(x — 1)2y(y — 1)(2y — 1) cos(t),

uy = —10x(x — 1)(2x — 1)y2(y — 1)% cos(t),

p =10(2x — 1)(2y — 1) cos(¢),

6 =10x2(x — 1)%>y(y — 1)(2y — 1) cos(£) — 10x(x — 1)(2x — 1)y*(y — 1)% cos (%),

where the components of u are denoted by (i, #,) for convenience.

First, we compare the errors and CPU time of the standard Galerkin finite element
method using the backward Euler scheme and Newton iteration to treat the temporal term
and nonlinear term and the Euler implicit/explicit scheme with varying time step At or
mesh length /. From Tables 1-4 we can see that two kinds of numerical methods almost
get the same accuracy, but the Euler implicit/explicit scheme takes less CPU time than the
standard Galerkin FEM. In other words, the Euler implicit/explicit scheme is comparable
with the standard Galerkin FEM but cheaper and more efficient.

Next, we focus on examining the orders of convergence for both standard Galerkin FEM
and the Euler implicit/explicit scheme with respect to the time step At or the mesh size /.
Following [28], we introduce the following way to examine the orders of convergence with
respect to the time step Af or the mesh size & due to the approximation errors O(A#”) +
O(At*). For example, assuming that

vl 2 v(x, t,) + Ci(x, b)) + Colx, t,) ALY,

we have

”Vﬁt(xr tn) - Vﬁt(xr tn)”j 4 — o1
2 ~

”V@t(xr tn) - Vﬁt(xr tn)”j 20 -1
2 4

pv,h,j =

’
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Table 1 Numerical results of the standard Galerkin FEM at time T = 1.0 with varying time step

At but fixed mesh size h = 31—2

u-u" V(u-u") -p" 6-0" v(6-0")
At : IIuIIoIIo : IIVUIIoIIo IIp":"ollo : IlfilloIIo : IIV0IIo"o CPU(S)
0.1 0.000171956 0.0127757 0.00415879 0.000115897 0.0104146 189.625
0.05 0.000162403 0.0127748 0.00416427 0.000107522 0.0104136 306.596
0.025 0.00015784 0.0127745 0.00416706 0.000103686 0.0104134 476.16
0.0125 0.000155623 0.0127744 0.0041685 0.000101859 0.0104133 965.143
0.00625 0.000154529 0.0127744 0.00416949 0.000100969 0.0104133 1,807.32

Table 2 Numerical results of the Euler implicit/explicit scheme at time T = 1.0 with varying

time step At but fixed mesh size h= 35

n n n n n
At Illl"‘;l"ollo "VI%;IIO)HO "pll:llo"o II6‘"90"0II0 "V|}0V(f||(:"0 CPU(S)
0.1 0.000172356 0.0127759 0.00425416 0.000134799 0.0104262 190.068
0.05 0.000162794 0.0127749 0.00425975 0.000127682 0.0104252 291.062
0.025 0.000158237 0.0127747 0.00426272 0.000124474 0.0104249 457.629
0.0125 0.000156015 0.0127746 0.00426424 0.000122958 0.0104249 875.082
0.00625 0.000154919 0.0127745 0.00426517 0.000122223 0.0104248 1,665.94

Table 3 Numerical results of the standard Galerkin FEM at time T = 1.0 with varying mesh size
h but fixed time step At=0.01

llu-u"llg

IV (u-u")llg

llp-P" llg

16-6"llg

1v(6-6"llo

% llullg Vullg lipllo 1910 'VOlig CPUES)
4 0.0225932 0.24839 0.698555 0.0209496 0.15429 14.898
9 0.0085461 0.116535 0.152122 0.00558951 0.078966 23744

16 0.00247039 0.054131 0.0461534 0.00147279 0.0410255 46.129

25 0.000621059 0.0259783 0.0136212 0.000377335 0.0207576 208.163

36 0.000155184 0.0127744 0.00416879 0.000101501 0.0104133 1,063.48

Table 4 Numerical results of the Euler implicit/explicit scheme at time T = 1.0 with varying
mesh size h but fixed time step At=0.01

u-u" V(u-u" -p" 0-0" v(9-0"

% I ||u||o"° I IfVullo)"o ||P":“°||o I "0"0"0 I I:Vﬂllt;:"o CPU(S)
4 0.0225932 0.24839 0.698555 0.0209496 0.15429 8439
9 0.00854615 0.116536 0.152154 0.00558949 0.0789666 10.203

16 0.00247067 0.0541318 0.0461762 0.00147402 0.0410279 27.69

25 0.0006214 0.0259784 0.0136427 0.000383256 0.0207631 129.902

36 0.000155559 0.0127745 0.00420583 0.000122663 0.0104249 703.171

At
2

”Vﬁt(xvtn)_vh (x)tn)”] ~

4y _ v

Pv,Atj = At

At L
||Vh2 (x) tn) - Vh (x’ tn)”]

4>|l>

2 -1

Here,vis u,p, or 6,and jis 0 or 1. Since p,,; and p,,a; approach 4.0 or 2.0, the convergent
order will be 2.0 or 1.0, respectively.

In Tables 5-6, we present the convergent orders with fixed spacing 4 = % and vary-
ing time steps At = 0.1,0.05,0.025,0.0125. From these results we can see that the Euler
implicit/explicit scheme almost gets the same accuracy with the standard Galerkin finite
element method and shows optimal convergent orders on At. In Tables 7-8, we study the
convergence orders with fixed time step A¢ = 0.01 with varying spacing % =2,4,8,16. Ob-
serve that p, ;0 and pg 0 are close to 4.0 and p, 1, pg,n1 approach 2.0, which suggests
that the orders of convergence are O(h?) for the L2-norm of u and 6 and O(k) for the
H'-norm of u and 6 in space. For the convergence order of pressure, p, 0 is close to 3.2,



Zhang et al. Boundary Value Problems (2016) 2016:181 Page 24 of 25
Table 5 Convergence orders of the standard Galerkin FEM at time T = 1.0 with fixed mesh
_ 1
h=g5
At At At
At lu™A —u™2 o puat0 lu™Af —u™ 2 || Pu,At,1 ™At -p™ 2 [0 ppato
0.1 1.09819e-005 2.06348 7.97307e-005 2.06314 2.09931e-005 2.0025
0.05 5.32202e-006 2.04257 3.86453e-005 2.03837 1.04834e-005 1.64187
0025 2.60556e-006 201799 1.89589¢-005 191156 6.38507e-006 0618958
00125  129116e-006 9.91804e-006 1.03158e-005
At At
At oAt -6™2 |l 00,At,0 flonAt - 0™ 2 ||, 00,At,1
0.1 1.14663e-005 2.06739 8.10132e-005 2.06742
0.05 5.54628e-006 203617 3.91857e-005 2.03617
0.025 2.72388e-006 201728 1.92448e-005 201729
0.0125 1.35028e-006 9.53992e-006
Table 6 Convergence orders of the Euler implicit/explicit scheme at time T = 1.0 with fixed
_ 1
mesh h= 35
At At At
At uERA -GBS o puane NUERAC-uET2 N puags IPEMAC-PFM 2 o ppaco
0.1 1.09855e-005 2.06806  7.97559e-005 206786  2.10207e-005 2.04139
0.05 5.31197e-006 203533  3.85693e-005 2.03005  1.02973e-005 157437
0.025 2.60989e-006 201716 1.89991e-005 191612  6.54057e-006 0.654705
0.0125  1.29384e-006 9.91544e-006 9.9901e-006
At At
At IEMAL 05" 2 llg  ppaco  NOEMAT-05M T Yy ppar
0.1 1.14669e-005 206806  8.10171e-005 2.06809
0.05 5.54475e-006 2.0351 3.91749e-005 2.0351
0.025 2.72457e-006 201847 1.92496e-005 2.01848
0.0125 1.34982e-006 9.53665e-006
Table 7 Convergence orders of the standard Galerkin FEM at time T = 1.0 with time step
At=0.01
1 "un,h _ u"'g " nh _ n'li’ nh _ "rli’
h 0 Pu,h,0 lu™* —u™2 |4 Pu,h,1 lp™" -p™2 llo Pp,h,0
2 0.0172184 265194 0.230412 214169 0.63202 486123
4 0.00649278 3.37905 0.107585 220926 0.130012 3.19887
8 0.00192148 3.98286 0.0486971 2.12864 0.0406432 329174
16 0.000482436 0.0228771 0.012347
1 nh "rll n,h ":h
B 16™" -6"2]o £6,h,0 10" -672 14 09,h1
2 0.0166398 3.77383 0.131697 1.96256
4 0.00440926 3.80314 0.0671046 191516
8 0.00115937 3.92768 0.0350386 1.99231
16 0.000295181 0.0175869
Table 8 Convergence orders of the Euler implicit/explicit scheme at time T = 1.0 with time
step At=0.01
h h h
I et el L Y Bk - uE ™2y s P -p*™2 g ppno
2 0.0172184 265201 0.230411 214169 0.631987 486024
4 0.00649258 3.37906 0.107584 220925 0.130032 3.19873
8 0.00192142 3.98294 0.0486971 2.12866 0.0406512 3.29108
16 0.000482412 0.0228769 0.0123519
h h
i I6EmR 652 o pono IEmR 652 1y pgn,n
2 0.01664 3.77398 0.131698 1.96258
4 0.00440914 3.80302 0.0671049 191516
8 0.00115938 3.92765 0.0350387 1.99231
16 0.000295184 0.017587
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which shows the superconvergence. From these numerical results we can conclude that
the Euler implicit/explicit scheme not only has a good accuracy, but also saves a lot of
computational cost.
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