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1 Introduction
In this paper, we consider the following generalized Choquard equation:
i34 A+ (@) * [ulP)|ulP2u=0, (tx)€(0,00) x RN; n

M(Oxx) = I/l()(x), PAS RN;

where w(x) % |ul? := [ w(x—y)|u)I? dy, the constant N > 3, p satisfies NI:',“ <p< %’3 and

0 <« < N; u(t,x) is complex-valued solution with an initial condition #(0,x) = #((x) and
uo(x) is a given function in RV, In addition, we assume that w(x) € C}(RN \ 0, (0, +00))
is positive, even, and homogeneous of degree —(N — «). That is, for each ¢ > 0, w(tx) =
W= g(x).

Due to its application in mathematical physics [1-3], the Choquard equation (1) has
attracted a lot of attention from different points of view. When p = 2, equation (1) can
be reduced to the well-known Hartree equation. Cazenave [4], and Ginibre and Velo [5]
established the local well-posedness and asymptotical behavior of the solutions for the

Cauchy problem. Later, Genev and Venkov [6] extended the results to the case N > 3,
N+2
and A% <p<

2<p< and o = 2. Recently, Feng and Yuan [7] considered the general case 0 < < N

N+a
N-2"

they investigated the mass concentration for all the blow-up solutions in the L;-critical

they obtained the local and global well-posedness of equation (1). Also,

case. For more details, we refer to [8, 9] and the references therein.

The standing wave solution of (1) is of the form u(t,x) = e u(x), then equation (1) is

reduced to the following stationary equation:
~Au+au = (o) * [ul)|ulu, xeRN. 2)

When p = 2, the existence of solutions for equation (2) was proved with variational
methods by Lieb [10] and Lions [2]. Later, Moroz and Schaftingen [11] extended their
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results to general p. Moreover, they derived the regularity and the decay asymptotic at
infinity of the ground states. For more details as regards equation (2), we refer to [11-14].

Here, we are interested in the orbital stability of standing waves for equation (1). The
meaning of ‘orbital stability’ will be given later. When p = 2, the orbital stability of standing
wave of equation (1) was first established by Cazenave and Lions [15] and then investigated
by Cingolani, Secchi, and Squassina [16]. Later, Chen and Guo [17] studied the existence
of blow-up solutions and the strong instability of standing waves. However, there are less
results for the orbital stability of standing waves for the generalized Choquard equation
(1). The purpose of this paper is to investigate this problem.

This paper is divided into two parts. In Section 1, we list some related notations and
definitions. In Section 2, we give the proof of our main result.

We now give the related notations and definitions.

Define the functional

Lo L
E(u) = S 1Vully 2p]DJ(u), 3)
1 1 1
J(u) = EIIVuH% + Eallullﬁ - ED(M)’ (4)

where D(u) = fRNxRN o —y)|u(x)|P|u(y)|? dxdy, || - ||2 is the standard L?-norm.
Given a positive constant p > 0, we set

M={ueH'(RY,C): [lul} = p}, N={ueH [RN,C):u#0,]'(u) =0}
and

Ky = {c € R : there exists u € M, such that E'(u) = 0 and E(u) = c},

Ky = {m € R : there exists v € NV, such that J'(v) =0 and J(v) = m}

In order to obtain the result, we also need the following Pohozaev identity of equation (2)
(111, 18)).
Assume u € H'(RY, C) to be the solution of (2), then
N-2 _N+o

Na
V 2 2 — / _ 2 P )
— RN| u| a,'ac+—2 /RNu dx 2w v w(x y)|u(x)| |u(y)| dxdy. (5)

Moreover, we denote by G the set of ground state solutions of (2), i.e. solutions to the
minimization problem I' = min,earJ(u). According to the result of [11], we get G # {. In
fact, when a = 1, let v be the ground state solution of equation (2) obtained by Moroz and
Schaftingen [11]. By the transformation u(x) = aﬁv(%), we see that u is the ground
state solution of equation (2), which implies that G # @.

Also, we assume the following.

N+a N+a
N ’ N-2

(1) has a unique global solution u € C*([0, +00), H'(RN, C)), the charge and the energy are

Assumption A p € ( ) is such that, for any initial value uy € H'(RN, C), problem

conserved in time. That is, for all t € [0,+00), one has

llzell2 = ll#oll2, E(u(8)) = E(uo). (6)
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Remark 1 As we mentioned before, our assumption is valid when p = 2 ([4], Corol-
lary 6.1.2) and when2 <p <1+ 2% 70.

In the following, we give the definition of orbital stability.

Definition 1.1 The set G of ground state solutions of (2) is said to be orbitally stable for
equation (1), if for each € > 0, there exists a § > 0, such that, for all #, € H'(RY, C),

inf ||ug — <$
inf o =
implies that
sup inf |u(t,-) — <€,
wp it [ute) v,
where u(t, x) is the solution of (1) with initial datum .

Our main result is as follows.

Theorem 2 Assume that 0 < o < N and p satisfies Assumption A, then the set G of the
ground state solutions of equation (2) is orbitally stable for (1).

Remark 3 Our result can be regarded as the extension of the result obtained in [16]. How-
ever, the existence of general p leads to a more complicated calculation.

2 Proof of Theorem 2
In this section, we give the proof of Theorem 2. First of all, considering the following two

minimization problems:

A= ruréiz\I/}E(u)’ @)
I = min/(u), ®)

we establish the equivalence between the two minimization problems.

Lemma 2.1 When A <0, (7) and (8) are equivalent. Moreover, A = W(T"), where W : Ky —
Ky is defined by

Np—a—2p-N
Np-N-a-2 (p—1ap Np-N-o=2 2p-2
V(m) = -

MR, me Ky
2p-1) \N+2p-pN+a " mein

Proof If u € M is a critical point of E with E(u) = ¢ < 0, then there exists a Lagrange mul-
tiplier y € R such that E'(u)(u) = —yp. Together with E(x) = c, one has (p — 1)||Vu|3 =
2pc + yp. Since ¢ < 0, one has y > 0. Moreover, u satisfies

-Au+yu= (w*|u|p)|u|p_2u. 9)

Set v(x) = T*u(x) := A° u(rx) and choose A = \/g, o= 22;_“2, then from (9) we see that v(x)

is a solution of (2), which implies v(x) € N.
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1
On the contrary, if v(x) is a nontrivial critical point of /|, we choose A = (ﬁ)N—ZU,
2

then # = T#v € M and u is a critical point of E|s.
Indeed, due to the choice of A, it is easy to see that ||u|3 = p.

Meanwhile, by the assumption of v, one has

J v =[Vv]3 +alv|; -D() =0. (10)

2+a
2p-2’

follows that with o we get

weget20 +2-N=2pc —N—«a = %,by (10), and then it

Since from o =

E'(w)u = ||Vull; - D(w)

— )\.N_ZU_ZHVU”% _ )\‘N—ZpUHYD(V)

N-20-2 2
=2 alvlly

a
= g}\N_Za_z)\ﬁ = )\—210 =yp.

So u is a critical point of E|,;. Now, we calculate the relationship of m and c.

Letm=J(v),veN,c=Eu),uecM,v="T u, inwhichk:(#)l\l—lﬁ,o = %,then
Vil

1 1 1
m= =Vl + zalv|; - —=D(v)
2 2 2p

1 1 1
— 5)\‘2L7'+27]\[”vu”% + 5ﬂk267N||M||§ _ 2_)\'2p072N+0tD(u)

2p+N-Np+a 1 _
=1 T Ew)+-ar?Np
2
2p+N-Np+a

piN-Npra ]
=ch P +§axz"—Np. (11)

On the other hand, since v is the critical point of /,

D(v) = [[Vvl3 +alv]3, 12)
hence
1 1 1 1
m= (5——)||Vv||§+ (———)anvn%. (13)
2p 2 2p

By the Pohozaev identity (5), one has

N Na N N-«
—=1)IVvls+ — vl = — - D(v).
2 2 p 2p

Then it follows from (12) that

N N N-« 9 N N+« 2
e | MU FR alvl3 =o. (14)
p 2 2 2
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Thus, (13) and (14) imply that

s, N+2p—pN+a
il = —————~—

m,
(p-1a 15)
gy —a+Np-N
IVll3 = ————

Substituting (15) into (11), we have

_ 1 2p+N-Np+a -1
(p-Dap N=20 =P 1 (p-Dap
m=c + —a /Y
(N+2p-Np+a)m 2 \(N+2p—-Np+a)m
2p+N-Np+a
(p-1ap Np-N-o=2 N +2p—-Np+«o
=C _—
(N+2p—Np+a)m 2(p-1)
Hence
Np-a—2p-N
Np-a-N-2 (p—Dap Np-N-a=2 2p-2
Cc = mNp—N—a—2
2(p-1) N+2p—pN +a

2p-2
= AmNe-N-a=2 .= U (m).

From the assumption of p, it is easy to see that ¢ < 0. Therefore, ¥ is a map ¥ : R* — R~
and m = W 1(c) = (%c)% is injective.

Next we prove that U~ is surjective. Given m, a critical value for /, that is, m = J(v), v is
the solution of (2). Consider u = Thv =2~ v(r %), where A = (—2—) Nz ,thenu € Misa

)13
critical point of E|5; and || Vu||3 = D(u) + yp = 0 with y = aA™2. By using A = (W)ﬁ =
vix)lla
_ 1
(%)—Mm, one has
1 1 1 1
ci=SlIVuls - 2= SIVull; - ﬂ(nwn% +vp)
Lo eV
= 2w 1 Vull3 2p/0
p-1__, ar=?
= ANV - =
P 2p
—-a+Np-N-2 (p-1ap N e
= mN-2 ,
2(p-1) N+2p-Np+a
Hence m = W~Y(c). Therefore, we have
A = minE(x) = minc, = min ¥
R EO0 = e = i )
Np-a-2p—-N .
. N+2+a—-Np (p-1Lap Np-N-0=2 mlﬁ\%
2(p-1) N+2p-Np+a

Np-a-2p-N 2p-2

N+2+a-Np (p-1ap Np-N-a-2 ( . )m
_ min m
2(p-1) N+2p-Np+a veN "
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Np-a—2p+N
N+2+a-Np (p—1ap Np-N-o-2 r o
2(p-1) N+2p-Np+a

=y(I).

If ## € M is a minimizer for A, then W = T*i; is a critical point of ] with J(W) = W~}(A) =T,

so that w is a minimizer for I', that is, /(W) = minx/ /. O

Corollary 2.2 Any ground state solution of (2) satisfies

_N+2p—pN+ozF
N (p-1a ’

2
llull; = o,

moreover, for this precise value of the radius p, one has
min /() = min J(z),
ueM]( ) ueNl( )

where M = M,,.

Proof The first conclusion is clear by the previous proof (see (15)). Now we prove the
second conclusion. Indeed, Lemma 2.1 leads to

. . 1, 1
min/(u) = min E(w) + Zallul} = A+ Sap

N+2+a-Np N+2p+a—-Np
+
2(p-1) 2(p-1)

=T = mi .
;rel}\r}l(u) 0

Now we give the proof Theorem 2.

Proofof Theorem2 By contradiction. Assume the conclusion is false, then there existe > 0,
a sequence of times {t,} C [0, 00), and initial data {uj} C H'(RN,C) such that

Jiminf [lug - ¢, =0 (16)
and
inf a6 ) =¥ [ 1 = 0, (17)

where u,(t, ) is the solution of (1) with initial value 4. By Corollary 2.2, for any ¢ € G,
one has

. N +2p - pN
115 = po, J(¢) = min J(u), pozw

ueMp, (p —1a (18)

Hence, considering the sequence {u,(¢,, %)} in H*(RY, C), using the conservation of charge
and (18), we get

(e )Hi = |y ||§ =po +0(l), whenn— oo.

Page 6 of 8
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Then there exists a sequence {w,,} C R*, w,, — 1, as n — o0, such that
||wnu,,(tm ) ||§ =po, forallm>1. 19)

Moreover, by the conservation of energy and the continuity of E, we get

](Wnun(tn: )) = E(Wnun(tnr )) + %ﬂ“ Wnun(tm )Hi
= E(un(ty, ) + %a”un(tn, 2 +o()
= E(ug) + %a”u’g ||§ +0(1)

= ](u(')’) +0o(1)
= mAiIn J(u) +0(1). (20)

ueMp

By (19) and (20), one sees that {w,u,(t,,-)} C H'(RY,C) is a minimizing sequence for J
over M, . Following the arguments of [15], one sees that, up to a subsequence, {w,u,(t,, )}
converges to wp in H'(RY, C), and

J(wo) = ugl&rso J(u) = 3;}\1}1 (u).
This implies that wy € G. Obviously, this is a contradiction with (17), since

€ = nlirgo érelgnwnun(tnr ) - 1# ||H1 = nlingo H Wnun(tnr ) —Wo ||H1 =0.

The proof of Theorem 2 is complete. O
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