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This paper is concerned with the following Schrodinger-Kirchhoff-Poisson system:

—(a+b [o VUl d)Au+ Apu=nflx,u) +uv>, ing,
-Ap =17, in €2,
u=¢ =0, on 02,

wherea>0,b>0and n,A >0, Q C R is a bounded smooth domain. With the help
of the variational methods, the existence of a non-trivial solution is obtained.
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1 Introduction and main results
In this paper, we consider the following Schrodinger-Kirchhoft-Poisson system:

—(a+Db [ |Vul* dx) Au + rdu = nf (x,u) + u®, in L,
—A¢ =u?, inQ, (L1)
u=¢=0, on 092,

where 2 > 0,5 >0 and n, A >0, Q C R? is a bounded smooth domain.

When a =1 and b = 0, the problem (1.1) reduces to the boundary value problem

—-Au+ ¢u =f(x,u), ing,
—-A¢ =u?, in Q, (1.2)
u=¢=0, on 0L2.

System (1.2) is relevant to the nonlinear parabolic Schrédinger-Poisson system:

—i =AY+ @)Y - Y2y, inQ,
—A({b = |W|2, in 2, (1'3)
Y=¢=0, on 4.
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The first equation in (1.3) is called the Schrodinger equation, which describes (non-
relativistic) quantum particles interacting with the electromagnetic field generated by the
motion. An interesting class of Schrédinger equations is the case where the potential ¢(x)
is determined by the charge of the wave function itself, that is, when the second equation
in (1.3) (Poisson equation) holds. For more details as regards the physical relevance of the
Schrédinger-Poisson system, we refer to [1-3].

System (1.2) has been extensively studied after the seminal work of Benci and Fortunato
[3]. Many important results concerning existence and nonexistence of solutions, multi-
plicity of solutions, least energy solutions, and so on, have been reported; see for instance
[4-12] and the references therein.

On the other hand, considering just the first equation in (1.1) with the potential equal to

zero, we have the problem

—(a+b [o|Vul*)Au=f(x,u), inQ,
u=0, on 092,

(1.4)

which was proposed by Kirchhoff in 1883 (see [13]) as a generalization of the well-known

D’Alembert wave equation,

9%u p0+E/l
a2\ T2,

In recent years, with the aid of variational methods, the analysis of the stationary problem

ou

2 2
0“u
™ dx) = g(x, u).

9x2

of (1.4) has been extensively carried out by many authors; see [14—24] and so on. By them,
several existence results have been successfully obtained via the variational and topolog-
ical methods even for the critical case. But most of them consider only the one nonlocal
term. In our case, we denote ¢(u) = fQ ¢, u? dx, it follows from Lemma 2.1 in the following
section that ¢ : H — R is C! and ¢(tu) = t*¢(u). Although ¢ is a 4 homogeneous func-
tion, it is not equivalent to the nonlinear function f(u) = u*. Therefore our problem (1.1)
possesses two nonlocal terms, ¢, u and b( fQ |Vul|)Au. A typical difficulty occurs in prov-
ing the existence of solutions. It is caused by the lack of the compactness of the Sobolev
embedding H}(Q) < L°(R2). Furthermore, in view of the corresponding energy, the in-
teraction between the Kirchhoff type perturbation ||u||ﬁ[(1) @ and the critical nonlinearity
fQ u® dx is crucial. In the following, we can see the effect of such an interaction on the
existence. To the best of our knowledge, there is little literature which essentially attacks
the Brezis-Nirenberg problem for Schrédinger-Kirchhoft-Poisson type with critical non-
linearity equations.

Motivated by the above facts, the goal of this paper is to consider the existence of non-
trivial solutions for problem (1.1). Under some natural assumptions, by using the mountain
pass theory, the existence results of non-trivial solutions are obtained.

Before stating our main results, we give the following assumption.

The hypotheses on the function f : Q@ x R — R are the following.
(F1) lim;_ f(f’t) =0, uniformly on x € Q.

(Fy) lim,_ f(fs’t) =0, uniformly on x € Q.
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(F3) The well-known Ambrosetti-Rabinowitz superlinear condition, that is, 0 < 0F(x, £) =
Gfotf(x,s)ds < tf(x,t) for all x € @ and t > 0 for some 4 < 6 < 6 and F(x,¢t) =

fotf(x, s)ds.

(F4) lim,_g f(;;’t) =0, uniformly on x € Q.

Now we state our main results.

Theorem 1.1 Foralln >7nand A € (0,A*), where , A* € R. Suppose that (F), (E,), (F3) are
satisfied, then problem (1.1) has at least a positive non-trivial solution.

Corollary 1.2 Suppose that a = 0 and (F,), (F,), (F4) are satisfied, then the problem (1.1)
has at least a positive non-trivial solution.

Remark 1.3 For (1.1), when A = 0, the problem (1.1) reduces to the Kirchhoff equation,
when b = 0, the problem (1.1) is the Schrodinger-Poisson system equation.

Remark 1.4 If a = 0, (1.1) is a degenerate case, we claim (1.1) is the degenerate Schro-
dinger-Kirchhoff-Poisson system.

The remainder of this paper is organized as follows. In Section 2, some preliminary
results are presented. In Section 3, we give the proof of our main results.

2 Variational setting and preliminaries
In this section, we collect some information to be used in the paper. Hereafter we use the
following notations:

« H'(R3) is the usual Sobolev space endowed with the standard scalar product and

norm
(u,v) :/ VuVvdyx, lu)? = / |Viu|? dx. (2.1)
R3 R3
+ S denotes the best Sobolev constant S := inf,,c p1.2(r3)\ (o) m.
(Jp3 4 dxn)3
« H* denotes the dual space of H'(R3).
Now we define a functional / on H by
b o
I(u) = Z/ |Vu|? dx + — / |Vu|dx ) + —f pu® dx
2 Ja 4\Ja 4 Jo
1
——/u6dx—an(x,u)dx. (2.2)
6 Ja Q

It is easy to prove that the functional ] is of class CY(H,R). Moreover,
(I'(w),v) = a/ |Vu|Vvdx + b||u||2/ V|| V| dx — / wvdx
Q Q Q
+A/ ouvdx — nff(x, u)vdx. (2.3)
Q Q

The following result is well known (see e.g. [1, 5, 15]).
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Lemma 2.1 For each u € H)(Q), there exists a unique element ¢, € Hy(Q) such that
—A¢y, = u*, moreover, ¢, has the following properties:
() there exists ¢ > 0 such that ||¢,|| < c||lul|® and

/WV¢u%u=/\mfdxsdww; (2.4)
Q Q

(b) d’u = 0 dl’ld ¢tu = t2¢u; Vit > 0;
<) if uy — u in Hy, then ¢, — ¢y, in Hy and

lim /qﬁunuﬁdx:/ duu® dx. (2.5)
n—+00 Jo Q

3 Proof of Theorem 1.1
We show that the functional I has the mountain pass geometry.

Lemma 3.1 Suppose that (F1), (F;) and (F3) hold, then we have:
(i) There existr,p >0, such that inf, -, I(u) > p > 0.
(ii) There exists a nonnegative function e € Hy(2) such that ||e|| > r and I(e) < 0.

Proof By (F;) and (F3), we have
1
F(x,8) < Slul® + ~c.lul®.
2 q

According to (2.2)

1) = —ww+—ww+—f¢MM—g/

u®dx — n/ F(x, u) dx.
Q Q

By the Sobolev theorem, there exists ¢; > 0 such that
Imhz;mW+me4+%ﬂfm%M—émmﬁ—ngﬂbm%M—%?Ahm%m
zcﬂuW—%qmm9 (3.1)
So there exists p > 0 such that
0= \IIMI\E o(u) >0 =¢(0), itsatisfies (i).

It follows from (2.4) that
at* o 4 2
I(tu)=7||u|| —IIMII ¢> dx — M ®dx—n [ Flx tu)dx
Q

2
<
-2

lull? + |w4 |w4—/¢m
6 Jo

Hence for ¢ big enough, there exists £ou such that I(fou) < 0, we take touo = eand I(e) < 0,
we complete the proof. d
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1 1

Recall that S is attained by the functions ﬁ, where ¢ > 0. Define V,(x) = ﬁ(f‘);‘; , where
Y € C§°(By,(0)) such that 0 < ¥ (x) <1and ¥(x) =1 on B,(0). From [25] we know that for

& >0 small
5+C18%5/ IVV.[>dx =S+ Cpe?, / Ve dx =1, (Q1)

R3 R3
Csei 5/ [Vel'dx < Cae, 1<t<3, (Q2)
Q
Csed|lne] 5/ IVil'dx < Caed|Ine|, £=3, (Q3)
Q
6-t 6-t
Cie T §/|V£|tdx§C4£T, 3<t<6. (Q4)
Q

Lemma 3.2 Suppose that (F1), (F2), (F3) are satisfied; then for the problem (1.1), there exists

2 2 4
u such that SUP,.o I(tu) <T, where T = [(h+1)£c) sty %S] (b+Ac)s +4/;b+)»c)s +das + ghzéacsq

Proof Let u, € C°(R?) with u > 0 on Q. We have, for ¢ > 0,

at* bt* 2ot
7/ |Vu5|2dx+ T(/ |Vu€|dx) +T/¢u£u£dx
Q Q Q
t6

- — ugdx—n/F(x,tus)dx
6 Jo Q

I(tu,)

6

£ b+ i t
Sl e+ (%)#uum - [ P

IA

We set h(t) = %HuSH2 + (B20) 4 | | - % and by #/(t) = 0 we have

atl|ug|* + (b + A |ue||* - £ = 0, (3.2)
2 _ O+ 20luel* + /(b + Pl ]|® + daluc | (33)
2
Then it follows from (3.2) that
alluel® + (b + Ao)E |lue||* = £*. (3.4)

Combining (3.3) and (3.4), we can obtain

allue | + (b + 1) |ue|* b+ Ac
+
6

a
I(tu,) < tz[— llue ||t + Enusnz] -7 / F(x, tu,) dx
Q

b+ Ac a
= t4||u8||4+§t2||u€||2—n/QF(x,tu5)dx

(b + rc)? (b + rc) a
= thllusllsmTlluaIIG + §t2||u8||2—n‘/;2F(x,tu£)dx

(b + rc)? g a4 21O+ 1) uell* + /(b + 10| ue|[® + dallu |2
= | ———llue I + 5 [l

12 3 2
(ab + akc)
D - [ Pl 65)
Q
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It is easy to verify the following inequality:
(@+B) <a’+0(@+1)°'B, «>0,0<B<10>1
So we have

1
llue||* < S* + Ce?,
1
lle||® < S® + Ce?,

lute I < §* + Ce?,
by (F1) and (F;), we obtain
[f(x, t)‘ <et’ +d(e)t, d(e)>0.

So we obtain

a4 bl <t v [ el dle) [ P (3.6)
Q Q
and
3
£k +e/ ARARCE t3<1+e/ |u€|6dx> <=t (3.7)
Q Q 2
For & small enough, it follows that d(e) [, |u.|* dx — 0 as & — 0 and that d(e) [, |u.|*dx <
a||u.||?, combining (3.6) and (3.7) we obtain
2 4_34 2
allue||” + bllu||* < Etg +allue|”.

It follows that bs> < blju,||* < 32,
This implies that £2 > 2bs?. so we can get F(x, £) > co ]|
It follows from (3.5) that

(b + rc)?

I(tu,) < [ D

(S4+Cg%)+§||usll2:|

(b+1c)(S? + Ce3) /(b + 20)(S% + Ceb) + 4a(s? + Ce?)
X

2
q
b+ ak 2b ,\?
+M(SS+C8%)—CO(_52) / |l/l€|qu,
12 3 Q

—q

6 _ . .
since fQ |ue|7dx > cpe 7 , by (F2), g > 5, we obtain i > %. As ¢ is small enough, we obtain

(b+re)? , a i|(b+)»c)sz+~/(b+kc)s4+4as ab + ac
———— s+ =5 + s,

I(t
sup 1({:) <[ 12 3 2 12

=0

we take fu, = tu, we can get sup,., I(tu) < T, the proof is completed. O
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Lemma 3.3 If the conditions (F1), (F3), and (F3) hold then there exists 7 > 0 such that c,
belongs to the interval (0,T) for all n > 7.

Proof If uy is the function given by Lemma 3.2, it follows that there exists £, > 0 verifying
I(t,up) = max,>o I(tug). Hence

ozt%”uoll2 + bt$||u0||4 + ktﬁ/ oudx = n/f(x, tytho)tyuo dx + t,?/ ug dux.
Q Q Q
From (2.3)
at,zlllu()IIZ+bt3||uo||4+)\t,2,/ ¢u2dxztg/ ug dzx,
Q Q

which implies that #, is bounded. Thus, there exist a sequence 1, — +00 and £, > 0 such
that ¢,,, — t, as n — +00. Consequently, there is M > 0 such that

ati”uollz+bt3||u0||4+)\t§/¢u2dx§M, VneN,
Q
and so
n/f(x,t,,uo)tnuodx+t2/ugdeM, VneN.
Q Q

If tp > O the last inequality leads to

lim n,,/f(x,tn,,uo)tnnuodx+t,6m/ uf dx = +o0,
Q Q

n—+00

which is absurd.
Thus we conclude that £, = 0, now consider the path y (¢) = te, for ¢ € [0,1], which be-
longs to I' and we get the following estimate:

0 < ¢, < max I(y(t)) = I(t,up)
te[0,1]
a. 2 by 4 A 4f 2
< =t uoll® + =, ||uo||” + =t u”dx
_2,7|| oll 4,,II oll ah qu
—t,?f ugdx—n/f(x,tnuo)tnuodx.
Q Q

In this way, if 7 is large enough we derive I(t,uo) < T', which leads to 0 < ¢, < T. O

Proof of Theorem 1.1 We first prove that {u,} is bounded in E:

1
Co + 1+ |uyll = I(uy) - 5(1/(1/‘;4)) un>

1 1 1 1
=al === Jlual® + b = = = )luall*
2 0 4 0
1 1
+A(E—5>/s;¢unuidx
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+ <é-%>/ﬂ|un|6dx+g/ﬂ(f(x,un)un—lj(x,un)f))dx

11 )
>a 578 (7
which implies that {u,} is bounded.
Finally, we show that {u,} possesses a strong convergent subsequence. Hence we assume
that {u,} is a (PS). sequence, for c € (0,T"),

I(uy) = ¢, I'(u,) >0, n— oo (3.8)

Since {u,} is bounded in H}(2) going if necessary to a subsequence, we assume that

u, —u in Hy(Q), (3.9)
u,—u inLP(Q)(2<p<6), (3.10)
u, — u aein§, (3.11)

we write v,, = u,, — u. It follows that

gl = 11vall® + luell* + o(1), (3.12)

lenll® = vl * + el + 20v, 12 )l + 0(D), (3.13)

by (2.5), we have

/¢unuidx=/¢u|u|2dx+o(l). (3.14)
Q Q

The Brezis-Lieb lemma in [25] leads to

/uédxzfvgdx+/ |u|® dx + o(1).
Q Q Q

Making use of the Vitali convergence theorem, we obtain

lim [ f(xu,)u,dx :/ fx, u)udx.
R3

n—>o0 [p3

Ifv, = u, —uand |lv,|| = 0, the proof is completed. Otherwise there exists a subsequence
(still denoted by v,,) such that lim,_, « ||v,|| = k, where k is a positive constant.
Thus by I'(u,) — 0 in (H})*, it follows that

2 2 4 4
allvull” + allull” + bllvall™ + bllu]]

+2b/ |an|2dx/ |Vu|2dx+k/ duu® dx
Q Q Q

- 6dx — |8 dox — u)udx = o(1). 3.15
/Q|u| " /Q|v| » n/ﬂf(xu)u o(1) (3.15)
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It also follows from (3.8) that
lim (I’(u,,),u) = (a + bllunllz)/ Vu,Vudx + A/ O, udx
n—0oQ Q Q
—/ 24P dx — nff(x,un)un dx
Q Q
= allul® + bk>*||u)* + bllu|* + xf Guu’ dx
Q
—/ |u|®dx —n /f(x, u)udx. (3.16)
Q Q
On the one hand, by (3.16), we obtain

b A 1
I(u)=gl|u||2+1||u||4+1/;2¢,,uzd —E/S;Lfdx—n/Qf(x,u)udx

1 1 b
—/ uﬁdx+n/ (—f(x,u)u—F(x,u)) dx+z||u||2——k2||u||2
Q o\ 4 4 4

)
b
> 2l = 2K . (3.17)
On the other hand, it follows from (3.15) and (3.16) that
b b 1
I(uy) = 1(u) + ;”Vn”z + Z||Vn||4 + EHVnHZHMHZ ~% /Q |val® dx + 0(1) (3.18)

and

allvull® + bllvall* + bllva ) lul® - / [vl® dx = 0(1). (3.19)
Q

By (3.19) and [, |v,|®dx < ”‘%”6, we obtain

k®
ak® + bik*||u|® + bk* < =,
N

so we have

- bs® + /b5 + 4(a + b||u|?)s3
— 2 .

k? (3.20)

It follows from (3.19) and (3.20) that

1 1 1
I(u) = I(uy) - ga”Vn”z - ﬁb||vn||4 - gbllvnll2llu||2,

let n — oo, which implies that

1 1 1
I(u) = ¢, — Eak2 - Ebk2 - gbk2||u||2
e @53 B ib3s6 B azs\/bzs4 +4(a + b||lul|®)s

4 24 6
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b*s*\/b2s* + 4(a + b||ul|*)s
24
(3D%s® + bs\/b2s* + 4(a + b||lul»)s)|lul®>  bK?|u|?
24 4

’

since

’

12 2 12

[(b+kc)2 ., a ](b+kc)s2+,/(b+)\c)s4+4as ab +4)ac 4
s | =5 *3s + s

for A small enough, A € (0,1*), such that

b* , a \bs*+bs*+4as ab ,
- =st+-s)/——— " 1+ B <,
12 3 2 12
b? a \ bs® + V/bs* +4as ab bk u?
Iw)<co——=st+=s)——— 4 —3— bkl (3.21)
12 3 2 12 4
bk?||ul?
<-—
- 4

we obtain from (3.17) and (3.21) a contradiction.

So we obtain ||u, — u| — 0. The functional / possesses the mountain pass geome-
try, on combining Lemma 3.1. Hence u is a weak solution of the problem (1.1), we have
(I'(u),u”) = 0, where 4~ = min{u, 0}. Then u > 0 and u # 0, for ¢, > 0. By the strong max-
imum principle we see that u is a positive solution of problem (1.1). d

Proof of Corollary 1.2 The proof is similar to Theorem 1.1, here we omit it. O
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