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Abstract

The problem of finding a conformal metric on the unit ball B”, n > 3, with prescribed
mean curvature H(x) on dB" was widely studied under the assumption that H is flat
near its critical point of order 8 < n - 1. In this paper, we consider the case of

B >n-1.We study the lack of compactness of the problem and extend some known
existence results.
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1 Introduction and main results

This paper is concerned with a boundary value problem associated to the conformal defor-
mation of metrics. Let B” be the unit ball of R”, n > 3, equipped with its Euclidean metric
2o- Its boundary S"! is endowed with the standard metric, still denoted by go. Given a
function H : S"! — R, we study the problem of finding a conformal metric g = uiz 20
whose scalar curvature vanishes in B” and the corresponding mean curvature on §" ! is H.
More precisely, we investigate the existence of solutions of the following nonlinear PDE

with the Sobolev trace critical exponent:

Au=0 in B”,

du , n-2,, _ n-2 P n—1 (11)
iy Ly = E2Hyn2  on S,

aw T2 2

where v is the outward unit normal vector on S"! with respect to the metric gy.
Equation (1.1) has a variational structure. There is a correspondence between the solu-
tions of (1.1) and the positive critical points of the Euler-Lagrange functional J associated
to problem (1.1) defined in Section 2 of this paper. Due to the presence of the critical ex-
ponent in the second equation of (1.1), the functional J fails to satisfy the Palais-Smale
condition. From the variational view point, it is the occurrence of the loss of compact-
ness and blow-up phenomena. Such a fact follows from the noncompactness of the trace
Sobolev embedding H'(B") < L = (s™ 1.
Besides the obvious necessary condition that H must be positive somewhere, there is

a Kazdan-Warner-type obstruction to solve the problem; see [1]. Many works where de-

voted to the problem trying to understand under what conditions on H equation (1.1) is
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solvable. See [2] and [3] for n = 3, [4] and [5] for n = 4, and [6—12] for higher-dimensional
cases. For related problems, we refer to [6, 13-22].

Abdelhedi and Chtioui [23] gave an existence result to problem (1.1) in dimension n > 4
through an Euler-Hopf criterium reminiscent to the one given by Li [20] for the prescribed
scalar curvature problem on §”, n > 3. Their main assumption is the so-called B-flatness
condition. Namely, let H : S"! — R be a C' positive function. We say that H satisfies the
B-flatness condition (f)g: for each critical point y of H, there exists a real number g = 8(y)
such that, in some geodesic normal coordinates centered at y, we have

n-1
Hx) =H)+ Y bi|(x—y)i|" +Rex~), (1.2)
i=1
where b; = bi(y) e R*, Y"1 b; #0, and Zﬂ) VER(z)||z|#** = 0(1) as z goes to zero. Here
V* denotes all possible derivatives of order s, and [8] is the integer part of S.
Set

K={yes" ", VH(y) =0}
and, for any y € K, denote

W) =), 1 <k <n-1, st bi(y) < 0}.

Then, (1.1) has a solution, provided that

n-2<B<n-1 and Z (—1)7(3') #(-1)"1,

yelkCt

where K* = {y € K, Y121 br(y) < 0}; see [23].

This result was extended in [24] forn —2 < B <n—-1,in [25] for1< B <n -2, and in
[10] for 1 < B < m —1 with an additional assumption that H is close to 1.

Aiming to include a larger class of functions H in the existence results for (1.1), we con-
tinue in this paper our study of problem (1.1) under (f)-condition. We are interested here
in the case of 8 > n — 1. We extend the computation of [23] and [10] to the order 8 > n—1.
As an application, we describe the lack of compactness of the problem and provide some

existence results for some cases of 8. More precisely, we prove the following theorems.

Theorem 1.1 Let H : "' — R, n > 3, be a C'-positive function satisfying (f)g-condition.
There exists a positive constant 1 such that if

n-2<B<m-1)+n and Z (—1)7(3’) #(-1)"1,

yelkCt
then (1.1) has a solution. Moreover, for generic H, we have
N> '(—1)“‘1 -3 ‘
yekCt

Here N denotes the number of solutions of (1.1).
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Theorem 1.2 Let H:S"! — R, n > 3, be a C'-function satisfying (f)g-condition and close

to 1. There exists a positive constant n such that if

1<B<m-1)+n and Z (—1)7(” #£(-1)",

yelCt

then (1.1) has a solution. Moreover, if we assume that 8 > ”7‘2, then for generic H, we get

N =

(-1 - Z(—W’.

yekCt

Our method to prove Theorems 1.1 and 1.2 is based on the techniques related to the
critical points at infinity theory of Bahri [26]. In Section 2, we state some preliminaries that
prepare the field to apply the approach of Bahri. In Section 3, we perform an expansion at
infinity of the gradient vector field of J extending that performed in [23] and [10] to any
order 8 > n — 1. In Section 4, we describe the concentration phenomenon of the problem
and characterize the critical points at infinity associated with (1.1). Lastly, in Section 5, we

provide the proofs of Theorems 1.1 and 1.2.

2 Preliminary tools

The Euler-Lagrange functional associated with (1.1) is

o

—n
2 =

J(u) = ( [ d%) ,

|

defined on X, the unit sphere of H(B") equipped with the norm

2 2 n-2 2
Ju :fww drg + ™ fsu doy.

Problem (1.1) is equivalent to finding critical points of J subjected to the constraint u €

¥* ={u € ¥,u > 0}. The functional / does not satisfy the Palais-Smale condition on £*.
The next proposition characterizes the sequences failing the Palais-Smale condition. By a
stereographic projection through an appropriate point in S"~! we can reduce the problem
to R} = {x = (¥,%,) € R",x, > 0}. Therefore, we will next identify the function H and its
composition with the stereographic projection , and we will also identify a point x € B”

by its image by 7. See [4], p.1316, for the expansion of 7. For a € dR” and A > 0, let

n-2
A2

(@ + Ax,)2% + AZ|x — a|2)“Tf2 ,

8(an) (%) = co

where x € RY, and ¢ is chosen such that g(m) satisfies

Au=0 and u#>0 onRY,

_n_
— =y on IR,
n

2.1)
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Let (4, be the pull-back of g(m) by the stereographic projection. For ¢ > 0 and p € N*, let

us define
ueX/3ay,...,a, €83, .. k> 7],
Vip,e) = Jou,...,ap > 0 satisfying [lu — Y 4| il <&
’ 2
n-2 .
IaiiH(a’) -1l <eViand g; < e Vi#j,
oz/.”’ZH(aj)

where & = [i—; + i—’l +Aidjlai—aj)?] %" If wisasolution of (1.1), then we also define V(p, &, w)

as
Vp,e,w) = {u € X, s.t. Jup > 0 satisfying u — aow € V(p, ¢) and |oz()](u)%1 - 1’ < 8}.

Proposition 2.1 ([14, 27]) Let (ux) be a sequence in X+ such that J(uy) is bounded and
8] (ux) goes to zero. Then there exist an integer p € N*, a sequence (gx) > 0 such that gy tends
to zero, and an extracted subsequence of (uy), again denoted (uy), such that ug € V(p, ex, w)
forall k e N.

Here w is a solution of (1.1) or zero with V(p,¢,0) = V(p, ¢).

For u € V(p, e, w), we can find an optimal representation. Namely, we have the following:

Proposition 2.2 ([14, 26]) For any p € N*, there is &, > 0 such that if ¢ < &, and u €
V(p, e, w), then the minimization problem

p
min u— E @i8(a; ;) — oW+ h)|,
ai>0,Ai>O,ai€S”’l i1
he Ty (Wi, (w)

has a unique solution (o, A, a, h), up to a permutation.

In particular, we can write u as follows:

p
U= Zaia(%m +agw+h) +v,
i=1

where v belongs to H*(B") N T, (W;(w)) and satisfies (Vq), T(W,,(w)) and T, (W;(w)) are
the tangent spaces at w of the unstable and stable manifolds of w for a decreasing pseudo-
gradient of J (see [14] for the definitions), and (Vp) is the following:

(V,l//)zo fo“/fe{(si,g—ii,g—ij,i=1,m,]0},
Vo): 4 (v,w) =0,
(v,h)=0 forallkhe T, W,(w),

where §; = §(,,), and (-, -) denotes the scalar product defined on H'(B") by

-2
/ uvdog,.
sn-1

n
(u,v) = /n VuVvdvg, +
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Notice that Proposition 2.2 is also true if we take w = 0 and, therefore, # = 0 and u« is in

Vi(p,e).
We also have the following Morse lemma, which completely gets rid of the v-contri-
butions and shows that they can be neglected with respect to the concentration phe-

nomenon.

Proposition 2.3 ([14]) There is a C*-map that to each (o, a;, \;, h) such that Z‘Ll Qb0 +

ao(w + h) belongs to V(p, e, w) associates v =v(«, a, A, h) such that v is unique and satisfies

L »
ié dishi V)= i i(S aj,\i h .
]<§:“<UM+WMW+M+V> 2&;P(Z;a(pm+adw+)+v)}

i=1

Moreover,there exists a change of variables v—v — V such that

p p
](Z QiB(a; ) + oW+ h) + v) :](Z Qib(a; ) + oW+ h) + 17) +IVI>

i=1 i=1
At the end of this section, we give the definition of critical point at infinity.

Definition 2.4 ([26]) A critical point at infinity of Jon X* is a limit of a flow line u(s) of

the equation

8 = —0) (u(s)),
M(O) = U,

such that u(s) remains in V(p, £(s), w) for s > sy. Here w is either zero or a solution of (1.1),
and &(s) is a positive function tending to zero as s — +oo. Using Proposition 2.2, we can

write u(s) as

p
u(s) = Zai(s)S(ai(s),xi(s)) + (xo(s)(w + h(s)) +v(s).

i=1

Denoting &; := lim;_ ;o @;(s) and y; := limy_, , o, a;(s), we denote by

p
Zaﬁ@m) +dow  or  (V,..., Yps Weo
i=1

such a critical point at infinity. If w # 0, then it is said to be of w-type.

3 Asymptotic expansions

In this section, we expand the gradient of J near infinity under the assumption that H
satisfies (f)g-condition. We provide precise estimates of this expansion for any flatness
order 8 > n — 1 and improve the previous estimates given in [23] and [10] for 8 <n - 1.
These estimates will be useful to describe the lack of compactness of the problem and so

to characterize the critical points at infinity of /. Next, we will write §; instead of 8, 1,).
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Proposition 3.1 Let u = Zle ;6 € V(p,e). For any i, 1 < i < p such that a; € B(y;, p),
ye; € KK with B(ye,) > n — 1, we have the following two expansions:

2 1B
(i) <8](u) %>——2c2]u)za, ax o(zM)

]
i [

+O(%) +0<285/>' (3.1)

i i

Moreover, if M7 a; — y,,|P < 8, where § is a fixed very small positive constant, then

i ag;
(i) <af(u>,xig—i> ) 2% i
j#i
iy v (0 i) 1
+ o J(u) [(/3 - + O<)¥?_1 >:| (3.2)

Here c; and c, are two positive constants.

Proof Letu = le a;d; € V(p,¢). Using (3.3), (3.4), and (3.5) of [10], we have

ij n n-1 L
<8](I/t) A > 2] M)I:_CZ ZO{] aiﬂ_zj(u)"_z \/Sn—l H(X)(Sl ZAia—)\,i d0g0:|

J7i
+ o(Z 8,',»). (3.3)
Jj#
It remains to expand
N 8(Sl e 35,
I=| H®3§2ri— = / (H(x) — H(a))8/ 2 Ai—
sn-1 i Jgn A

since fsn 18/ 2)” ji 0. Let > 0 be such that B(a;, ) C B(ye,, p). Then

o 95; 1
I= / (H(x) - H(a))8/ 7 hi— + o<—_1>.
Blaj.) dAi A7

Expanding H around a;, we get

n-1 P P
DH i —a; / .
Hx) - H(a) =Y M + O(jx — a™mp), (3.4)
: J!
j=1
We then have
n-2
DH(a
H(x) - H(a (x W, Ol - ar™).
j=1

Observe that, after stereographic projection,

38 m—2 2mh 1A |x—ay)?

anZ)\‘_:_Cn -l _— v
2 0 T A+ 2 —al)”
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The change of variables z = A;(x — a;) yields

[ ”‘2/ DH(@)@) 1- |z
20 Flhorw g A+leP)
z|" 1 |1 |22 1
+O</ | L_l M-lell |2|ndz)+0< n_1>,
Boxm A (+1z?) Al
Observe that

— |z

DH(a;)(z) —————dz =0,
/Bmw ‘ (1 j212)"
and, under (f)g-condition, forany j=1,2,...,n -1,
\D'H(a;)| = O(la; - y¢,1P7). 3.5)

Therefore,

n-2 i
la; — ye,|P7 log 2 1
I=0 — +0 +0 .
(£ )i

1

Hence, claim (i) of Proposition 3.1 follows. To prove (ii), we expand the integral I as follows:

a4;

I= /Snil(H(x)—H(ygi )5" ¥ e

_2 i

)

o 94;
= / (H(x) —H(Vzl-))fsl-"_z Ai— + O(sup|H(x) - H(yy, )| f
B(aj,n) 8)\” sn-1 ‘Blaj,m)

Observe that

O H(x) - H
(2}3}‘;! (x) - H(y,) I/

i

) ) O(SupSn—l |I§iﬁc_)l—H(y6i)|)

i} o(%) (3.6)

as H is close to a constant. Moreover, by (f)g-condition we get

A

2

ﬂ 1- 2% —a;)? i gy

I- etk Ll 1
(1+A2|x a;|?)" A

Blapm) p—y

1-22|x —a;|? 1
+0 f |x—ygi|ﬁ% l"ldx +o| —
Bl(aj,uw) (1 )“ |x ﬂt|2)n )hn

After the change of variables z = 1;(x — a;),

|z|?

p 1=
1=— / bk 2+ hilai —ye )| ———dz
o )f; R NPT

1 1-|z? 1-|z? 1
+0<—ﬂ/ |z|ﬂ%dz> +0<|ai—ygi|‘3/ %dz) +o< n1>
)‘i B(0,x;14) 1+ |z| )" R” 1+ |z| )" }\,'
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-1
1 / - |z
- —2: P S
“” f = JBOMW 1L+ z2)"

a; — Yo,
+O<| zﬂ_}iﬁJ/ Iz
A B(0,1 ;1)

p 111271

1 /
+0 |z|
(Aﬁ B(0,)10) 1+

= 11—z |2

1+ |z?)"

I Z>+o<k;d>

|z[?)"

1_
dz) + o(mi — 1P |

Elementary computation shows that

1-|z?

Cc

o),

|z | dz = -
/I;(O,Aiu) 1+ |2]?)"

B P

where c is a positive constant (since 8 > n — 1) independent of k, and thus

1-|z|?
f |Z|ﬂ*17| | |2 | dz =
BOA1) L+ [z]2)"

Hence,

Io_ i1 bx

O(A7)+OW) B n,
O(log 1) if B = n.

Byt
7, log

a: —v. .
+O<| i f;_l l’
)‘i

O(|ﬂi);31/e,-| s |

if g = n> + O(lai—ygilﬂ) +0<A:_1>.

a; —ye,-|>
AP

In the case where A7 |a; — y,,|¥ < 8, § very small, we have

(7
la; =y, Yy 1
A N

taking § small enough,

) (i)

1
) :o<—_1> since B >n—1,
%

e (L+1]2[?)"

|a; — yi;| log A; log A; 1
o ) =0 T |=0o|l o= )
)‘i )\n—l-*— e )‘i

This concludes the proof of Proposition 3.1.

Proposition 3.2 Let u = Zf:
ye, € IC with B(ye,) > n — 1, we have the following expansion:

188>
l(i)k

o o a |a; — el|ﬂ—1
:—;L_S,O!i 2J(u) 2 bks1gn(ﬂi—J’Z;)k|(“i_y’3i)k|ﬁ +0(+

n-2 i
|ﬂi_yli|ﬁ_] 1
+ O( E T +0 )\'_V +0 E Sij
=2 i i .

J7i

<8] (u),

dz)

Page 8 of 19

O

198; € V(p,e). For any i, 1 < i < p, such that a; € B(y,, p),

(3.7)
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forany y € (n—1,min{B, n}). Here cs is a positive constant, and a;, k =1,...,n—1, is the

kth component of a; in some geodesic coordinate system.

Proof The proof follows from the following expansion:

1 94
12‘/9”1 (x) )\ﬁdo’go

, 1 94 1
= 1 i ~ § Lt
/;(ai»/l) (H(x) Hia )) )v d(ai)k " /;B (H(x) Hia )) Al

(;,14)

After stereographic projection,

1 94 W) AT —ag)k
= =(n—-2)cy™ — .
A 0(a;)k 1+ A7 —a?)"

Thus,

1 LZ 881 B i ~ L
/cmm(H(x)_H( 2w a(ai)k'O(A:“)_o(A?)’ Vy <n.

Using now expansion (3.4) of H around a;, we obtain

1

H@) - Hla =Z# o(lx—ai?)

for any n — 1 < y < min{n, 8}. Therefore,

2An-)) ¢ D'H(a;)(zy Zk
=(n—-2)c,"? E / dz
0 B0 o @+l

(f - ) o)
+0 —————dz|+o
gn AL (L+|2[2)" A
by taking z = A;(x — a;). Observe now that
DH
/ DH(@)@)z ,, _ (a) / oa
B (L+1z2)" Boa (1+12]%)"
dH z 1
“a; dz + O —
o )UR @ lzpy " (A?-l)}
oH 1
—(a)+0O| — ).
caxk(a)+ (Af‘l)

Using (f)g-condition, we have

OH . - i}
a—xk(ai) = beBsign(ai — ye, )i (@i = 7o) + 0(lai — e, 1P 7).

(3.8)
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Using (3.5) and (3.8), we obtain

. |(ﬂ'— @i)k|ﬁ_1
I = c3by sign(a; —ygi)k+
l
—2 .
la; — ye,|P! — lai—yylP7 1
0(}\‘7 + O Z 7] + 0 F .
i i A i
Hence, Proposition 3.2 follows. g

The next propositions deal with the case of 8 < n — 1. We improve here the expansions
given in [23] and [10].

Proposition 3.3 Let u = le a;8; € V(p,e). For any i, 1 < i < p, such that a; € B(yy,, p),
ye, € K with B(y,,) = n— 1, we have the following two expansions:

. 85; 0y A Jai—y N
(i) <8](u)’)\i8_)ni> = —2cyJ(u) Za,'ki Bkj + O(Z Wiz Jul -

j
i 2

+ O(lif);i) + 0(2 85,'). (3.9)

l j#i

Moreover, if Aila; — y,| is bounded, then we have

38,‘1'

35
(ii) <8/(u),k,»a—ki> = —2¢yJ (u) Zajk"a_xi

J7i

n-1
n_ e by)log ); log A;
+ 02y (w23 Zka g) o8, o< % ) (3.10)
A Al
l l
Proof The proof follows from the previous arguments and [10]. O

Proposition 3.4 Let u = Zﬁil a;8; € V(p,e). For any i, 1 <i < p, such that a; € B(yy,, p),

ye; € KK with B(ye,) = n — 1, we have the following expansion:

1 94;
<a] ) a(ai)k>

|ﬂi—y£1|ﬁ_l)

C n_ 2n-3 . —
= _)L—Sai”‘zj(u)ﬁbk sign(a; —ygl.)k|(a,- —yei)k|ﬁ Ty 0( v

i

e la; —ye,1P7 1
+0 ZT +O<,\n_1) +O<Zs,7). (3.11)

j=2 i i j#i

Proof The proof proceeds as that of Proposition 3.2. O
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Proposition 3.5 Let u = Zle aj6; € V(p,e). For any i, 1 < i < p, such that a; € B(y;, p),
ye, € K with B(y,;) < n—1, we have:

(8] |a; - ye [P
(i) <8](u), —>=—2c2] u)za, (Z 7l>
J# j=2 X

+ O(};) +0<Z£,j>. (3.12)

i j#i

Moreover, if \ila; — yy,| < 8, where § is a fixed very small positive constant, then

d9; ag;j
(ii) <8](u),lel> =-2c)J u)Za, axj
j#i
n- ‘b 1
o 2] 2 3(2 k) +0<—I3) +0(Z£l‘j>. (3.13)
Y Py —
i J#i
Proof The proof follows from the proof of Proposition 3.1 and [10]. d

Proposition 3.6 Under the assumption of Proposition 3.5, we have:

1 96; _n_ ne _
(i) <8](u) — > —%ai”‘zl(u)%bksign(ai—yei)kl(ai—yz,.)klﬂ !

A 0(ai)k
[B] |ai yeilﬂ—j 1

j=2 i i j#i

Moreover, if \ila; — y,| is bounded, then we have

1 9é; 1 n-3 b
(ii) <8](u) > cai”’2/(u)2"*23)h—k/ 1|Zk+/\i(ﬂi—yei)k|ﬁ
i Jrr-

i 0(aik
Zk 1
X de‘l’ (}\ﬂ) + O(ZEU> (315)

j#i
Proof The proof follows from that of Proposition 3.2 and [10]. d

4 Critical points at infinity

Using the estimates of the gradient vector field (3]) obtained in Section 3, we character-
ize in this section the critical points at infinity associated with problem (1.1) under (f)g-
condition. First, we rule out the existence of critical points at infinity in V(p,¢), p > 2.

Theorem 4.1 Let H be a positive C'-function on S"™', n > 3, satisfying (f)g-condition.
There exists n > 0 such that if

n-2<B<m-1)+n,
then the potential sets V(p,¢), p > 2, do not contain any critical points at infinity.

Proof The proof is an immediate consequence of the following proposition. d
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Proposition 4.2 Let H be a positive C'-function on S"™', n > 3, satisfying (f) g-condition.
There exists n > 0 such thatifn—2 < 8 < (n—1) + n, then there exists a pseudo-gradient W;
in V(p,e), p > 2, such that, for any u = Zf-il a;8; € V(p, e), we have:

p p VH
) (3700, W) < (Z Ly V@) Ze,»,»),
1 A i=1 Ai j#i
. _ v 1 & | VH(a)
(if) <8/(M+V),W1(u)+ﬁ(Wl(u)> Z—ﬂ Z Y ey ).
iy i 1 i1 M A i

Here c is a positive constant independent of u. Moreover, |W1| is bounded, and the maxi-
mum of \;, 1 <i < p, decreases along the flow-lines of W.

Proof Let u =) " a;8; € V(p,¢), p > 2. We order the ;. Without loss of generality, we
can assume that A; <Ay <--- <A, and a; € B(y;, p), y¢, € K, Vi=1,..., p. For each index
i, we denote by Z;(x) and X;(u) the vector fields

35, 1 35
Zi(u) = Aj— d Xw=) b ;
() = hiz= an (u) = ; « sign(a; — ye, e TP

We then have the following lemmas.

Lemma 4.3 Foranyi=2,...,p,
e la; — ye, P!
(aj(u),Zl(u)> = —2C2](u)§;0t]’)\ia—)\j + 0(;&;) + 0(% .

Proof Using the expansions of Propositions 3.1, 3.3, and 3.5, for all i = 2,...,p and any

B >n—2,we have

1
A_ﬁ =o(ey;) asA; —> +oo. (4.1)
i
Indeed,
n-2
1o l(ki e wy |)2<A;“-2
= — + — + A a; —a; =cC
[TALISVAVIRDY ‘ i
Concerning 05}‘ , which appears in the case § > n -1, we have
log A;
Ail’ =o(er) as ki — +00. (4.2)
i
Indeed,

log A; log A;
f_llgl_ilf g i
Al A

l
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2
Last, we discuss the term O(3_.., 7 ) which appears in all the cases of 8 > 1, in three

i

cases.
o If B>n—1and A !|a; - y,|f > 8, then we have

=2, B-j o p-1
o) Z la y.m =0 i ~ ¥ as A — +00.
X, A

j=2

Indeed,

la; — ye,1P7 Ai 1

)Jlj |a; = ye,lFY (Aila; = ye, |y

-1
1\ 7 1
<\:) =
= (5) (1) G-D(B=(r-D)

o If p=n—-1and Ajla; - y¢,| > %, then we have

j=2

o If B <n—1and Aj|a; —ye,| > 8, then it is easy to see that if A;|a; — yg|>

Bl B oy, |B1
o Z |a; yfz' =0 |a; yei' as & is small,
X ki

j=2

and if § < Ala; — g, < %, then we have

Ll |a; — ye,|P7 1
o> - O(x_ﬂ) =o(ey) by (4.1).
j=2 i i

This concludes the proof of Lemma 4.3.

Lemma 4.4 Foranyi=1,...,p,

(B
(0] (), Xi(w)) < —C% + 0(1'}-1) + O(Z 8z’/)~

J#i

n-2 L B-j . B-1
o Z | y{i| -0 la: -y as § is small.
Y Ai

(4.3)

(4.4)

, then we have

(4.5)

(4.6)

Proof 1t follows from the expansions of Propositions 3.2, 3.4, and 3.6 and from estimates

(4.1)-(4.6).

Lemma 4.5 Let m > 0 be a small constant. Then

p p
<8](u) 3 (-2iZi(w) + mXi(w)) >< C<ZA31 +Z|V’iﬂ +Z£L’1’)'

i=2

O



Sharaf Boundary Value Problems (2016) 2016:221 Page 14 of 19

Proof Using Lemmas 4.3 and 4.4 and (4.1), we get
p -1
8‘9L/ |ﬂi _yZiVS
(10,3 220 i) <o ST 223 I o(30s),
i=2 i=2 j#i i=2 J#i
taking m small enough. Moreover, for 1 <i<j < p, we have

38,} 8
8)”'

2in;

Therefore,

<8](u)z (=2'Zi(w) + mXi(w)) >< c(zgu+zlal Vel ‘1)'

i=2 J#i i=2 l

Now, using (4.1), we can replace —Zj i € by -7, /\Lﬁ. This concludes the proof of

Lemma 4.5 since

|VH(a:)| ~ lai — ye,1P 7. (4.7)
O

Now, we must add the index 1. Let ¢ be the following cut-off function:

Yv:R—R
1 ifle<g,
t— Y(t) = 2
V) {0 if |£] > 6.
Lemma 4.6 There exists n >0 such that, foranyi=1,...,p satisfying a; € B(ye;, p), ye, € K

withn—-1< 8 <n—-1+n, we have
<3](u),1ﬁ()\f‘—1|ai—yei| ( Zbk) +X(M)>
ol ) o)

J7

Proof I A a; —yy,|P < < , then in the second expansion of Proposition 3.1, we have

1\ Zj by
O(x;“) "’((ﬁ - (n—l)wl)

by taking 0 < (8 — (1 — 1)) < n with n small enough. Therefore, we get

n—-1
<8](u), (— > bk>Zi(u)> < —M . o(z ai,). (4.8)

k=1 i j#i

Hence, Lemma 4.6 follows in this case from Lemma 4.4 and from (4.7) and (4.8).
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In the case where A7 |a; — y,,|# > %, using the expansion of Proposition 3.2 and (4.3),
we obtain

Y
(07(), Xi(w)) < _c% ‘o <A1 ) + O(Z sl,), (4.9)

! j#i

where y is any real in (z — 1, min{B, n}).

np- (nl

Choosing y in (*~—, min{g, n}), we then have

1 Ai - 1 M
N2 g =¢ —n)+(n— = o).
A lag =y | P B
Thus,
ai— vy |B1
(07(), Xi(w)) < —C% + O(Z Sij)
’ i
c(lai-y, P 1 ) ( )
<———+—=1]+0 &ji (4.10)
2( Ai AP ; Y
since

l _ 0<|(li _yﬁi|ﬂ_l>.
Y4 Ai

i

Hence, Lemma 4.6 follows from the first expansion of Proposition 3.1 and from (4.3), (4.7),
and (4.10). O

Lemma 4.7 Foranyi=1,...,p such that a; € B(y,;, p), ye, € K with1 < B <n -1, we have

n-1
<8](u),1ﬁ()\i|a,~ -¢) (— Zbk)Zi(u) +X,~(u)> < —c(% + mf\ﬂ) ¥ O(Z s,,).

k=1 j#i
Proof We refer the reader to the proof of identity (4.3) in [10]. O
Corollary 4.8 Foranyi=1,...,psuchthata; € B(y,, p),ye, € K with1< B(ys,) <n—1+n,
denote

n-1

Yi(u) = ¢ (A lai -y, Iﬁ( b)Z(u +Xi(w) ifBly) € (n-1Ln-1+n),

k=1

n-1

Yi(w) = ¥ (Ailai — ye,) (— Z bk)Zi(M) +Xi(w) i BOye,) € (L,n-1].
k=1
Then we have:

(7(w), Yi(w) < —c(kiﬂ ; W) . o(Z gl,)

J#i
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Now, if A; << A, then let
p

Z u) + mX;( )) +m(Yl(u)).

By Lemmas 4.5 and Corollary 4.8, for m small enough, we obtain
p p
1 |VH(a;)|
(8]( ), Wa( u) < C(Z 3 Z 28’7)'
T A i=1 Ai ji
If A ~ Ay, then let
p
Wa() = > (Ziw) + mXi(u)) + mX (w).
i=2
By Lemma 4.4, Lemma 4.5, and (4.7) we get
1 p
(8] (u), Wh(w)) < —C(Z 5+ Z ZSU)
i=1 l i=1 l J#i

This concludes the proof of claim (i) of Proposition 4.2. By the construction, W; is
bounded, and the maximum of 1,(s), i = 1,..., p, decreases along the flow lines of W;. Claim
(ii) of Proposition 4.2 follows (as in the Appendix 2 of [14]) from (i) and the fact that ||7||
is small with respect to the absolute value of the upper bound of claim (i) (see Prop. 2.4 of
[10], which is valid for any B > 1). This completes the proof of Proposition 4.2. O

In the following, we characterize the critical point at infinity in V(1,¢).

Theorem 4.9 Let H be a positive C'-function on S", n > 3, satisfying (f)g-condition.
There exists n > 0 such that if

1<B<(n-1)+n,

then the only critical points at infinity of ] in V(1,¢) are

1
(y)OO: n 8 o0)r y€K+
H()"? 2 9(y,00)

The Morse index of (y)oo is equal to i(y) oo := (n—1) —7()/).

Proof Let u = 018(4,,1,) € V(1,¢). We may assume that a; € B(yg,, p), y¢, € K, p > 0. Using
the notation and the result of Corollary 4.8, we obtain

. 1 |VH(a)|
(M) (370, iw) < _C(F R Tl)
(i) <a/(u +9), Yiu) + %(Wz(u)» < —c<if + 7'Wi(l‘“)' )
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In addition, from the construction of Y; we observe that the Palais-Smale condition is
satisfied along each flow line of Y7, until the concentration point of the flow 4, (s) does not
enter some neighborhood of y such that y € K" since 1;(s) decreases on the flow line in
this set. On the other hand, if 4, (s) is near y,,, 7, € K, then we observe that ;(s) increases
and goes to +0o. Thus, we obtain a critical point at infinity. In this region, the functional

J can be expanded after a suitable change of variables as

](0515(5;1,)\1) +V) = ](0715(51,[1))

=~isn~n_2<1 ( Zﬁbk)>

o 2 H(ap) 2 M

Thus, the index of such critical point at infinity is 2 — 1 —(y). Since J behaves in this region

as —, this finishes the proof of Theorem 4.9. O
HZ

The next proposition is extracted from [10], Lemma 4.4. As mentioned in [10], it is still

n-2
correct for any 8 > 5=

Proposition 4.10 Let w be a solution of (1.1). Assume that the function H satisfies condi-
tion (f)g with B > "52. Then, for each p € N*, there is no critical point at infinity in V (p, &, w).

5 Proof of the existence results

5.1 Proof of Theorem 1.1

By Theorems 4.1 and 4.9 there exists positive 1 such that if the order of flatness B(y) of
any critical point y of H lies in (n — 2,n — 1 + 1), then the only critical points at infinity
are (¥)oo := )n —= 08,00, ¥ € K*. For each y € K*, we denote by W:°(y)w the unstable

manifold of the critical points at infinity (y)oo. Recall that the index i(y)oo of (y)o is equal
to the dimension of W;°(y)s. Using now the gradient flow of (—-9]) to deform X*, by the

deformation lemma (see [28]) we get that

s [ wWroeu | Waw), (5.1)

yelCt w;d] (w)=0

where >~ denotes retracts by deformation.
It follows from this deformation retract that problem (1.1) necessarily has a solution w.
Otherwise, it would follow from (5.1) that

_ Z (_l)n—l—T(y),

yelCt

where x denotes the Euler-Poincaré characteristic, and such an equality contradicts the
assumption of Theorem 1.2.

Now, for generic H, it follows from the Sard-Smale theorem that all the solutions of (1.1)
are nondegenerate. Thus, we derive from (5.1), taking the Euler-Poincaré characteristics
of both sides, that

Z( l)n 1-i(y) + Z l)i(w)’

yekt w;dJ(w,
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where i(w) is the Morse index of w. It follows then

‘1 _ Z (_l)n—l—T(y)

yelCt

< tI{w,w> 0,0/(w) = 0}.

5.2 Proof of Theorem 1.2
The proof follows from the description of the critical points at infinity given in Theo-
rem 4.9 and the proof of Theorem 1.1 of [10].
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