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Abstract

In this paper, using the intertwine relations of differential operators, we study one
representation of real analytic functions by Dunkl-harmonic functions, which is a
generalization of the well-known Almansi formula. As an application of the
representation, we construct a solution of the Dunkl-Poisson equations in Clifford
analysis. Then we investigate solutions of homogeneous and inhomogeneous
Dirichlet type problems for Dunkl-Poisson’s equation, and inhomogeneous Dirichlet
problems for Dunkl-Laplace’s equation.
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1 Introduction

In mathematics, a Dirichlet problem for Laplace’s equation can be stated as follows: Given
a function f that has values everywhere on the boundary of a region in R”, there is a
unique function u twice continuously differentiable in the interior and continuous to the
boundary, such that « is harmonic in the interior and u = f on the boundary. The Dirich-
let problem [1] can be investigated for many PDEs, although originally it was posed for
Laplace’s equation. In this paper, we consider Dirichlet type problems for Dunkl-Poisson
equations.

Dunkl operators T (j = 1,...,m) introduced by Dunkl in [2, 3] are combinations of dif-
ferential and difference operators, associated to a finite reflection group. These operators
have the property of being invariant under reflections and, additionally, they are pairwise
commuting. Also, they are very important in pure mathematics and physics. They pro-
vide a useful tool in the study of special functions with root systems and they are closely
related to certain representations of degenerate affine Hecke algebras (see [4, 5]). More-
over, the commutative algebra generated by these operators has been used in the study of
certain exactly solvable models of quantum mechanics, namely the Calogero-Sutherland-
Moser models (see [6—-8]). One of the most important properties of Dunkl operators is that
they are mutually commute. This allowed Cerejeiras et al. in [9] to introduce a Dirac op-
erator, called the Dunkl-Dirac operator, based on differential-difference operators which
are invariant under reflection groups and also construct the Dunkl-Laplacian which is a
combination of the classical Laplacian in R” with some difference terms. The theory of
Dunkl-Clifford analysis is further developed in [10-14].
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Using Almansi representations, Karachik constructed solutions of initial and boundary
value problems for partial differential equations in real analysis, such as Dirichlet prob-
lems, Neumann problems, and Riqurie problems, etc. (see [15-18]). However, the study
of boundary value problems for partial differential equations in Clifford analysis is a very
difficult task. Clifford analysis is the study of functions defined in Euclidean space R” and
taking values in a Clifford algebra. Functions in Clifford analysis are not mutually com-
muting (see [19]). Using the intertwining relations of differential operators (i.e., differential
operators satisfy the defining relations of the Lie algebra (see [20])), we overcome the non-
commutative properties between functions. In this paper, we investigate solutions of the
homogeneous and inhomogeneous Dirichlet problem for Dunkl-Poisson’s equation and
the inhomogeneous Dirichlet problem for Dunkl-Laplace’s equation in Clifford analysis.

The paper is organized as follows. In Section 2, we introduce the definition of Dunkl
operators and review some results on the theory of Dunkl-Clifford analysis. In Section 3,
applying the intertwine relations of differential operators, we study one representation of
real analytic functions by Dunkl-harmonic functions. Using the representation, we con-
struct solutions for Dunkl-Poisson’s equation. In Section 4, we first consider solutions of
the homogeneous Dirichlet problem for Dunkl-Poisson’s equation. Then we investigate
solutions of the inhomogeneous Dirichlet problem for Dunkl-Laplace’s equation and the
inhomogeneous Dirichlet problem for Dunkl-Poisson’s equation.

2 Preliminaries

2.1 Dunkl operators

Let R” be the Euclidean space equipped with a scalar product {,) and let |lx| = +/{x,x).
For o € R"™\{0}, let o,, be the reflection in the hyperplane orthogonal to « i.e. for x € R,

(o, %)

OgX=%x—2 PE
A finite set R C R™ \ {0} is called a root system if «R N R = {o, —} and o,R = R for all
a € R. Each root system can be written as a disjoint union R = R, U (-R,), where R, and
—R, are separated by a hyperplane through the origin. The subgroup G C O(m) generated
by the reflections {0, | « € R} is called the finite reflection group associated with R.
A multiplicity function « on the root system R is a G-invariant function x : R — C i.e.
k() = k(ga) for all g € G. We will denote «(«) by k. For abbreviation, we introduce the

index

y:VK:ZKa

aeRy

and the weight function

he@) =TT [fe2)|*

aeRy

Throughout this paper, we will assume that «, > 0 for all @« € Rand y, > 0.
For each subsystem R, and multiplicity function «, we have the Dunkl operators

0 [0 =flow)
Tf(x) = ™ +0§:+Ka o) o i=1,...,m,



Yuan Boundary Value Problems (2016) 2016:222 Page 3 of 16

for f € CY(R™). An important consequence is that the operators T; are mutually commut-
ing, that is, T;T; = T;T; (see [2]).

2.2 Dunkl-Clifford analysis

Let {e}, ey,...,€e,} be an orthogonal basis of the Euclidean space R”. We consider a func-
tion f : R” — Ry,,. Hereby Ry ,, denotes the 2”-dimensional real Clifford algebra over
R™ with basis given by ey = 1 and eq = ey, - - - ey, where A = {l,..., It} C {1,...,n} for
1<k <---,<h < m. The function f can be written as f = )_ , eafa(x), where f4(x) is a
real-valued function. An element x = (xy,...,x,,) of R” can be identified withx = ) 7", x;e;.
By direct calculation, we have x? = —|x|2.

A Dunkl-Dirac operator in R” for the corresponding reflection group G is defined as
Dy =", e;T;, where T; are Dunkl operators. Functions belonging to the kernel of the
Dunkl-Dirac operator Dj, are called Dunkl-monogenic functions.

If we let Dy, act on x, we see that

o= %th=%+y,
where p is a complex number in contrast to the non-Dunkl case of the dimension m. In
this paper, we assume that u > 0.
The Dunkl Laplacian is defined as

Anf (%) = -Dif (%) = Af(x) +2 ) Ka(

aeRy

(V). ) f(x) —f(00x) |x|2)

{a, %) {a,x)2

where A and V are the usual Laplacian and gradient operator. When «, = 0, the Dunkl
Laplacian Ay is just the ordinary Laplacian. Functions belonging to the kernel of the Dunkl
Laplacian Ay, are called Dunkl-harmonic functions.

3 Dunkl-Poisson equation in Clifford analysis

3.1 One representation of real analytic functions by Dunkl-harmonic functions
Definition 3.1 ([21]) An open connected set 2 C R” is a star domain with center 0 if any
x € Qand 0 <t <1imply that tx € Q. The set is denoted by Q*.

Definition 3.2 Let Q* be a star domain in R” with center 0. Then the generalized Euler
operator on domain Q* is defined by

m
E =tl+E=tl+) x0y,
i=1

where ¢ is a real number, I is the identity operator, and E is the Euler operator.

Now we can see the most important intertwining relations concerning the operators x2,
Ay E,.

Lemma 3.3 ([20]) The operators
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generate the lie algebra

[H,E]=2E,  [H,F)=-2F,  [EF]=H,

where u = 3 +y and the Lie bracket [x, y] is the commutator [x,y] = xy — yx.

Lemma 3.4 Let Q* be a star domain in R™ with center 0. If f(x) € C*(Q*) ® Ry, and
n >0, then

Ap(a5F(x)) = 4% Apf (%) + 453> E s f (). o)
Proof By Lemma 3.3 and the definition of E;, we have

An[a®f ()] = AR [ 2 f ()]
- (20 + 4B, [ ()
= 62 Apx® 72 (x) + AE, 2% 7%f (%)
=22 (AP Ap + 4E, )x™ H (x) + 4(FE,, + 247 T (x) = -

= xS Apf(x) + 4sx25_2E,“s_1f (x).
Thus, we finish the proof. O

Lemma 3.5 Let g(x) € CH(Q*) ® Ry, Then

1
(E+1+ 1)/ o'glax) da = g(x) (2)
0

and

1 1— q 1 1-— gq-1

(E+7+1) / (- o'glax)da = / ¢a1+1g(ax) do (3)
0 q! 0 !

forqeNandl>0.

Proof The proof can be referred to in the literature [22]. O

In this paper, we assume the following infinite series converges absolutely and uniformly
in Q%

Theorem 3.6 Let G(x) € C*°(Q*) ® Ry, Then

Gx) =fy + i xizs /1(1 — o) oM (ax) da (4)
= 45s!(s - 1) Jo : ’

where Ayfs(x) = 0 and

O (=12 (1= o) leli?
D= / A=) @ ot As () dar 5)
0

[0 = A5G+ 4] (I-1)

I=1
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Proof First we prove that the functions f;(x) satisfy (5). Substituting f;(x) into the right-
hand side of the identity (5), we have

0 x25 1
1— s—1 -1 A d
f0+s=2145s!(s—1)!/0 (- "a™ filos) de
o (_l)sx2s /-1 1- c\!)s—las—l o
=G KA G d
() + s=21 455t J, -1 o) de
5o [f0-erer
+ . 1-a) "o A} Glax) do
= 458(s —1)!

S 1
s—1_ -1
2 s—l)‘/ 1l-a) '«

00 _1[ 21 -1 pl-1
S [ i o

I=1

Denote by A;(x) the fourth term on the right side of equation (6). Then

> x> ( 1)[ 2s+21 (1 (XS Ly2l+pu-1 - 1 (1_ﬁ)l—1ﬁl+ﬂ—2 L
Ar(x) :21 o / i | T MG dp do

) 00 o ( l 2s+21 pl (X2(1 _a)s—l 1 ((X _aﬂ)l_l(aﬂ)“u_z L
B ZZ 4.1+Sslll /(; (s—1) /0 - A Glapx)dp da.

s=1 /=1

Denote by A,(x) the integral on the above expression. Let ¢t = «8. Then dt = a df. We

calculate
1 0[(1 _ a)s—l a (Ol _ t)l—1t1+u—2 Lis
As(x )—/ (s—l)' /0 -1 AV G(tx) dt do
- t)l ! I+pu=2 A l+s
(s — 1)‘(1 W t AP G(tx) dt da

= a(l_a)s_l(a_t)l_l I+pu=2 A l+s
_/o/ G- b Aw G dad

- C NG de [t -a) a0
_/0 m h X /t‘ a\l—-o o — .

Let @ = B8 + t. Then we have

1 1-t
As() = / ol o) (- 1) dat = / (B+0(1- -1 dp.
t 0
Let 8 = a(1 - ¢t). It follows that
1
As(2) = / (@ —at+t)(1-a)(1-0 a1 -1 da
0

1
= (11—t / (@ -—at+1)1-a) o da.
0
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We calculate

1 1
As(t) = (1 - o) / o!Q-a) Vda +t1-t)*! / o '1-a)tda

0 0

=1 -0)"B(+1,s) +t(1l-1)*"'B(,s),
where the beta functions
1
B(l,s) = / o711 - a) ' da. (7)
0

Using the properties of beta functions and gamma functions:

B9 = T ®)
and
I'(s)=(s-1), )
we have
O T
) Z!((ZSJS;)! Lo s (l(; 1);(:)})! 11— )51,

By substituting As(£) into A;(x), we have

> X (_1)1x25+21 /1 (1 _ If)s+l If(l _ t)l+s—1 Loy w1
RN Gtx) di
21: 121: ais Jo -1+ s) " s+ s 1) w6

o0 o0

(_1)1x25+2l /1 tl—l (1 _ t)s+l tl(l _ t)l+s—1 1

= AT G(tx) dt
Z; 121: ais o [SU-DU+s) sl +s—1) n GlEx)

(—l)lle 1 tl—l—l (1 _ t)l tz—l(l _ t)z—l L
= . AL G(tx) dt
22 IZI 4 /0 NG—1-1% " DG=DG—-1) $G(E)

i-1

) o 20l 1-1t) (_l)lti—l—l 1—-¢)t i-1 (_l)lti—l iy
_;:?/0[ i lzzll!(i—l—l)!+ (-1 lzzll!(i—l)!}ﬂ AiG(t) dt.

We calculate

— (i 1-1)! S ni-1-1 -1

(l’ _ 1)1‘—1 ti—l

@-1r  @-1
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and

’21: . i(—l)lti’l £ -y d (-
M- =nG-nr @ @i

=1

Thus, we have

zltzl (_l)i(l_t)i—l gml i
Ay(x) = Z 7 f [ TR T i|t A} G(tx) dt

3 R A P
Z‘“/ [ D! (i 1) }tﬂ 'A},G(tx) dt.

i=1

By substituting A, (x) into (6), we have (5).
Next, we prove that A;fi(x) = 0. By Lemma 3.4, we have

Apfs(x)

00 (_1)[ ( 1 (1 _ a)l—lal—l ~
= AStlg A 21/ " " lAs+lG d
n Gx) + 1§:1 TRl ; -1 o 1 G(ax) da

s+1 (1 a)l_l i —1 A s+l+1
= A} G(x )+Z4llu " AT Glax) da

© 420D 1-a) et .
241 oy BTt 1)/ W oA Glaw) do.

Denote by B (x) the third term of the above equality. From Lemma 3.5, we have

11 2(I-1) 1 -1,,0-1
Bi(x) = ZE}, 1)(1 1)'(E+u+l 1)/ 7)71)' “LA Glax) da

1
=—(E+ ,u)/ " AT G(ax) do
0

00 2(-1) 1] g)-lgl1
x Erprion [ Lo

S N S = = o* A G(ax) da
R o (-1) L

o o (_l)lxz([—l) 1 (1 _ a)l—zal e
=-Aj 1G(x)—X: pIETEY /0 2 " A G(ax) da
Py ! !

(l 1) (1 _ a)l—zal
s+1 =1 A s+l
-A}G(x) - E pr= 1(l DL, a2 oA Glax) da

s o xZI 1 (1 _a)l—lalﬂ s
= —Ah+1G(x) — Z 4Tl! A WO{“ lAh+ +1G(ax) da,
=1

which implies that A;f;(x) = 0. Thus, we finish the proof. O

Corollary 3.7 Let Pj(x) be a homogeneous polynomial of degree I. Then

Py(x) = Ry(x) + x> Ry (%) + - - + ™ R_o (), (10)
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where R;_i(x) are homogeneous Dunki-harmonic polynomials and

[I-K] SA28 A S+k
1 (=1)"x™ A} Py(x)
Ry = 11
=) = ke ) (= 2k+ ) Z wsii—2k—s+p—1) (i
Proof Let Pj(x) be a homogeneous polynomial of degree /. By Theorem 3.6, we have
Py(x) = Ri(x) + &*Rpo(x) + - - - + 2™ Ry (),
where
fi(x) / o) g2kl _Si)B(k, -2k + 1)
R = 1- = da . 12
=26 = a1 ), ¢ 4k —1)! (12)

Using equation (5), we have

& (_l)sx2s 1 (1 _ a)s—las—l

folx) :Pl(x)"'; 45 o (s=1)!

okt APy (ax) do

1 s 2SASP

s=1
for the case G(x) = P;(x). Using equations (7) and (8), we have

(s—1)

1
/ A-a)f o™ 2da=B(s,l-s+pu-1)= —
0 (I=s+p—=1)

where (m); = m(m + 1) - - - (m + s — 1) is the Pochhammer symbol. Therefore,

~ o (CD)AFAGPI(R) o (Z1)HF A Pi(x)
Jo@) = Pile) + 52=1: 455l —s+pu—1); go: 451 (l—s+p—1)

By equation (5), we have

i ( l)s ZSAS+kP[(x)
- 45l -2k —s+u—1)5

Thus, it follows from (12) that

Se@x)B(k,{ — 2k + )

Ri-ak() = 4kl —1)!

1 Z 1) 25A3+kpl(x)
4’<k'(l k+p)--({—2k+up) assi(l =2k —s+p—1),

which completes the proof. O
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3.2 Solutions of the Dunkl-Poisson equation in Clifford analysis
In this section, we study the Dunkl-Poisson equation in Clifford analysis,

ApG(x) = f(x), (13)
where f(x) € C*(2) ® Ry, is a real analytic function.

Theorem 3.8 Let f(x) € C®(2*) @ Ry . A real analytic solution of equation (13) can be
found in the form

o ( s 2(s+1)

Glx) = Z W / (1- ) a7 AL f (o) dor. (14)

Proof Let f(x) € C*(2*) @ Ro,u. Then it follows by Theorem 3.6 that

[ee]

6=+ 3 gty — / (1 - ) e () o, (15)

where f;(x) are Dunkl-harmonic in ©* given by the relation

. o (_1)1x2l 1(1_a)l—1al—l 1
fs(x)zAhG(xH%: o /0 -1 " AN Gla) da. (16)

Note that A;,*IG(x) = A} f. Thus, we have

R Y
G(x) —fo(x) = - Z VOIS Y

=1

a"_lAéG(ax) da

_1) 2(s+l

Since AL[G(x) — fo(x)] = f(x), it implies that [G(x) — fo(x)] is a solution of the Poisson
equation (13). Therefore, the right-hand of equation (17) is a solution of equation (13). [J

Corollary 3.9 The solution of the Poisson equation A,G(x) = Pi(x) can be represented in
the form
[%] (_l)sx2(s+1) AS P[(x)
Gl =) — 4 , (18)
it S+ +p)---(I-s+p)

where [%] is the integer part of% and (a,b); = ala + b)---(a + kb — b) is the generalized
Pochhammer symbol with the convention that (a, b)y = 1.

Proof Let Pj(x) be a homogeneous polynomial of degree /. Then we have A’ZPl(ax) =
alm2k A’,;Pl(x). Therefore, (14) can be transformed into

(4] D
15 S+ AS
G(x): ( ) /(1 Oé)s ts—1 l—2sda

1
= 45+ (s + 1)'5'
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Furthermore, we can write

141 241

—1)*x2+D A3 Py(x

G-y T h'f( DB+ v l-s),
= 45t1(s +1)!s!

where B(s, k) = fol o*(1 — @)*' da. Then by the relation

I'(s)I"(k)
B ’ = =,
©R=F610
we have
1
) L (1T — 5 + )25 A3 Py(x)
T LT G DIN (e )

Using the property I'(s + 1) = sI'(s) of the gamma function, we find that
Frl+p+)=0U+uw)l+pu-1)---(l+u-s)I'l+u-s).

It follows that
14
L CDRIALP)

o A s+ D) (=s )

which completes the proof. d

Corollary 3.10 Let P;(x) be a homogeneous harmonic polynomial of degree [. The solution
of the equation A,G(x) = x**Py(x) is given by

=152k — 25 +2,2)(20 + 24 + 2k — 28, 2)
A s+ D) +2k+0) - (w+2k+1-5)

k
Glx) =™ 2Py(x) Y (
s=0
Proof Let f(x) = x%Py(x). We calculate this solution using equation (14) to obtain

G( ) > (_l)sx2(5+1) /1(1 )s u.+s—1As[ ZkP( )] d
x) = E - —a)a x**Py(x)]| da.
L g9i(s 4 1)ls! Jy W

Let us derive an expression for Aj, [x?P;(x)]. By Lemma 3.5, we have
Ap[x**Pi(x)] = 4kx™ 2 (1 + o + k = 1)Py(x).
Therefore, for 2s < 2k + [, we have

A [x%Py(x)]
=2k(2k=2)- - (2k =25+ 2)(2] + 20 + 2k = 2) - - - (20 + 21 + 2k — 25)x** 2Py (x)

= (2k — 25 +2,2)5(2] + 2 + 2k — 25,2) x> "2 Py ().
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Thus, we find

k

—1)S542(s+1)
G(x) = Z L

1
— 4t (s+1)ts!

1
X / (1 — a)* a2k = 25 +2,2)5(20 + 21 + 2k — 25,2)5(0ex) "% Py(ex) dex
0

and, since P;(ax) = o' Pi(x),

k

“15(2k — 25 +2,2)5(20 + 24 + 2k — 25,2),
G(x):ka*zP,(x)Z( )% ( s +2,2)(20+ 20 + 5,2)
s=0

45+1(s + 1)!s!

1
x / (1 _ Ol)s()['“'+2k+l_s_l da
0
The integral in this expression is evaluated as

1
/ (1 -a)f a1 gy = B(s+ 1, + 2k + 1 —s)
0

s!
(w+2k+0)---(m+2k+l-s)

where B(m, n) is the Euler beta function. Then G(x) is transformed into

=152k =25 +2,2)5(2] + 24 + 2k — 28, 2)
A s+ D) +2k+0)---(w+2k+1—-5)

k
Glx) =™ Pi(x) Y (
s=0

Thus, we complete the proof. g

4 Dirichlet type problems for Dunkl-Poisson’s equation

In [23-25], a weak solution of the Dirichlet problem of the Poisson equation with homoge-
neous boundary data in variable exponent space was obtained. In [17], Karachik used the
Almansi representation for Laplace operator to construct a polynomial solution of the in-
homogeneous Dirichlet problem for Poisson’s equation in harmonic analysis. Inspired by
the above-mentioned results, we develop further these ideas for Dunkl-Poisson’s equation
in Clifford analysis.

4.1 Homogeneous Dirichlet problem for Dunkl-Poisson’s equation
In this section, we consider the following boundary value problem for the Dunkl-Poisson
equation in the unit ball B={x € R : |x| < 1}:

ApGx) =f(x), x€B,
G(x)|s3 = 0,

(19)

where f(x) is a polynomial.
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In order to obtain solutions of the homogeneous Dirichlet problem for Dunkl-Poisson’s
equation (19), we first consider the following boundary value problem for the Dunkl-

Poisson equation in the unit ball B = {x € R” : |x| < 1}:

Apu(x) = Pi(x), x€B,
M(x)|33=01 anB={|x|=1},

(20)

where P;(x) is a homogeneous polynomial of degree /.

Theorem 4.1 Let Pj(x) be a homogeneous polynomial of degree l. The solution of the

Dirichlet problem (20) can be written as

x DFARPy (%) [

] (-
— 4RIk + DK g

u(x) = (1+ axz)k(l —a)fa 2Rl gy, (21)

L
2r1 &
2 k

Proof By Corollary 3.7, it follows that the solution of the equation A;,G(x) = P;(x) becomes

(4]
2 IR (%)

G(x) = _ 22
() Lo g+ DU~k +p) 22)
Note that R;_x(x) are Dunkl-harmonic polynomials. Then the polynomial
(4] Riye(®)
-2k
G, = - - 23
o) k2=0:4(1<+1)(l—k+u) @3

is Dunkl-harmonic.

Thus, we have A,[G(x) + Go(x)] = P;(x) and the property G(x) + Go(x) = O for |x| = 1.
Therefore, the polynomial G(x) + Go(x) solves the Dirichlet problem (20).

Using equations (22) and (23), we find

G(x) + Gpo(x)

L L
_ 2\ AR () . i]: Riok (%)
- 4k+1)(I -k + ) 4k + 1) -k + )

k=0 k=0

[%] (x2k+2 + 1)
=y ————— R

2k DUk + ) 2@

k=0

{ .
~ 2L (L1 akPy(x) % L+ p =2k + 20 — 1)x%
- 4Rk + 1)) ik =i+ DN+ =2k + i~ Do

[3] k+1

(=1)*A*Py(x) Z U+p—=2k+i-1TU+p—2k+i-1)x*
4541 (f + 1)! dk—i+D)T(U+pn—-k+i+1)

NI~

k=

(=]

i=0
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Using equations (7), (8), and (9), we transform the inner sum in this expression as

P(l+pu-2k+i-1) B(i+2,l+p-2k+i-1)
Fl+p—k+i+l) C@i+2)

/( _al+1 l+p—2k+i— 2 da.

T i+
Using io’ = ()’ and the binomial theorem, we have

k+1

l+/¢L 2% — 1 / (1 0{k+1 I+p— 2/(—22' 1)'
l k—i+

k+1
x21

2 1- i+1 l+/1, —2k-2 705 da
R /0( @) Z,‘(k T
1 . .
= f 1- a)”l(l + =2k — l)al+u—2k—2(1 n O(xz)H da
0
+ 2/ 1 - ) 21+ ax?)" ] da
0
' ] i+1
= f 1- a)”ld(ot““_Zk_l (1+ owcz)H )
0
1 . .
+ (l + 1)962 / (1 _ a)t+1al+u—2k—1 (1 + lez)ld(x.
0
By integration by parts, we have
1 . "
/ - ot)Hld(otl“‘_Zk_1 (1+ axz)” )
0
l . .
=(i+ 1)/ 1 - ) 1+ ax?) [(1+ aa?) + 2°(1 - o) | dat
0

1 .
S D(Le) [ -0t 1 o) da
0

Therefore, the polynomial G(x) + Go(x) can be rewritten as

Gx) + Go(x) =

X2 +1Z( ~1FAKP)(x)

k k 1-2k+pu—1
1+ax?) (1 -a)a da.
2 — 4%+ (k + 1)1k ( ) ( )

O

Theorem 4.2 Let f(x) be an arbitrary polynomial. Then the solution of the Dirichlet prob-

lem (19) can be written as

Ahf(otx)ot“ 1da. (24)

u(x):x2+1/ 1+ ax®)*1 - )k
0

k+1
2 P 451k + 1)1k!
Proof Let f(x) be an arbitrary polynomial. Then f(x) = ), Pi(x), where P;(x) is a homoge-

neous polynomial of degree /. Using (21), we see that the solution of the Dirichlet problem
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(19) is

ulx) = ) ()
l

P24l [P Q+a®Q-a) 3
> 2 ey i SPrle)e da

Ahf(ax)a“ Lda.

x +1/ (1+ax (1 - a)k
0 A+ DK

4.2 Inhomogeneous Dirichlet problem for Dunkl-Laplace’s equation
Now we consider the following Dirichlet problem for Dunkl-Laplace’s equation in the unit

ball B:

Apv(x) =0, x€B,

v(®)las = P(x) o5,
with a polynomial boundary value P(x).

Theorem 4.3 Let P(x) be a polynomial. Then the solution of problem (25) can be written

as

2 k k
o) = Py - 1 /o Z%Aﬁ”p(mwlm (26)

Proof Using equation (24), we find the solution of the Dirichlet problem

Apu(x) = ApP(x), x€B, (27)

u(x)|sp = 0,

as follows:

X+l (1 +ax?) a)f 1
—A +p =
[ et st et

Then the function

AR P(ax)a ™ da

v(x) = P(x) — u(x) = P(x) -

x2 +1/ 21+ ax) (1 - )
4541 (k + 1)1k

is Dunkl-harmonic, because A,v(x) = A,P(x) — Aju(x) = 0. And the function v(x) satis-
fies the boundary condition v(x)|s5 = P(x)|ss. Therefore, the function v(x) is a solution of
problem (25).

Combining Theorems 4.2 and 4.3 yields the following result. O
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4.3 Inhomogeneous Dirichlet problem for Dunkl-Poisson’s equation
Now we consider the following Dirichlet problem for Dunkl-Laplace’s equation in the unit
ball B:

Apu(x) =f(x), x€B, (28)

u(x)lop = P(x)s5,
with a polynomial boundary value P(x).

Theorem 4.4 Let f(x) and P(x) be polynomials. Then the solution of the Dirichlet problem

(28) can be written as

2+l [P on (1-ax®)f 1 -a)k _
Ll(x) = P(x) - ) /(; ; WAEV - AhP)(otx)a“ lda. (29)

Proof The solution of problem (28) can be decomposed into the sum of solutions of two
problems: (19) and (25). It follows by solutions (24) and (26) that the solution of the prob-
lem (28) is the function (29). O
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