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Abstract

In this paper, we prove the existence of a ground state solution for a quasi-linear
singular elliptic equation in RN with exponential growth by using the mountain-pass
theorem and the Vitali convergence theorem.
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1 Introduction and main results

Let  C RN be a bounded smooth domain; there are many results on the following prob-

lem:
—div(|VulP2Vu) = f(x,u), x€Q, w1
ue Wi(Q), '
when p =2, |f(x, )| < c(lu|+|ul?),1<g<2*= A%, N > 3, for the corresponding results

one may refer to Brézis [1], Brézis and Nirenberg [2], Bartsch and Willem [3] and Capozzi,
Fortunato and Palmieri [4]. Garcia and Alonso [5] generalized Brézis, Nirenberg’s exis-
tence and nonexistence results to p-Laplace equation. Moreover, let us consider the fol-

lowing semilinear Schrédinger equation:

—Au+Vx)u=f(xu), xeRN, 12)
u € Hy(RN),
where |[f(x,u)| < c(Ju| + |u|9™), 1 <q < 2* = z\% Problem (1.2) is considered in many
papers such as by Kryszewski and Szulkin [6], Alama and Li [7], Ding and Ni [8] and
Jeanjean [9]. The Sobolev embedding theorems and critical point theory, in particular
the mountain-pass theorem would play an important role in studying problems (1.1) and
(1.2) since both of them have a variational structure. When p = N and f(x, u) behaves like
e‘)“”'% as |u| — oo, problem (1.1) was studied by Adimurthi [10], Adimurthi and Yadava
[11], Ruf et al. [12, 13], do O [14], Panda [15], and the references therein, all these results
are based on the Trudinger-Moser inequality [16—18] and critical point theory.
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Let us consider the problem

Zf(x, u)

R xeRY, (1.3)
X

—div(IvulN"2vu) + V() ulNu

where N > 2,0 <75 <N, V:RN — R is a continuous function, f(x,s) is continuous in

RN x R and behaves like e""s‘% as |s| — oo. The problems of this type are important
in many fields of sciences, notably the fields of electromagnetism, astronomy, and fluid
dynamics, because they can be used to accurately describe the behavior of electric, grav-
itational, and fluid potentials. Many works focus on the subcritical and critical growth of
the nonlinearity which allows us to treat the problem using general critical point theory.
Problem (1.3) can be compared with (1.2) in this way: the Sobolev embedding theorem can
be applied to (1.2), while the Trudinger-Moser type embedding theorem can be applied to
(1.3). When 5 = 0, problem (1.3) was studied by Cao [19] in the case N = 2, by Panda [20],
do O [21] and Alves and Figueiredo [22] in the general dimensional case. When 0 < < N,
problem (1.3) is closely related to a singular Trudinger-Moser type inequality [23], Theo-
rem 1.1 or [24], Theorem 3.
For the problem

S, u) s

|x["

—div(IvulN"2vu) + V() lulNu = eh(x), xeRN, (1.4)

when 7 = 0, the multiplicity of the solutions of the problem (1.4) is proved by do O,
Medeiros and Severo [25] using Ekeland variational principle and the mountain-pass the-
orem. When 1 > 0, the existence of a nontrival weak solution of the problem (1.4) is
proved by Adimurthi and Yang [23], furthermore, they get a weak solution of negative
energy when ¢ is small enough, however, the difference of these two solutions has not
been proved in Adimurthi and Yang [23]. In Yang [26], the author derives similar results
for the bi-Laplacian operator in dimension four and Yang [27] constructs the existence
and multiplicity of a weak solution for the N-Laplacian elliptic equation. Lam and Lu [28]
considered the existence and multiplicity of a nontrivial weak solution for non-uniformly
N-Laplacian elliptic equation.
For the problem

—Au=Qx)f(u), xecRN,
Qx)f (u) 15)
u € D2 (RN),
where N > 3, f is continuous with subcritical growth and Q € L>®(RY) N L"(RYN), for some
r > 1, is positive almost everywhere in RY, the existence of a ground state solution of
problem (1.5) is proved by Alves, Montenegro and Souto [29]. Motivated by [29], Abreu
[30] considered the problem
-Au= Q(x)JL"’,]), x € R?,

e (1.6)
u € Hy(R?),

where 0 <7 < 1, f(s) is continuous and behaves like s> when [s] — 00, Q € L®(RN) N

L"(RN), for some r > 1, is positive almost everywhere in RY, Abreu [30] showed the exis-

tence of a ground state solution of problem (1.6) in H{ (R?).
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In this paper, we consider the problem

—div(|VulN2Vu) + V() |uN 2y = Q(x)%, x e RN,
2,
u € WHN(RN),

where N >2,0<n <N, V:RN — R is a continuous function satisfying the following
hypothesis:

(Vo) V(x) = Vy>0.
Suppose Q: RN — R U {—00, +00} satisfying:
(Q1) Q> 0 is positive almost everywhere in R,
(Q) Qe L®(RN).
Furthermore, we assume that f : R — R is a continuous function satisfying:
(fa) f(®) =o(lt]N"Y) ast — 0, ie. lim;o nf(% =0.
(i) f(¢) has exponential subcritical growth at +00, i.e. for all « > 0, we have

lim S

N
|t]—+00 ea\tl NI

=0.

(f2) There exists 6 > N such that

0<0F(®) <tf(t), VteR\{0},

where F(t) = fot f(s)ds, this is the well-known Ambrosetti-Rabinowitz condition.

Define a function space
E= {u € WLN(RN) ‘ / V(x)|u|N dx < oo},
RN

which is equipped with the norm

1

N

||u||=(/ |W|N+V(x)|u|Ndx> ,
]RN

then the assumption V(x) > Vj > 0 implies E is a reflexive Banach space. For 0 <7 <N,
we define a singular eigenvalue by

N inf [l |V
"= uEE\{O Jon 1Q@) I‘u\m
X

If n = 0, obviously we have A¢ > 0. If 0 < 5 < N, the continuous embedding of E < L(RN)
(¢ = N) and the Holder inequality imply

| N
|Q( |—|
} 1 3
[/
< IQlley, / |u|Ndx+||Q||Lw(RN></ |u|Ntdx> </ ﬁdx>
{Ix[>1) {Ix1<1) a1 <1y 1%

< c/ (lulN + |vulN) dx,
RN

where 1/¢ + 1/t =1, 0 < nt’ < N, and thus 1, > 0 since V > V;, > 0.
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For all g > N, the embedding
E— W'N(RN) — LY(RN)

is continuous. Furthermore, we see that the embedding E — L4 (RN) (g > N) is compact
(see [23]) if V satisfies the following hypothesis:

(Vi) & e L'RY).

Definition 1 We say that u € E is a weak solution of problem (P,) if

/(|w|N-2wv¢+V(x)|u|N-2u¢)dx—/ Q(x)f(”)¢dx:o, V¢ € E.
RN RN EiK

Define I : E — R by

0=l ||—/ Q |(— — L)

From condition (f}), it follows that there exist positive constants « and C; such that

AN
N 2 ok | N/(N-D)

where Sy (o, u) = 3 iy "7 thus, I is well defined thanks to the Trudinger-Moser
inequality and I € C!(E, R). A straightforward calculation shows that

N
(e N — Sy o (a, 1))

< CIQl ) / ) N2 0m) e,

R

|x["

Q(x)@ dx
[oc] "

(I'w),¢)= / |Vl 2Vuv¢dx+/]R V) ulN2u dx — / Qo )]IC(IW)

for all u,¢ € E, hence, a critical point of (1.7) is a weak solution of (P,).

Definition 2 ([31]) A solution # of problem (P,) is said to be ground state if
I(u) = inf{I(w) : @ € W"N(RV)\{0},1'(w)w = 0},

where I : E — R is the functional associated to (P,).

In this paper, we prove the existence of a ground state solution about problem (P,) under
weak conditions.

Theorem 1.1 Suppose V(x) > Vo > 0 in RN(N > 2), (W), (fo)-(f2), n and o are two num-

bers which satisfy
N-1 N -
0<n< . es——1 (1.8)
N N-1-Np

Let the function Q satisfy (Q1)-(Q3) and

2(7
(Q3) Qe L' (RN), for somer > G(N_f\_]m,

then (P,) has a nontrivial solution. Furthermore, if the function f also satisfies
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(fa) s— 5\@1 is increasing for s > 0

then this solution is a ground state.

This paper is organized as follows: in Section 2, we introduce some preliminary results.
In Section 3, we demonstrate Theorem 1.1.

2 Preliminaries
Lemma 2.1 Let 60 be the number given by the condition (f2) and {u,} be a sequence satis-

Jying
1
li l 81 < (0N o
msup || - P cN-1,
e =N

for some c > 0. Then there exist constants « > 0,t>1, C > 0, independent of n, such that

N
o|uy, | N-1 _S t
/ e N_2(0t, 1y) dx<C,
RN ||”

for n large enough.

Proof Let

oy a_N(1_£> (G-_N)l 2.1)
o N N6 Jc

where any = N w,l\;(_]\l[fl) and wy_; is the measure of the unit sphere in RV,

Since 0 < n < N, we have « > 0. Moreover, let

1 N \[ No \¥T
m:i=—|N-1+o0 - — || —— CN-I,
N N-n/\6-N

then by (1.8)

NO \FT
S — CN-1 <m,
0—-N

hence, passing to a subsequence, there exists ny € N such that
N
|22, |NT <m, Vn=>ng.

From (1.8), we also have

N? N?o
< .
2N-1 N-n+No +Non

Let ¢ satisfy

N? N?o
<t< .
2N -1 N-n+No +Non

(2.2)
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For such ¢, we have

N? <t<(1—n—t> N'o

2N -1 N/JN-n+No’

Let 8 € R such that

t N? t
t<p(1-L) X7 _ (1)
N/N-n+No N ) am

Notice —%5— > 1, using Lemma 2.1 in Yang [27], we have
flan | N-T

N unl \
alun| NT _ g t L TN sy o (Bam, L4l
f (e N-2(0 ) < C/ 2 ol g
RN || RN Joc |t
for each n > ny. By the choice of 8, we have
pam < (1- 12
am<|(1-—= )an.
N N
Then we conclude the proof by using the Trudinger-Moser inequality [23, 24]. g

Lemma 2.2 Suppose {u,} is bounded in E and the assumptions of (Q1)-(Qs) and (fo)-(f1)
are satisfied. If

Vf (0 (%)) 14 (%) QW) [f (u(x))u(x)|

ae. inRY,
|oc] [oc]

Q)

then

f(u)u

||

/ o ™ 4 o [ o) dx. 2.3)
RN || RN

Proof From (fy) and (f;), for all ¢ > 0 and «, there exist positive constants 8, K, C, such
that

N
V(s)s| <e|sN + ,9C|s|1\”'l[e"“1\H - SN_Z(a,s)] + BI??XKV(S)S" Vs e R.

For R > 0, then

g L,
BR(O) Il
et
||V (e — Sn_a(et, uy))
< &[Qll oo @ny /RN 7 dx + eC|| Q| oo wn) /RN 7 L dx

+ max [f(5)s/|Bx(0)].
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Here, |Br(0)| denotes the volume of the ball Bz(0). We can consider « > 0 given by (2.1)
and Lemma 2.1 implies that there exists ¢ > 1 such that, up to a subsequence,

N
yi\/—l

i — Sn—a(a, 1)

|x["

‘ eL'(RY), VneN,

and there exists C > 0 such that

N
olun N1 _ g t
/ (e Nz(a’un)> dx<C, VmeN.
RN

|x["

By applying Holder’s inequality with exponents ¢ and its conjugate ¢’ and using a contin-

uous embedding, we see that there exist positive constants C; and C, such that

Q(x)% dx <eCi+8Cy+ agl\s?;KV(SM |Bz(0)|. (2.4)

BR(0)

On the other hand, for all ¢ > 0 and all « > 0, there exists C = C(g,«) > 0 such that
N
N=

V(s)s| <e|sN + C|s|N+1(e"‘s ! —SN_z(Ol,S)), VseR.

Then we have

u,)u
/ o) |f (2, "|dx
RN\BR(0) ||
7
< ellQll=@v) / - dx
RN\Bp(0) |¥l
et
n - — Snoolo, uy))

i C / Q) N1 dsx.
BN \B(0)

|x["

By considering « > 0 given by (2.1) and applying the Holder inequality with exponents r
given by (Qs), ¢ given by (2.2), and N? such that

from the Holder inequality and there being a continuous embedding, there exist positive

constants C3 and Cy4 such that

1

/ Q(@M dx <eC3+Cy (/ Q)" dx) ;.
RN\B(0) |e|” RN\BR(0)

Using (Qs), we have

/ Q)" dx— 0 asR— +o0.
RN\B(0)
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Thus, for R > 0 large enough,

/ Q(x)M dx <eCs +eCy. (2.5)
RN\Bg(0) |e|?

From (2.4) and (2.5), the sequence

lx["
is equi-integrable. If

%) ACCNCIIN Q) If () ()|

a.e in RY,
|7 |

Q(

Vitali’s theorem implies (2.3). |

Firstly one proves that functional I has the geometry of the mountain-pass theorem,
more exactly, we have the following lemma.

Lemma 2.3 ([23]) If V(x) > Vo > 0in RN, (W), (fo)-(f2) are satisfied, then the functional I
verifies the following properties:
(i) There existr, p >0, such that when |u|| = r,

I(u) > p.
(ii) There exists e € BS(0) with I(e) < 0.

By Lemma 2.3, using a version of the mountain-pass theorem without the Palais-Smale
condition (see [31]), we obtain the existence of a sequence {u,} in E satisfying

I(u,) —c and [I'(u,)—0 inX), (2.6)
where ¢ = inf) e maxyepo1 I(y(2)) >0, I = {y € C([0,1],X) : ¥ (0) = 0,1(y (1)) < 0}.

Lemma 2.4 ([23]) Suppose V(x) > Vi >0 in RN, (V1), (fo)-(f,) are satisfied, let {u,} be an
arbitrary Palais-Smale sequence, then {u,} is bounded and there exists a subsequence of
{u,} (still denoted by {u,}), u € E such that

Q(x)fl(;—lz) — Q(x)ﬁT”,} strongly in L] (RN),
Vu, — Vu almost everywhere in RN,

|V, [N2Vu, — |[VulN2vu  weakly in (LN'™-D(RN)N,
Furthermore, u is a weak solution of (P,).
3 Proof of the theorem

Proofof Theorem 1.1 By Lemma 2.3 and Lemma 2.4, we see that the Palais-Smale sequence
{u,} at the mountain pass level c is bounded in E and its weak limit u is a critical point of
the functional 1.
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We will show that u is nonzero. Since {u,} is a Palais-Smale sequence, Lemma 2.2 implies
that

tim = tim [ Qe 0 g [ QO

Recalling that u is a critical point of I, we conclude that

Tim i, = / Qw)

If u =0, then
lim u, |V =
n—00
Since I € CY(E,R), we have
I(un) g 0’
and it is a contradiction because I(,) — ¢ and ¢ > 0. This way, we conclude that u is
nonzero.
Now, we will show that # is a ground state. Setting
m=inf I(u), A:={ueE\{0}:I'(wu=0}.
uel
Since {u,} is a Palais-Smale sequence, we see that

2c = 1iminf21(un) = lim inf(ZI(u,,) —I' ()t

(f (un)u, — 2F (1))
x|

dx.

:liminf/ Qx )

n—00
By Fatou’s lemma,

(f ()u — 2F ()

||

2c > /]RN Qx) dx.

If u is a critical point of I, we have

G =2w)

|x["

21(u) = (21(u) —I/(u)u) = /]RN Qx)

Hence, we can conclude that I(x) < ¢, thus m < ¢. On the other hand, as in the proof of
Theorem 3.1 in [32], let u € A and define % : (0, +o0) — R by h(¢) = I(tu). We see that / is
differentiable and

(2
GO dx, Vt>0.
x|

W) =T (wu =N ulN - / Q(x)
RN
Since I'(u)u = 0, we get

@) =T tuw)u - W)y,

Page 9 of 11
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SO

H(¢) = tAH/ Q) (f(u) BACD) )uNdx, vVt > 0.

ey fx \aNT o (N1

Using the condition (f), we conclude that /'(t) > 0 for 0 < £ <1 and //(¢) < 0 for ¢ > 1, since
W (1) =0, thus,

I(u) = %xl(tu).

Now, define y : [0,1] — E, y(t) = ttou, where ty is a real number which satisfies I(¢yu) < 0,
we have y € T, and therefore

< max I(y(¢)) < maxI(tu) = I(x),
¢ < max (J/())_ntlzag(u) (u)

u € A is arbitrary, ¢ < m, thus I(u) = ¢ = m. This ends the proof of Theorem 1.1. O
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