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Abstract

In this paper we derive some identities for the solution of the problem of
homogeneous and anisotropic micropolar thermoelasticity. These can be applied to
proving uniqueness of the solution of the corresponding boundary initial value
problem.

1 Introduction

In [1], the author derives some uniqueness criteria for solutions of the Cauchy problem for
the standard equations of dynamical linear thermoelasticity backward in time. Lagrange-
Brun identities are combined with some differential inequalities in order to show that
the final boundary value problem associated with the linear thermoelasticity backward in
time has at most one solution in appropriate classes of displacement-temperature fields.
The uniqueness results are obtained under the assumptions that the density mass and the
specific heat are strictly positive and the conductivity tensor is positive definite.

According to [2], in a micropolar continuum the deformation is described not only by
the displacement vector, but also by an independent rotation vector. This rotation vector
specifies the orientation of a triad of director vectors attached to each material particle.
A material point can experience a microrotation without undergoing a macrodisplace-
ment.

The results obtained in this paper are extensions of those for the solutions of the Cauchy
problem for the standard equations of dynamical linear thermoelasticity. The identities
established in this paper lay the foundations for a uniqueness result.

In [3], Eringen establishes a uniqueness theorem for the boundary initial value prob-
lem of linear micropolar elastodynamics by means of some relations between the kinetic
density, the strain energy density and the total power of the applied forces.

The spatial and the time arguments of a function will be omitted when there is no likeli-
hood of confusion. A superposed dot denotes differentiation with respect to time ¢ and a
subscript preceded by a comma denotes differentiation with respect to the corresponding
spatial variable. The subscripts i, j, k, m, n take values 1, 2,3 and summation is implied by
index repetition.

Let B denote a regular region of the three dimensional Euclidean space occupied by a
homogeneous micropolar body whose boundary is dB. The interior of B is denoted by B.
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The governing equations of the theory of anisotropic and homogeneous micropolar
thermoelasticity, as described in [4] and also in [5-8] and [9], are the equations of mo-
tion

tyj+ pFi=pil;,  my;+ et + pM; = I, @

and the equation of energy

. P
= —T =g 2
P = G )
Equations (1) and (2) are defined for (x,¢) € B x [0, 00).
When the reference solid has a center of symmetry at each point, but is otherwise non-

isotropic, then the constitutive equations, defined for (x,t) € B x [0, 00), are

ti]' = Aijmngmn + Bijmn Ymn — Dije,

mj; = Bmmjgmn + Ci]’mnymn - Ezjgx

c 3
on :Dijgz’j +Eij)/ij + 0—9, 3)
0

1
qgi = —%Ki;‘ﬂr

The deformation tensors &; and y; used in equations (3) are defined in B x [0,00) by

means of the geometric equations
8y = Uj; + EjikPrs Yii = Gjie (4)
The system of equations is complete if we add the law of heat flow
Bi=0, 5)

for all (x,£) € B x [0,00).

In the equations above we used the following notations: u; are the components of the
displacement vector, ¢; are the components of the microrotation vector, t; are the com-
ponents of the stress tensor, 1, are the components of the couple stress tensor, g; are the
components of the heat conduction vector, 7 is the specific entropy per unit mass, p is
the constant reference density, 0y is the constant reference temperature, 6 is the temper-
ature measured from the temperature 6y, c is the specific heat, I;; are the components of
the inertia, B; are the components of the thermal displacement gradient vector, F; are the
components of the external body force vector, M; are the components of the external body
couple vector, r is the external rate of heat supply per unit mass and & is the alternating
symbol.

The coefficients from (1) and (3), that is, Ajjmns Byjmns Cijmns Dyj» Eijs 1, Kij, and ¢ are
constant constitutive coefficients subject to the following symmetry conditions:

Az’jmn = Amm'j) Ci/mn = Cmnij» I = ]jiv 1<z] = I</z (6)
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We further assume that ¢y > 0 and K60, > 0.

The free energy W, used to obtain the constitutive equations, is given by

1
p\p = EAtjmngijgmn + Bi/mngijymn + icijmnyijymn

c 5 C
—Dijé‘ije _Eijyijg - Ee + Elgjtit’j' (7)

We denoted by 7 the thermal displacement related to the temperature variation. The re-

lationship between 7 and 6 is given by
t=0. 8)

We consider the initial conditions

ui(%,0) = 1] (x),
i, 0) = it} (x),
0(x,0)=60°x), «xeB, ©)
¢(x,0)=¢)(x), x€eB,

¢j(x’ 0) = (;bjo(x)r x € B,
and the boundary conditions

ui(x,t) = i;(x,£)  on E; x [0,00),
ti(x’ t) = Zi(xt t) on 22 X [07 OO),

O(x,t) =6(x,t) on =3 x [0,00),

(10)
(I(x, t) = é(xi t) on 24 X [0! OO),
9i(%,t) = @i(x,£) on X5 x [0,00),
mi(xr t) = ﬁli(x) t) on 26 X [01 OO);

where u?,7?,6°, ¢>]0, i, 1:,0, @j, and 71; are prescribed functions. We have

ti(x,8) := tij(x, s)mj(x), (11)
q(x,s) := q;(x, s)n;(x), (12)
m;(x,s) := my(x, $)n;(x), (13)

where #; are the components of the outward unit normal vector to the boundary surface
and £;, ¥y, X3, T4, T5, and g are subsurfaces of B such that £; U Xy = S5 U Ty = T U
26=8Band21022=23024=25026=®.
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Following [3], we impose some continuity conditions

{u, ¢} € C'?,

{e,v,F,M;,r} € C*°,

{t,m,q} € C*°,

6 eC', neC%, (14)
{it:, 8, @, 7:,0,3) € C*° on 8B x [0,00),

{u?,it?,wlp,gb?ﬁo} eC’ onB,

{Dij: Ezjx Aijmnr Bijmm Cijmn) c, I(l]) P IL]} € CO~

We use the symbol C/ to denote the class of functions whose space partial derivatives of
order up to and including i and whose time derivatives of order up to and including j are
continuous. Such formal continuity requirements exist to any order as demanded by the
existing expressions, unless otherwise stated. Furthermore, we need

§eC" onBx[0,00),
_ (15)
E;, Dy e C'(B).

Following [3], we define an admissible state to be the collection S{u,¢;¢,y;t,m;q,0}
of the ordered set of functions u, ¢, ¢,y,t,m,q, and 8 whose continuity requirements are
described above. If S meets the constitutive equations (3) and the strain displacement re-
quirements (4) then we say that S is kinematically admissible. If a kinematically admissible
state meets the boundary and initial conditions and satisfies the equations of motion (1)
and the equation of energy (2), we call it the solution of the mixed problem.

Introducing the constitutive equations (3) and the geometric equations (4) in the equa-
tions of motion (1) and the equation of energy (2), we obtain a system of coupled partial
differential equations in terms of the displacements #;, the microrotations ¢; and the ther-
mal displacements 6

[Aijmn(un,m + EnmkPr) + szmnwn,m - Dije],j + pF; = pit;,

[anzj(un,m + 8nmk‘pk) + Cijmn(pn,m - E,IQ]J

N (16)
+ Ejjk [Ajkmn(un,m + 8nmk§0k) + Bjkmnq)n,m - Djke] + IOML' = Iij(p/;

. . . c. p 1
Dy(ity; + gjixr) + Eijpji + —0 = —r+ —(Kyb) i,
6o 6o 6o
for any (x,£) € B x [0, 00).
By a solution of the initial boundary value problem of the micropolar thermoelasticity
in the cylinder B x [0, T) we mean an ordered array {u;, ¢;, 0} which satisfies system (16)
for all (x,£) € B x [0, T), the initial conditions (9) and the boundary conditions (10).

2 Some useful identities
Throughout this paper it is assumed that a solution {u;, ¢;,0} exists. Following [10] and
[1], we establish some auxiliary identities for the solution of the initial boundary value
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problem. We consider the external data
D = {FilMi’ r; M?, I:l?; 90) §0]0, (/)]0) ﬁi; zi, é, é; (;5]! ’;hl'}' (17)

Lemma 2.1 Let us consider a solution of the initial boundary value problem corresponding
to the external data D. Then for all t € [0, T) we have

/B pisi(8)izy(£) dv
- /B piti(0)it(0)dv + 2 /0 /B pEi(s)iti(s) dvds
+2 /0 /d ins)6(5) dads +2 /0 /B D;0(s)its(s) dvds
2 /0 /B At (8) + Enmk0ic(8) it (5) dv ds
) /0 t /B B ()it (5) dv ds, (18)
/B %c@z(t)dv+2 /0 t /B %I(ijﬁi(s)ﬁ,(s)dvds
:2/:/39(5)5%1”(3)dvds
2 /0 /0 00)q(5)dads 2 /0 /B 0(5)Dy[it;4(5) + &ixpi(s)] dvds

) /0 t /B 0(s)E;@;,(s) dvds + /B %092(0) dv, (19)

[ oop0a
B
t
- [ oo a2 [ [ Gomyomdads
B 0 0B
t
- 2/ /Bmm'j[un,m(s) + 8nmk(pk(3)]¢i,j(s) dvds
0 JB
t
2 [ [ Cmpuntodio)dvs
0 JB
t t
~2 [ [ B0 dvdss2 [ [ i) + o)) dvds
0 JB 0 JB
t t
2 [ [ cuBmpun)s)dvds=2 [ [ enDuo(onas dves
0 JB 0 JB
t
+ 2/ / PM;¢i(s)dvds. (20)
0 JB
Proof We multiply the first equation from (1) by i; to obtain

piti(s)iti(s) = pFi(s)ii(s) + [ttj(s)’;‘i(s)]yj — tij(s)iij(s). (21)
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We further have

%{ %[pui(sm,»(s)]}

= pFi(s)iti(s) + [ti‘(S)lli(S)],j
= A [ U (S) + Emmi i (8) |8 1(S) = Bijinn@in,m(8)iti () + Dy (5)it; (s). (22)

We integrate this relation over B x [0,¢], ¢ € [0, T), and use the divergence theorem and

equation (11) to obtain equation (18).

We have
ofr1 , | 1.
&{E%CO (s)} -9(5)90 co(s). (23)

We further have by the third relation in (3) and by (2)

a[11
s { 3 %692(5)} =06(s) %F(S) - 0(5)q:,i(s) — 0(s)Dyiéy5(s) — O(s)Eyyii(s), (24)

which by 0(s)g;i(s) = [0(s)gi(s)]; — 0,i(s)qi(s), by the fourth relation in (3), and by (5) be-

comes
011
— = —c6%(s)
das | 2 90

1

= 9(5)5’"(5) - [9(8)%(3)]‘[ - Bils) % KiiBj(s) — 0(s)Dyé;(s) — O(s)E;jy;i(s). (25)

0

We integrate this relation over B x [0,¢], t € [0, T), and use the divergence theorem and
equation (12) to obtain equation (19).
We multiply the second equation from (1) by ¢; to obtain

Ii@i(s)gi(s) = [mi/(S)ﬂbi(S)],/ — my(8)gij(s) + eti(s)@i(s) + pM@i(s). (26)

We further have

{3001}
= [mi(9)9i(5)] ; — [Bounijmn(S) + CiimnYonn($) — E ()} 41(5)
+ &5 [ Ao En(5) + Bionn Yon ) — Db |) + pMig)
= [ley(s)@(s)],j = Buunii[ tnm(5) + Enmi 0 (5) |01 (8) + Cijinn@rm(8)15(s)
— Ey0(5)@i(5) + EijicAjimn| Unm(5) + Enmipr(s) | @i(s)

+ £k BikmnPnm(8)@i(s) — i D0 (s)@i(s) + pM;i(s). (27)

We integrate this relation over B x [0,¢], t € [0, T), and use the divergence theorem and
equation (13) to obtain equation (20). O
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Lemma 2.2 Let us consider a solution of the initial boundary value problem corresponding
to the external data D. Then for all t € [0, %) we have

/Piii(t)ili(t)dv
B
:/Piii(o)l;t,'(zt)dv
B
Fi(t — s)iy; — oF, 0t — )] dvd
+/O/B[P (t — 8)it(t + 5) — pFi(t + 5)ini(t — s)] dvds
+/O /33[ti(t—5)iii(t+5) —t;(t +9)i(t — s)| dads

t
+ / /{l:ii,j(t - S)Aijmn [un,m + 8nmk‘pk](t + S)
0 JB

- I;‘i,j(t + S)Aijmn [un,m + Snmk(pk](t - S)} dvds
t
. f f (i€ — ) Bymutonm(t +5) — it (¢ + 5) By Grn(t — 5)] dv s
0 JB

+ /t / [b'ii,j(t + S)Dije (t—s)— l:li,j(t - S)Dl'/@(t + S)] dvds. (28)
0 JB

Proof Let us consider s € [0,t],t € [0, %). Then, using the identity

_% [,ozlti(t —8)u;(t + s)] = pu;(t + 8)it;(t — 8) — pir;(t — 8)it; (¢ + s), (29)
we obtain
piti ()it (£) = pir;(0)i;(28) + /t o[t + )ikt — s) — (¢ — 9)its(t + 5)] ds. (30)
0

By the first relation from (1), we have

p[izi(t +8)it;(t — 8) — w; (¢t — )it (t + s)]
= pFi(t - s)it;(t +5)
— pF(t + s)it;(t —s) + [tij(t —8)i;(t + ) — Li(t + s)i(t — s)]’j

- tij(t - S)b'ti,j(t +5)+ tij(t + S)Iiti,]'(t -5). (31)
By the first relation in (3) and by (4) we have

ti(t + 8)ig j(t — 8) — ty (£ — 8)in; (¢ + 5)
= 1t j(t = $)Agmn[Wnm + Enmi i) (£ + 5)
— it j(t + 8)Agjn[thnm + Enmior] (£ — 5)
+ 24 j(t = 8)Bijun@um(t + ) — it j(t + 8)BijpnnPum(t = 5)

— ity (£ — $)DyO(E +5) + ity (¢t + ) DOt — s). (32)
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Now we substitute equation (32) in equation (31) and this in equation (30) to obtain
ot (2)in;(t)
t
= pu1;(0)ir;(2t) + / [0Fi(t - )ini(t +5) — pFi(t + 8)ii(t — s)] ds
0
t
+ / [t,»j(t —8)ui(t + ) — t;(t + s)i;(t - s)]l, ds
o ,

t
+ / {’;ti,j(t - S)Aljmn[un,m + Enmk Pk (£ + 5)
0
- l;ti,j(t + S)Aijmn [un,m + gnmk(pk](t - S)} ds

t
+ / [iii,j(t - S)Bijmnwn,m(t + S) - iti,j(t + S)Bijmnwn,m (t - S)] ds
0

+ /t[l;tl"j(t + S)Dijg(t - S) - b.tl',/‘(t - s)D,-,»@ (t + S)] ds. (33)
0

We integrate equation (33) over B, use the divergence theorem and equation (11) to obtain
the final result. O

3 Zero external data

Suppose that the boundary initial value problem of linear micropolar elastodynamics has
two solutions #®, ¢, 6@, o =1,2. Let u = uV — u®, ¢ = oV — 9@, g = gV — g?),
Then u, ¢, and 6 satlsfy (1)-(4), (9), and (10) with F; =M; =0, r=0, ;=4 =6 = q=¢=
mi=0,ud =) =0° = <pjo = ngQ =0, i.e. homogeneous equations and boundary and initial
conditions.

Lemma 3.1 Let us consider a solution of the initial boundary value problem corresponding
to zero external data D = 0. Then for all t € [0, T) we have

/ pia(t)ic() dv
B
:2/(; /I;Dlie(s)iti,j(s) dvds

t
) / / At ($) + Emmicpi (9]t (5) dvds
0 B

_Z/t/Btjmn(pn,m(S)iti,j(s) dVdS, (34)
/B—OCG (¢) dv+2/ / —K;;Bi(s)B;(s) dvds
= —2/0 /I;Q(S)Dij[itj,i(s) + Sjik¢k(s)] dVdS—2/O L;Q(S)Elj¢j,i(s) dVdS, (35)
[ 1o0p 0
B

= —2/0 /B{Bmm’j [Mn,m (s) + Snmkwk(s)]
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+ Cijmn®nm(s) — Eij0 (S)}¢i,/(S) dvds
* 2‘/0 /BSW‘ {A/kmn [”n,m (s) + Snmkgﬂk(S)]
+ B]’kmngon,m(é') - Dij(S) }ng(S) dvds, (36)

/pi‘f(t)i‘i(t) + Lii(£)@;(2) + ic@z(t) dv

B 6o
=_2 /0 /B [201,n(5) + €m0k ()| [ Aijimniti j(5) + Boumigi,(s)
— & Ajmni(s)] dvds — 2 / / P (8) [ Bijmniti () + CijmnPi(s)
0 JB
— & Bikmn@i(s) | dvds + 2 /(; /B D6 (s)it;j(s)dvds + 2 /0 ./z; E;i6(s)¢i,(s) dvds
B 2/0 /B: epDpO($)i(s) dvds -2 /0 /l; 0(s)Dy[;(s) + gjicp(s)] dvds
t . f

— 2‘/0 [g 9(S)Eij</7/,i(s) dvds -2 [) [g 9—01(11,6,(8),3](5) dvds. (37)

Proof We choose l:l?(x) =0,x € B, ii;(x,£) = 0 on £; x [0,00), £(x,t) =0 on T, x [0,00)
and F(x,t) = 0 on B x [0,00) in (18) to obtain equation (34).

We choose 8°(x) = 0,x € B, O(x,£) = 0 on X3 x [0,00), (x,£) = 0 on 4 x [0,00) and
r(x,£) = 0 on B x [0, 00) in (19) to obtain equation (35).

We choose (b;)(x) =0,x € B, @j(x,t) =0 on 35 % [0,00), #1;(x,£) = 0 on Tg x [0,00) and
M;(x,t) =0 on B x [0,00) in (20) to obtain equation (36).

We add up the previous three formulas. d

Lemma 3.2 Let us consider a solution of the initial boundary value problem corresponding
to zero external data D. Then for all t € [0, L) we have

/piti(t)it,-(t) dv
B
- /0 /B{iﬁ,j(t = 8)AjmnlUnm + Enmipic) (¢ + 5)

- l:lz’,j(t + S)Aijmn[un,m + Enmk i (£ — S)} dvds

t
+ / /[ili,j(t - S)Bijmn(pn,m(t + S) - I;li,j(t + S)Bijmn(pn,m(t - S)] dV dS
o JB
t
+ / / [it,»,j(t +8)D;0(t —s) — in;,j(t — s) DO (¢ + s)] dvds. (38)
o JB

Proof We choose i’ (x) = 0,x € B, it;(x,t) = 0 on ¥; x [0,00), £i(x,£) = 0 on X, x [0, 00)
and F;(x,£) = 0 on B x [0, 00) in (28) to obtain equation (38). O

4 Some useful remarks
We assume that meas %, = 0. Let {u;,¢;,0}(x,t) be a solution of the initial boundary

value problem corresponding to zero external data D = 0. We might want to prove that
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{ui, 9,0} (x,) = 0 in B x [0,00). Let

t

1
60 [ [ KO8 dvas (39)

o Jabo
for all ¢ € [0,00). If ¢(t) = 0 and 6y # 0,Kj; # 0, then either B;(x,s) = 0 or B;(x,s) = 0 in
B x[0,00).1f B;(x,s) = 0 then 6;(x,s) = 0 in B x [0, 00). By [10] and [1] and since meas¥3 # 0

and 6(x,t) = 0 on T3 x [0, 00) we have
/O,i(t)e,,»(t) dvzk/@z(t) dv (40)
B B

where A > 0, A = const. is the smallest eigenvalue of the fixed membrane problem. There-
fore A(x,£) = 0 in B x [0, 00), which yields

[ pinteyistrav
B
t t
-2 / f A [t (5) + £k ()it (5) dv s 2 / f Bimnpnm(5)ity(5) dv s
0 B 0 B
t t
- [ / Ao on )i (5) dvds =2 f / B $)ite(5) dv s, (41)
0 B 0 B
/ Lii0)é(0) dv
B
t
= _2/ /{Bmm’j[un,m(s) + 6‘m’nl’<‘pk(s):| + Cijmnwn,m(s)}¢iJ(S) dvds
0 B
t
+ 2/ / Eijk {Ajkmn [un,m (s) + 8nmk§0k(s)] + Bjkmnﬁon,m(s)}(bi,j(s) dvds
0 B
t
- / / [Buaimn(5) + Cmnoun()}1,(5) dvds
0 B
t
2 [ [ el sonsen) + B vn6)}16) dv s, (42)
0 B

By imposing certain conditions on the coefficients, we might prove that ¢(x,¢) = 0 and
u(x,t) = 0 in B x [0,00). Following [3], we know that

Attin€xi€mn + CrimnYiaVmn + 2Biimn€itVmn = 0. (43)

Now we derive some useful inequalities for the constitutive coefficients E;; and Dj;. Since
0(x,s) =0 on dB x [0, T) we have

t
—2/ /H(S)E,j(/')j,i(s) dvds
0o JB

= —2/0 /;{[Eije(s)@(s)]yi - [E,']-Q(s)]’i@(s)} dvds

= —2/0 ‘/aB E,»j@(s)gbj(s)ni dads + 2/0 /l;[El']‘,ﬂ(S)gbj(S) + Eg@,i(s)gbi(s)] dvds

2 ]0 t /B { [%Eﬁje@] [%@@] + [%Eﬁai(s)} [%@(s)] } dvds, (44)
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which by the Cauchy-Schwartz inequality and by the arithmetic-geometric mean inequal-

ity is bounded by

cof [l
[fnl ] ]
[ [

SIS
+ [%Eiﬂ,i(s)] + pogoj(s)wj(s)<8—l + 8—2) } dvds. (45)

We assume that

Nl

mg = Sup(Eszl/) >0, (46)
B

1
mp. = sup(Ej;iEix)? > 0. (47)
B

We denote QE E;6; and

1
QFQF = Ey0,QF < (E4E)* (QF6,Q0,)7, (48)
which yields
E,’je’,‘Ekje,k < m%@]ie,i. (49)

Therefore Ve, g9 > 0
t
—2/ / Q(S)Elj(ﬁj,i(S) dvds

/ /{(— + —)pow,(s)w,(s) + Lm20%(s) + 2 mi26,(s)6, (S)} dvds, (50)
Po Lo

which by (40) is further bounded by
/ / { (— " —) P0di(8)@i(s) + ( mi2a 4 8—2m5) ()6, (s)} dvds. (51)
Lo Lo
Since 6(x,t) = 0 in B x [0,00), by (35) and by (51) we obtain

/o /ijo@(s)gbj(s) dvds > 0. (52)

Hence we do not need any condition on pg to prove the positivity of the integral above.
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We perform similar computations for the constitutive coefficient D;;. We have, since
O(x,s) =0o0n dB x [0,T),

—2/0 /BO(S)Dljlltj,i(s) dvds
= —2/‘0t‘/l;{[Dij9(S)I:tj(S)]yl. — [Dije(s)],il;tj(s)} dvds

= —2/[/ DZIQ(S)MI(S)nL dads + Z/Ot/];[D,NQ(S)M](S) +Dij9,i(5)ﬂj(s)] dvds

o [{[ ][ o] [Zoo] ] e

which by the Cauchy-Schwartz inequality and by the arithmetic-geometric mean inequal-
ity is bounded by

cof [{20] |
oo} ([ 5ow] [ f5wa]

VPO
Vi
//H DW@ } [\/L— ]+,00M;( )u,(s)(8—11+i>}dvds. (54)

We assume that

T

mp = sup(Dl,Dl,) 0, (55)

i = sup(Dl-j,ka,‘,k)7 > 0. (56)
B

We denote QD Dy6; and

1

QDQD Dy, QD < (D,}Dl]) (QjDe,inDQi)z, (57)
which yields

D,-,»Qka,Qk < m,%@]ﬁ,-. (58)

Therefore Ve, g9 > 0
—2/ /Q(S)Dljitj,i(s) dvds
/ /{(— + —)pou,(s)u,(s) + —m 202(s) + g—zmlzje,,»(s)é,i(s)} dvds, (59)
Lo Lo

which by (40) is further bounded by

/ f{(— + —)pOMJ(S)MJ(S) + (imBZA—l + S_Zm%>9,i(s)9,i(s)} dvds. (60)
Po Po
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Since 6(x,t) = 0 in B x [0, 00), by (35) and by (60) we obtain

t
/ /pozl/(s)it}-(s) dvds > 0. (61)
0o JB
Hence we do not need any condition on pg to prove the positivity of the integral above.
We say that Kj; is a positive definite tensor if there exists a positive constant kp > 0 such
that Vél

Kij&i& > ko&ik;. (62)

Thus ko can be identified with the minimum of the positive eigenvalues of Kj; on B. Since
1(1‘]‘9,,‘9,}' > k09,,-9,,» we have Vey, g, >0, € [0,T)

—2/t/9(s)El7gbj,,r(s) dvds
(o) frsres

6o
+ o EmE A 4 eam / / —K;j6,(5),(s) dvds (63)
and
_2/tf9(s)Dtjﬂj,i(S) dvds
(_+_)/ / potti(s)i;(s) dvds
0,
+ po(/)<0 (e1m, I 4 eam? / / —K;i6,(5)6(s) dv ds. (64)

We choose parameters €1, &5 so small that

o= 2—9—0(8 iy ATt + eamp) —

Al 0. 65
ok — (em? A + eym) > (65)

Bo
poko

Hence from equation (35) we have

1 ¢ 1
/l;e—cez(t)dv+a/ /Q—Kijﬁi(s)ﬂj(s)d‘/ds

0

(— + —)/ /pou,(s uj(s)dvds
(— + —)/ /p()(p,(s @i(s)dvds -2 / / (8)Dyjesrpi(s) dvds. (66)
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