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Abstract

In this article, we consider the following boundary value problem of nonlinear
fractional differential equation with p-Laplacian operator:

D* (¢ (D*u(t))) =f(t,u(®)), O0<t<1,
u(0) = u(1) =D*u(0) = D*u(1) =0,

where 1 <o < 2 is a real number, D% is the conformable fractional derivative,
Gps)=151P?s,p>1,@," =g, 1/p+1/g=1,and f:[0,1] x [0,+00) = [0,+00) is
continuous. One of the difficulties here is that the corresponding Green’s function
G(t,s) is singular at s = 0. By the use of an approximation method and fixed point
theorems on cone, some existence and multiplicity results of positive solutions are
acquired. Some examples are presented to illustrate the main results.

MSC: 34B18; 35J05; 34A08

Keywords: conformable fractional derivative; singular Green's function; fixed point
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1 Introduction
Recently, differential equations have been of great interest. Integer order differential equa-
tions with p-Laplacian have been subject to a lot of research [1, 2]. Now, many people pay
attention to the existence and multiplicity of solutions for boundary value problems of
fractional differential equations with p-Laplacian by the use of techniques of nonlinear
analysis [3—6], upper and lower solutions method [7, 8], coincidence degree [9], Banach
contraction mapping principle [10], etc.

Chen et al. [9] investigated the boundary value problem for a fractional differential equa-

tion with a p-Laplacian operator at resonance,

Db, (¢p (D3, u(®)) =f(t, u(t), DL, u(®)), 0<t<l,

DY, u(0) = D, u(1) = 0,
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where 0 <o, 8 <1,1<a+B <2,and D}, is the Caputo fractional derivative. ¢,(s) = |s[P~s,
p>1 ¢1;1 = ¢4, 1/p + 1/q = 1. By using the coincidence degree theory, a new result of the
existence of solution is obtained.

Lu et al. [7] studied the following p-Laplacian fractional differential equations boundary

problems:

Djy (6,(D%,u(®)) =f(t,u(®)), 0<t<1,

u(0)=u/(0)=u/(1) =0, D§,u(0) =D, u(1) =0,

where2<a <3,1< 8 <2,D§,, Dg+ are the standard Riemann-Liouville fractional deriva-
tives, ¢,(s) = [slP™%s, p > 1, (151;1 =¢4 1/p+1/g=1,and f: [0,1] x [0, +00) — [0,+00) is
continuous. By the properties of the Green’s function, the Guo-Krasnosel’skii fixed point
theorem, the Leggett-Williams fixed point theorem, and the upper and lower solutions
method, some new existence results are obtained.

To the best of our knowledge, most of the literature about boundary value problems did
not involve the singularity of G(t,s). Therefore, in order to fill this gap in the literature, in
this paper, we investigate the following p-Laplacian fractional differential equation bound-

ary value problem:

D* (qbp (D"‘u(t))) :f(t, u(t)), 0<t<l, (1.1)

1#(0) = u(1) = D*u(0) = D*u(1) = 0, (1.2)

where1 < o < 2isareal number, D is the conformable fractional derivative, ¢,(s) = |s["~s,
p>1, ¢I;1 =¢g5 l/p+1/g=1,f:[0,1] x [0,+00) — [0, +00) is continuous. By the approx-
imation method and fixed point theorems on cone, some existence and multiplicity re-
sults of positive solutions are obtained. For « = 2, Problem (1.1), (1.2) is called a fourth
p-Laplacian boundary value problem, which has been studied in [11-13].

The rest of this paper is organized as follows. In Section 2, we recall some concepts rela-
tive to the new conformable fractional calculus and give some lemmas with respect to the
corresponding Green’s function. In Section 3, we investigate the existence of positive so-
lution for the boundary value problem (1.1), (1.2). In Section 4, the multiplicity of positive
solutions is studied. In Section 5, we present some examples to illustrate our main results

in Section 3 and Section 4, respectively.

2 Preliminaries and lemmas
For the convenience of the reader, we give some background material from fractional cal-
culus theory to facilitate the analysis of Problem (1.1), (1.2). These results can be found in

the recent literature; see [14—-16].

Definition 2.1 Let @ € (n,7n + 1] and f be a n-differentiable function at ¢ > 0, then the

fractional conformable derivative of order « at ¢ > 0 is given by

(n) n+l-ay _ £(n)
Daf(t) _ Da—nf(n)(t) _ ll_r;%f (¢ +et 61 ) f (t), @.1)
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provided the limit of the right hand side exists. If f is «-differentiable in some (0,4), a > 0,
and lim;_, o+ D*f(¢) exists, then define

D“f(0) = lim DFf(@) (22)
Remark 2.1 As a basic example, given « € (1,1 + 1], we have

D*t* =0,
where k=0,1,...,n.

Lemma 2.1 Lett >0, « € (n,n +1]. The function f(¢) is (n + 1)-differentiable if and only if
f is a-differentiable, moreover, D*f(t) = "= f+1(¢),

Proof Let h = et"*17* + O(€?). With Definition 2.1, we have

f(n)(t + 6t"+1_a) _f(n)(t)
€

IR0

€e—0 __h
t1+1-¢ L O(e)

— tn+l—af(n+l) (t)

D*f(t) = lim

The proof is complete. d

Definition 2.2 ([14]) Let @ € (1,1 + 1]. The fractional integral of order « > 0 at £ > 0 of a
function f : (0,00) — R is given by

IF(0) = " (D) = - / (= s ) ds, (2.3)
0

n!
where I"*! denotes the integration operator of order # + 1.

Lemma 2.2 Let o € (n,n + 1] and f be a continuous function defined in (0, +00), one has

D*I“f(t) =f(¢) for t > 0.

Proof Since f(t) is continuous, I°f(¢) is (n + 1)-differentiable. In view of Lemma 2.1 one
has

dn+1 t
D*(I*f)(£) = ¢+ g, (% /0 (t—s)"s"""1f(s) ds)

— tn+1—ozf(t)toz—n—l

=f(@).
The proof is complete. d

Lemma 2.3 ([16] Mean value theorem) Leta > 0 and f : [a,b] — R be a function with the
properties that
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(1) f is continuous on [a, b],
(2) f is a-differentiable on (a, b) for some a € (0,1).

Then there exists ¢ € (a, b) such that

b) —

Lemma 2.4 Let o € (n,n+1], f be a a-differentiable function at t > 0, then D*f(t) = 0 for
t € (0,00) ifand only if f(t) = ag + a1t + - - - + @,_1t" ' + a,t", where ay € R, fork = 0,1,...,n.

Proof The sufficiency follows by Remark 2.1.
Next, given £, t, € (0,00) with £ < t,, by Lemma 2.3, there exists § € (¢, ;) such that

FO ) - er) = D“f(;)(lts - 3t;”>.
o o

By means of D*f(&) = 0, we have f"(t,) = f")(t;), with arbitrary £, ,, one has f"(¢) = C

and f(£) = ag + art + - - - + a,_ 1" + a,t”, for t € (0,00). O
With Lemma 2.2 and Lemma 2.4, the following lemma is immediate.

Lemma 2.5 Assume that u € C(0, +00) with a fractional derivative of order o € (n,n + 1]
that belongs to C(0,1) N L(0,1). Then

I°D%u(t) = u(t) + co + c1t + - - - + ¢,t", (2.4)
forsomecreR, k=0,1,...,n.

Now, we present the Green’s function. In the following arguments, we always suppose
that o € (1,2].

Lemma 2.6 Given y € C[0,1], the unique solution of

D*u(t) +y(t)=0, O0<t<], (2.5)

u(0) = u(1) = 0, (2.6)

1
u(t):/ G(t,$)y(s) ds,
0
where

(1-1)s*1, forO<s<t<l;
Glts) = 2.7)
ts°2(1-s), for0<t<s<l1.
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Proof Applying Lemma 2.5 we reduce equation (2.5) to an equivalent integral equation,
u(t) =-I1%y(t) + co + 1t

t
= —/ (t —s)s"2y(s) ds + co + c1t,
0

for some ¢y, c; € R. By (2.6), we have ¢ = 0, ¢; = fol(t — 5)s*2y(s) ds. Therefore, the unique
solution of Problem (2.5), (2.6) is

t 1
u(t) = —/ (t —s)s"2y(s) ds + t/ (t —5)s*2y(s) ds
0 0
= v/t(—tso‘2 +5% 7+ 5% 72 — 15" 1)y(s) ds
0
1
+ / (ts‘)‘_2 - tso‘_l)y(s) ds
¢ 1
= f (1 —1)s*Ly(s) ds + / £ts%72(1 - s)y(s) ds
0

t

1
= / G(t,5)y(s)ds.
0

The proof is complete. g
We point out here that (2.7) becomes the usual Green’s function when « = 2.

Lemma2.7 Lety e C[0,1] and 1 < «a < 2. Then the fractional differential equation bound-

ary value problem

D (%(D"‘u(t))) =y(t), O0<t<], (2.8)

u(0) = u(1) = D*u(0) = D*u(1) = 0, (2.9)

has a unique solution,

u(t) = /: G(t,5)dq (/01 G(s,t)y(1) dr) ds. (2.10)
Proof Apply the operator I* on both sides of (2.8), with Lemma 2.5, we have

qbp(D“u(t)) + Co + Cit = I%y(t).
So,

(i)p(DuM(t)) = [a_)/(t) — C() — Clt

t
= / (t - t)r""zy(r)dr - Co—-Cit
0
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for some Cy, C; € R. By the boundary conditions D*u(0) = D*u(1) = 0, we have

1
Co =0, Ci= / 1 -1)t°?y(r)dr.
0

Therefore, the solution u(t) of the fractional differential equation boundary value problem
(2.8) and (2.9) satisfies

t 1
q)p(D"u(t)) = /0 (t—1)t" y(r)dt - t/o 1 -1)r*%y(1)dr

1
=—/ G(t, t)y(r)dr.
0

Thus, the fractional differential equation boundary value problem (2.8) and (2.9) is equiv-
alent to the problem

1
Du(t) + ¢, (/ G(t, t)y(t)dr) =0, O<t<l,
0

u(0) = u(1) = 0.

Lemma 2.6 implies that the fractional differential equation boundary value problem (2.8)
and (2.9) has a unique solution,

u(t) = /: G(t,s)¢, </01 G(s,r)y(r)dt) ds.

The proof is complete. d

Lemma 2.8 The function G(t,s) defined by (2.7) satisfies the following properties:

(i) G(t,s)>0,forallt,se(0,1);

(ii) min%gs% G(t,s) > %maxogsl G(t,s) = iG(s,s),fors € (0,1).

Proof Observing the expression of G(t,s), it is clear that G(t,s) > 0 for ¢,s € (0,1). Next,

for given s € (0,1) we consider the partial derivative of G(t,s) with respect to ¢,

aG(t,s) | -s*7, s<t
ot 2 2(1-s), t<s.

This shows that G(t, s) is decreasing with respect to ¢ for s < ¢, and increasing for ¢ <s.
So,

max G(t,s) = G(s,s) = (1 — s)s*

0<t<1

and

s, s€(0,3];

1-95)s"2% sel31).

2.
=
Q
~
S+
©
z
Il
E
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Let
B min%gs% G(£,5) B ﬁ, s€(0,3];
y(s) = T Ges 1 )
’ 4s’ s€ [5’1)
Clearly, y (s) > i, s € (0,1), the proof is complete. O

It should be noted that the constant bound is new for fractional derivatives. It was
pointed out that the Riemann-Liouville fractional derivative does not allow one to get
a positive constant boundary (see [3], Remark 2.2).

Lemma 2.9 ([17])

(1) Ifl<q<2,then
|61 +v) = ¢y ()| < 227 7w|7

forall u,v eR.
(2) Ifq>2, then

|64t +v) = pg)] < (g =1)(lue] + Iv]) v
forall u,v eR.

Lemma 2.10 ([18]) Suppose E isa Banach spaceand T, : E — E,n = 3,4, ... are completely
continuous operators, T : E — E. If | T,u — Tu|| uniformly converges to zero when n — oo
for all bounded set Q2 C E, then T : E — E is completely continuous.

Definition 2.3 The map 0 is said to be a nonnegative continuous concave functional on
a cone P of a Banach space E provided that 6 : P — [0, 00) is continuous and

6 (tx + (1 - t)y) = t0(x) + (1 - )0 ()
forallx,ye Pand 0 <t <1.
The following fixed point theorems are useful in our proofs.

Lemma 2.11 ([19]) Let E be a Banach space, P C E a cone, and 21, 23 two bounded open
balls of E centered at the origin with Q1 C Q9. Suppose that A: PN (Q\Q) = Pisa
completely continuous operator such that either

Q) | Ax| < x|, x € PN 3y, and || Ax|| > ||lx|l, x € PN IR or
(i) Nl Ax] = llzll, x € PNy, and || Ax|| < ||lx|l, x € PN 32

holds. Then A has a fixed point in PN (Q22\21).

Lemma 2.12 ([20]) Let P be a cone in a real Banach space E, P, = {x € P|||x|| <c}, 0 a
nonnegative continuous concave functional on P such that 6(x) < ||x||, for all x € P,, and
P(9,b,d) = {x € P|b < 0(x), | x| <d}. Suppose A : P, — P, is completely continuous and
there exist constants 0 <a < b < d < ¢ such that
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(C1) {x € P(0,b,d)|0(x) > b} is non-empty, and 6(Ax) > b, for x € P(0, b, d);
(C2) | Ax| < a, for x < a;
(C3) 6(Ax) > b, for x € P(0, b, c) with || Ax| > d.

Then A has at least three fixed points x1, X, x3 with
%1l < a, b <0(x2), a < |lxsll, 0(x3) < b.

Remark 2.2 ([20]) If we have d = ¢, then condition (C1) of Lemma 2.12 implies condition
(C3) of Lemma 2.12.

3 Existence results
Let E = C[0,1] be endowed with the ordering u# < v if u(t) < v(¢) for all ¢ € [0,1], and the

maximum norm ||| = maxg<;<1 |#(£)|. Define

1
P= {u € Elu(t) > 0, 1rnin3 u(t) > leull}.

z=t=g

Define the nonnegative continuous concave functional 6 by

0(u) = min3 |u(t)|.

<=3

B

Given the continuous function f € C([0,1] x [0,00)), define T, T, : P — E as

1 1
(Tu)(t) ::/0 G(t,s)qbq(/; G(s,t)f(t,u(r))dt) ds,

1 1
(T,u)(t) := /1 G(t,5)d, (/1 G(s, t)f(r, u(t)) dt) ds, n=3,4,....

Lemma 3.1 T :P — P is completely continuous.

Proof Firstly, we show that T, : P — P are completely continuous for #n = 3,4,.... Given

u € P, with Lemma 2.8 and the nonnegativity of f(t, u), one has

1 1
(T,u)(t) :fl G(t,s)¢>q</1 G(s,r)f(r,u(r)) dr) ds

n

1 1
5/; G(s,s)¢>q,</1 G(s,t)f(r,u(r))dt)ds,

SO

1 1
| Tl 5/1 G(s,s)qbq,(/1 G(s, T)f (s, u(s)) dr) ds.

n n
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And next, if u € P,

1 1
min (T,u)(t) = min3/1 G(t,s)qﬁ,,(/1 G(s,r)f(s,u(s)) dr) ds

1 3 1
1=t=3 1=t=3

1 1
> i/; G(s,5)eq <ﬁ G(s, T)f (s, u(s)) dr) ds

> [ Thull.

N

As a consequence T, : P — P. The continuity of T, follows by the continuity of G(Z,s)
and f(¢,u). Let 2 C P be bounded, i.e., there exists a positive constant M > 0 such that
lle|| < M for all u € Q. Let

0=<t<1,0<u<M

1
L= max [f(t, u)| +1, H= / G(s,s)ds +1,
0
then, for u € , we have

1 1
|(T,,u)(t)| :/1 G(t,s)qﬁq(/; G(s,t)f(sr,u(r)) dr) ds

< LI

< +0Q.

Hence, T,(S2) is bounded for # = 3,4,.... On the other hand, given € > 0, let

€
= Talprg-1( 1 1
ququ(m+E)

’

then, for each u € , t1,t, € [0,1], 1 < £, and £, — £; < §, one has
(Tau)(t2) — (Tuu)(11)| < €.

That is to say that 7,,(2) has equicontinuity. In fact, we consider three situations.
(1)0<t1<t2<%.

[(Tu)(t2) = (Tu)(11)]

1 1
= ‘/1 G(tg,s)¢>q</l G(s,t)f(r,u(r)) dt) ds
n 1 n 1
. /1 G(tl,s)¢q< /1 G(s, 7)f (¢, u(2)) dr) ds

1
<[rigat! |G(t2,s) - G(tl,s)’ ds

1
n

1
= [yt /1 (82 — 1)s* 21 - s) ds

11
)

-1 «

<E.
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(2)0<t1<%<t2<1.

(Tt0)(£2) = (T) (1)

< [T1pa] (/:2 |G(t2,3) - G(tl,s)’ ds
1
+ / |G(t2,s) - G(tl,s)| ds)
< (LH)™ </1t2 5972 [(s —f) + (b — tl)s] ds

1
+ / (b — 1)s% 21 —s) ds)

1
< (LH)T ¢, - tl)/ (s""2 + s""l) ds
0

<(LH)"'(t; - tl)( ! + l)

-1 «

<e.
(3)%<t1<t2<1.

(T1a)(£2) = (T) (1)
<[t (/:1 |G(t2,8) - G(t1,9)| ds + f; |G(t2,8) - G(t1,9)| ds
+[|G(t2,s)—G(t1,s)|ds>
= LI gl ( /1 tl(tz —t)s% Vds + /tl tz(tz ) (s* %+ ds
+ /tl(tg —1)(s* 2 =5 ds)

1
< LI'HIY g, — 1) / (s""2 + s"’fl) ds
0

1 1
<L) ()
-1 «

<E€.

By the means of the Arzela-Ascoli theorem, we see that T, : P — P are completely con-
tinuous operators.

Secondly, it is clear that T : P — P. We prove that T, : P — P uniformly converges to T
and T : P — P is completely continuous too.

With the use of Lemma 2.9, we have

¢4(A +B) < ¢4(A) +2¢,(B) + (7 - 1)(A + B)"*B.
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Given € > 0, let

2041y | qL971HI!
N = ad-1 + o
6 ’
then || T,u — Tu|| < ¢, for all # > N. In fact,
I Tus = Tul|

= max| (T, u)(t) ~ (Tu)(0)|

0<t<1

1 1
- / G(t,s)(pq( / G(s,t)f(r,u(r))dt)ds
0 0
1 1
_ﬁ G(t,s)¢q(ﬁ G(S,‘L')f(‘[,u(l’)) dl') ds

< fol G(t,s) [qbq (/; G(s, 7)f (7, u(r)) dr) + 2¢>,1,<f0’7 G(s, T)f (7, u(7)) dr)

1

1 -2
+(q—1)</0 G(s,t)f(r,u(t))dr) / G(s,r)f(r,u(r))dr]ds

0

1 1
- /1 G(t,5)dq (/1 G(s, t)f(s,u(s)) dl’) ds

n n

1 1
5/0 G(t,s)(pq(/:i G(s,r)f(r,u(r))dt)ds

! %
+ 2Lq_1/ G(s,s) dsey, (/ G(t, T)d‘[)
0 0

1 1 -2 ol
+(g— l)Lq’lf G(s,s) ds(/ G(t, t)dr)q / G(t,7)dt
0 0 0

(L'f—lhm—1 2L H (q—l)Lq-lHq-1)<1)“
< + +

o i1 o n
2L'H gL HI N 1\
T\ e " o n
<E€E.

By the use of Lemma 2.10, T': P — P is completely continuous.

Denote

1 1 -1
M= (/0 G(s,s) dsqﬁq(/o G(t,r)dt)) ,

: : -
N = (/1 G(s,s) dsd)q(/; G(r,t)dr)) .

4 4

Page 11 of 15

Theorem 3.1 Let f(t, u) be continuous on [0,1] x [0, 00). Assume that there exist two dif-

ferent positive constants ry, 11, and ry # r1 such that
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(HL) f(¢,u) < ¢p(Mn), for (t,u) € [0,1] x [0,r1];
(H2) f(t,u) = ¢,(Nr2), for (t,u) € [i, %] X [irz,rz].

Then Problem (1.1), (1.2) has at least one positive solution u such that min{ry,r} < |u| <

max{ry,r}.

Proof By Lemma 3.1, T : P — P is completely continuous. Without loss of generality, sup-

pose 0 <rj <1y, and let
Qui={uePllul<n},  Q:={uePllul<n}

For u € 921, we have 0 < u(t) < ry for all ¢ € [0,1]. It follows from (H1) that

1 1
/ G(t,s)qbq(/ G(s,t)f(r,u(t)) dr) ds
0 0

1 1
§Mr1/ G(s,s) dsd)q(/ G(r,r)dt) =r = |ul.
0 0

|| Tu|| = max
0<t<1

So,
| Tull < |lull, foru e d2.

For u € 9$Q2;, by the definition of P, we have

By assumption (H2), for ¢t € [%, %], we have

1 1
(Tu)(0) = /0 G(t,s)¢q( /0 G(SJ)f(f,u(r))dr)ds

1 i
Z/o %G(s,s)gbq(/‘IL iG(r,t)f(r,u(r))dt)ds

i 1 11
erQ/l ZG(s,s) dsd)q(/l ZG(r,r)dr) =7y = ||lul.
7 7

So,
| Tu|| > ||lull, foru e 8.
Therefore, by Lemma 2.11, we complete the proof. 0

4 Multiplicity
Theorem 4.1 Suppose f(t,u) is continuous on [0,1] x [0,00) and there exist constants
O<ax< %b such that the following assumptions hold:

(Al) f(t,u) < ¢pp(Ma), for (t,u) € [0,1] x [0,al;
(A2) £(t,u) > §p(AND), for (t,10) € [1, 2] x [1b,b];
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(A3) f(t,u) < ¢p(Mb), for (t,u) € [0,1] x [0, b].
Then the boundary value problem (1.1), (1.2) has at least three positive solutions uy, uy, us

with
b < min
<

t53|”2(t)| < max [ (0)] = b,

i

SN

max 1 (8)] <a,
a< 52?5)(1’”3“)! <b, ;;i;l%|u3(t)| < Zb.

Proof We show that all the conditions of Lemma 2.12 are satisfied. If u € Py, then ||u|| < b.

Assumption (A3) implies f (¢, u(t)) < Mb for 0 <t <1, consequently,
ax
1

1 1
|| Tue|| = ma /0 G(t,s)qbq(/o G(s,t)f(r,u(t)) dr) ds
1 1
5/0 G(s,s)¢>q,</0 G(r,r)f(r,u(t)) dr) ds

1 1
§Mb/ G(s,s) dsey (/ G(r,r)dr) <b.
0 0
Hence, T : Py — Pp. Similarly, if u € P,, then assumption (A1) yields f (¢, u(t)) < Ma, 0 <

t < 1. Therefore, condition (C2) of Lemma 2.12 is satisfied.

Choose

) =
u(t) 5
Then u(t) € P(0, %b, b),0(u) = 9(%) > ib, consequently,

1 1
{u c p(e, Zb,b) ‘e(u) > Eb} 40,
Hence, if u € P(0, ib, b), then %b < u(t) < bfor i <t< %. From assumption (A2), we have

ft,u) zN(ib) for % <t< %. So
(/;z iG(r,r)f(t,u(r)) d‘r) ds

6(Tu) = min
1o4<
i1
—G(t,t)dt) =—b.
4 4

3
1 /4 iG(s,s) d3¢q< f4

That is,
1 1
0(Tu) > Zb’ for allueP(@,Zb,b),

This shows that condition (C1) of Lemma 2.12 is satisfied.
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By Lemma 2.12 and Remark 2.2, Problem (1.1), (1.2) has at least three positive solutions

U1, Uy, Us, satisfying

1
max |u1(t)’ <a, —b < min |u2(t) ,
0<t<l1 4 143
4="=4
a< max|u3(t)|, min |u3(t)| < lb.
0=<t<1 143 4
4="=4
The proof is complete. g

5 Some examples
Example 5.1 Consider the following boundary value problem:

2
D3 (¢o(D3ult))) =2+ Vi + 5 0<t<l (5.1)
u(0) = u(1) = D3 u(0) = D3 u(1) = 0. (5.2)

By a simple computation, we obtain M = 3.75, N ~ 5.987. Choose r; =1, r; = %, then

2
flt,u) =2+ Ju+ % <35<¢y(Mr) =375 for(t,u)e[0,1] x [0,1],

2 13 11
) = - ~ 1. ) f ) — = |
flt,u) =2+ Ju+ 5 > 2> py(Nry) 996, for (t,u) € |:4 4] X [12 3]

With the use of Theorem 3.1, the fractional differential equation boundary value problem

(5.1) and (5.2) has at least one positive solution « such that % <|lul| <1.

Example 5.2 Consider the following boundary value problem:

D3 (o(D3u®)) =f(t,w), 0<t<l, (5.3)
u(0) = u(1) = D3 u(0) = D2 u(1) = 0, (5.4)
where
7ud + %tz, u<l;
f(tr u) =

6+u+%t2, u>1.

We obtain M = 3.75, N ~ 5.987. Choose a = 0.1, b = 4, then

t2
ftu)=7u® + 3 < 0.344 < ¢y(Ma) = 0.375, for (t,u) € [0,1] x [0,0.1],

19, Nb 13
ft,u)=6+u+ Zt >6 >¢2<T) ~5.987, for(t,u)e I:Z’Z:| x [1,4],

19
flt,u)=6+u+ th <14.75 < ¢po(Mb) =15, for (t,u) € [0,1] x [0,4].
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With the use of Theorem 4.1, the fractional differential equation boundary value problem
(5.3) and (5.4) has at least three positive solutions uy, u, and u3 with

5151?;<I|u1(t)| <0.1, 1< %1232% lus(2)] < 52?5)(1|u2(t)| <4,
0.1< grsl?;(l|u3(t)| <4, ;;12% |u3(t)| <1.
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