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Abstract

This paper is devoted to the investigation of the 2D incompressible
electrohydrodynamics system by the artificial compressibility method. We first
introduce a family of perturbed compressible electrohydrodynamics, which
approximate the incompressible electrohydrodynamics as the compressibility
parameter is sent to zero. Then we prove the unique existence and convergence of
solutions for the perturbed compressible electrohydrodynamics system to the
solutions of the incompressible electrohydrodynamics system.
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1 Introduction
Let Q C R? be an open bounded smooth domain. We investigate the artificial compress-
ibility approximation of the following electrohydrodynamics system [1]:

a (Ve + Vg k) —as Av— QE + Vp = f,

Qi -a3AQ +asQ+V-(Qv) =0,
-Ap=Q,

V.v=0,

v=0, Q=Q ¢=¢, x€dQ >0,
v(x,0)=vy, Qx,0)=Qp, x€Q.

11)

Here v € R? denotes the velocity vector field, p € R denotes the pressure of the fluid, Q and
E denote the charge density and the electric field, respectively, k > 0 is the constant coef-
ficient of diffusion. We can simply denote the body forces of the electric origin by the
form QE because the electric permeability and density of mass are constant. We suppose
that the magnetic effects are negligible, thus V x E = 0, and the electric field is defined by
E=_V¢.

The form of Q is crucial for the nature of the flow. Q = 0 stands for no injection of free
charges from the outside. Namely, the flow is quite simple. The stationary problem has
one and only one solution and, if the electrostatic field is sufficiently small, there exists a
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Liapunov function. On the contrary, the flow is richer and more complex when Q # 0. In
particular, the solution of the stationary problem is non-unique in certain cases [2].
Let ¢ and Qo be the solutions of the following problems:

—a3AQp+a1Qp=0, inQ, Qy=Q ondL, (1.2)

~Apo=Qy, N, Po=¢ ondQ. (1.3)

We assume Q, ¢ € C®(9%2), thus we have Qq, ¢o € C®(Q) by standard results of regularity.
Defining ¢ = ¢ — ¢y, and g = Q — Qp we can rewrite the problem equations (1.1) as fol-

lows:

M2 + a1 Bv,v) + azAgv + N(q + Qo ¢ + o) + Vp =f,
g—’t’ +asAvg + asq — M(q + Qo,v) =0,

Aip =g,

divv=0,

(1.4)

v=0, ¢g=0, ¢=0, x€0%, t>0,

v(x,0) =vo, ¢(x,0)=qo, x€Q.

Here, for simplicity, we have made a detailed explanation of ‘Ag, A;, B(u,v), N(u,v),
M(q,v) in the section of Preliminaries.

The electrohydrodynamics system has been studied largely in the past years, see for
example [1, 3-10].

The artificial compressibility approximation method was introduced by Chorin [11, 12],
Temam [13-15]. Their aim was to deal with the difficulties induced by the incompressibil-
ity constraint ‘divu = 0’ in the numerical approximations to the Navier-Stokes equations.
As ‘divu = 0’ can never hold exactly, discretization errors accumulate at each iteration.
Then after a significant amount of error accumulation, the approximate algorithm breaks
down. To overcome this difficulty, Chorin and Temam introduced the following perturbed

compressible Navier-Stokes equations:

3u€ € € € € 1 : € €
5 +VpS =vAu - (u - V)u —E(dlvu Jus,
eap +divuc =0.

In [15], Temam also discussed the convergence of the approximations to the incompress-
ible Navier-Stokes equations on bounded domains by using the classical Sobolev compact-
ness embedding theorems and the classical Lions method [16] of fractional derivatives to
recover the compactness in time.

Following the ideas of Chorin and Temam, the artificial compressibility approxima-
tion for some other models was also studied recently. For example, in [17, 18], Zhao et
al. studied the artificial compressibility approximation for the incompressible convective
Brinkman-Forchheimer equations and the non-Newtonian fluid equations, respectively.
In [19-22], Donatelli et al. investigated the artificial compressibility approximation for
the Navier-Stokes equations, MHD equations and the Navier-Stokes-Fourier equations
on unbounded domains or the whole space R3.
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In this paper, we consider the approximation of system (1.4) by the artificial compress-
ibility method. Consider the following family of perturbed compressible systems depend-
ing on the parameter € € (0,1]:

av, 1 . ~ ~
dla_; +a1B(ve, ve) + Edl(dlvve)vs +arAgve + N(ge + Qo, e + o)

1 . .
- EV(qE + Qo)(@e + ¢o) + Vpe = f, (L5)
09 ~ 1 . ~
Fr azAige + asqe — M(qe + Qo,ve) + 5(dlv Ve)(ge + Qo) = 0, (L.6)
A1¢e = ge, (1.7)
ope ..
€ pt +divve =0, (1.8)

with the initial and boundary value conditions

ve=0, ¢=0, ¢.=0, x€0dQ, t€(0,7), 1.9)

Ve(x,0) =vo,  ge(x,0)=qo0, @e(x,0) =00, pelx,0)=po. (1.10)

Here, for simplicity, we give a detailed explanation of the terms ‘%(div Ve)Ve, %V(qe +
Qo) (@e + ¢o) and ‘%(div ve)(ge + Qo) in Remark 3.1.

It is obvious that the perturbed compressible electrohydrodynamics system (1.5)-(1.8)
recover the incompressible one (1.4) when € = 0. So it is natural to ask whether system
(1.5)-(1.8) possesses a solution, and whether it converges to the solution {v,q, ¢, p} of the
incompressible electrohydrodynamics system (1.4) as € — 0*? In the next parts of the
paper, we shall give positive answers to these questions.

At last we mention that, from the point of view of physics, one can formally derive in-
compressible fluid models from compressible ones. The incompressible limit of the com-
pressible fluid equations is a significant issue in the mathematical theory of fluid dynamics.
In the past years, some nice works on this subject have been performed; see, for example,
Jiang et al. [23, 24], Lions and Masmoudi [25], Temam [15] and Feireisl et al. [26, 27].

Now let us talk about the organization of this paper. In Section 2, we provide some
mathematical tools needed in the sequel and recall the existence of weak solutions. In
Section 3, we prove the unique existence of solution for equations (1.5)-(1.10), while in
Section 4 we show how the solutions of the perturbed problems converge to the solutions
of the incompressible electrohydrodynamics system (1.4) as € — 0*.

2 Preliminaries
Let Q C R? is an open bounded smooth domain, firstly, we define

= {u € L%(Q),divu = O}, withnorm || - || = || - [|.2 (the usual L2 norm),

H
A%

{u € Hé(Q),divu = 0}, with norm || - ||y = ||V - ||, and the dual space V¥,
V={¢eC(Q) x C(Q): ¢ = (¢1,42),dive = 0},
W = {(p eC3P(2) :dive = 0},

H,V denote separately the closure space of } in > norm and in Hj norm.

Secondly, we give a definition of some operators.
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Define the linear ‘Stokes operator’ A = —A from V to V* by

2
(Au, vyyey = Z/ Judvidx, Yu,veV.
Q

ij=1

We define the bilinear operator B(u,v) from V x V into V* as

2
(B, v), W)y = Z/ ui%w]’ dx, Yu,v,weV,
’ Q i

ij=1

we define the bilinear operator N (u,v) from Hj x Hj into V* as

2
e
(MWWLMWN=E:AQ£jMM Vg, € Hy,B €V,

we define the bilinear operator M(qg, v) from H} x V into H! as

2
9§
(M(qu);sb_[_]']_[(l) = Z/quvidx, Vg, € Hy,ve V.

Note that (see, e.g, [13, 15, 28])

Aou=-Au  for u € D(Ay) = {u € Hj(Q),divu = 0}.
By the Hilbert-Schmidt theorem, one can deduce that .4, has a sequence of orthonormal
eigenfunctions w;, belonging to C°(€2) with zero mean in Q. Since Ay is a self-adjoint
positive operator with compact inverse, {w;}X; forms a basis of the space H. Moreover,
{a)j}ffl also forms a basis of the space D(Af)/z) = {H}(€2), divu = 0}, for any positive integer s
[28]. In a similar way .A; : H}(Q2) < H1(2) is the isomorphism given by

(Ai1g,€) = ((q.6)) forall & € Hy().

We will denote by A; the corresponding operator defined in D(A;) = Hy(2) N H?(S2) with

range in L2(R2). As usual with problems involving the Navier-Stokes equations, we set
b(u,v,w) = fQ u;Divjw; dx,
n(q, ¢,v) = /s; qD;pv; dx.

Problem 2.1 Let T > 0. For any given v, and go with

vo(x) € H, (2.1)

qo(x) € L*(Q), (2.2)
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to find v, g, ¢ satisfying

veL*(0,T; V) NL>(0, T; H), (2.3)
q € L*(0, T; Hy(Q)) N L®(0, T;L*()), (2.4)
@ € L*(0, T; Hy(RQ)), (2.5)
9 . _

ﬂla—lt/ + a1 Bv,v) + az Aov + N(g + Qo ¢ + do) = f, (2.6)
B] .

a—z +azA1q + agsg — M(q + Qo,v) =0, (2.7)
Aip =q, (2.8)
V(xr 0) =70, q(x, 0) =4qo- (2'9)

Lemma 2.1 ([1]) Leta; >0,i=1,2,3,4, for T >0, Problem 2.1 admits unique solution.
Remark 2.1 Leta; >0,i=1,2,3,4, for any given vy and g satisfying (2.1) and (2.2). Then,
for each solution {v,q, ¢} obtained by Lemma 2.1, there exists a unique pressure p corre-

sponding to v, and for each t € [0, T], p € L*(R). Moreover, Vp € C([0, T]; H}(R)) and

hence
peC([0, TLX(R)), (2.10)

which satisfies in the distribution sense that

d - -
ay a_: +a By, v) + ayAgv + N(q + Qo, ¢ + do) + Vp = f, (2.11)
aq -
o +asA1q + asg — M(q + Qo,v) =0, (2.12)
Ao =q. (2.13)

Therefore, for Vi (t) € C2°(0, T),

T T
—a1A (v, ) (t) dt + al/o b(v, V,a)lp(t)) dt
T T ~ y
+ ﬂzf (v (2))dt + / n(g + Qo, ¢ + o, 0 (t)) dt
0 0
T
= / (0¥ @) dt + (vo,0)¥(0), VYweV, (2.14)
0
T T
_/ (q@®), w)y' (1) dt+zz3/ (g wy (1)) dt
0 0

T T .
+ﬂ4/0 (%Wllf(t))dt—/o n(q + Qo, wyr (t),v) dt

= (qo,w)¥(0), Vw e H,. (2.15)
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Remark 2.2 We will prove that if {v,q, ¢} is a solution of Problem 2.1, then
vV eL!(0,T;V'), ¢ €L'(0,T;H(Q)). (2.16)

By the classical embedding theorem (see [15]), we can conclude that v € C(0, T; H), q €
C(0, T;L?) and so the initial condition vy € H, go € L?> makes sense.

We need the compactness theorem [15] involving the fractional derivative.
Assume X, X, X; are Hilbert spaces with

Xo—> X — Xj, (217)
the embedding being continuous, and
Xo — X is compact. (2.18)

Let ¥/ (¢) be a function from R to X;; we denote by 1}(1) its Fourier transform,

1}(1) = /+oo exp(=2mitt)y(t)dt.

o}

The derivative in ¢ of order y is the inverse Fourier transform of (2imr t)? 1/7(1:), that is,

—

DIy (®) = (2im )"y (2).
For given y > 0, define the space

M = M” (R; Xo, X1) = {¢ € L*(R; Xo), D ¢ € L*(R; X))
Then M is a Hilbert space with the norm

1 larr = {19 o) + 1217 9O g -

For any set K C R, the subspace M}Q of M7 is defined as the set of functions u € M?” with
support contained in K:

My = M (R; Xo, X)) = { € M”,suppyr CK}.

Lemma 2.2 ([13]) Assume Xy, X, X1 are Hilbert spaces satisfying (2.10) and (2.11). Then,
for any bounded set K and Ny > 0, we have the following compact embedding:

M (R; Xo, X1) = L*(R; X).
Lemma 2.3 Let q,¢ € Hy(Q) and v eV, then

n(q,q,v) =0, (2.19)

n(q’ (28 V) = —n((p, 9 V). (2.20)

Lemma 2.4 Whenn =2,ifq < L*0, T; H(Q)) NL>®(0, T; L*(R)), then q € L*(0, T; L*(Q)).
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3 Unique existence of solutions for the compressible electrohydrodynamics
In this section, we first give a description of the perturbed compressible electrohydrody-
namics and then prove its unique existence of solutions.

For given ¢ € (0,1], we consider the following initial boundary value problem:

611% + "ZIB(VE: Ve) + %tll(diVVE)Ve + aZAOVe +N(qe + é0¢¢e + ‘50)
— 3V(qe + Q0)(@e + $o) + Vpe =f, inQx(0,T),

e + as Aiqe + asqe — M(qe + Qo,ve)

. (3.1)
+3(divve)(ge + Q) =0, inQx(0,7),
Algoe ={e> in Q x (01 T)’
e% +divve =0, inQ x (0,7),
supplemented with the initial boundary value conditions
ve=0, ¢=0, ¢=0, x€0%, (3.2)
Ve(®,0)=vo, qc(x0)=q0, @(x,0)=¢, pe(x,0)=py, x€Q, (3.3)
where vy, go satisfy (2.1) and (2.2), the function py is independent of € and
po € L2(). (3.4)

Remark 3.1 The terms }(divve)ve, 2V(ge + Qo)(¢e + ¢o) and 2 (divve)(ge + Qo) in (3.1)
are the stabilization terms corresponding to the substitution of the trilinear form b for the

form b and the trilinear form 7 for the form n, where the trilinear form 1;, n is given by

~

b(u,v,w) = %[b(u, v, w) — b(u,w, v)], Yu,v,w € Hé(Q), (3.5)

1
g, 0v) = 5 [n(q,0,v) = n(e,q,v)], YveHy(Q), ¢ ¢ €Hy(RQ). (3.6)

Note that if divu # 0, then b(u, u, u) # 0, n(q,q,v) # 0. But l;(u, v,v) =0, n(gq,q,v) =0, for
Vu,v e Hy(Q), g € H)(Q).

Let us assume that {v,, ¢, q.,p.} is the classical solution of system (3.1), that is, v, €
C*(Q), e € CXQ), ge € C*(Q), pe € CY(Q). Then we have ¢ € C5°(R) x C5°(R) and ¢ €
Co°(€2). Multiplying equation (3.1); by ¢, (3.1)2-(3.1)4 by o, we obtain

d A L i
ﬂl%(vevd’) + ﬂz((VE, ¢)) + ﬂlb(vmve’(p) + n(qe + QOI Pe + ¢Or¢) + (Vpo(»b) = (fr ¢)’

d 3
790+ a3((4e, 0)) + aa(ge, 0) — ii(ge + Qo,0,ve) = 0,
(((pe)Q)) = (qe’Q)y

d
ea(pe,e) + (divve,0) = 0.



Shao and Chai Boundary Value Problems (2017) 2017:14 Page 8 of 25

Let b, 71 be defined by (3.5), (3.6) and set B(u) = B(u, u), N(q) = N(q, q) via

(Bw),v) = bu,u,v), Vu,veH(S), (3.7)
(N(g),v) = (g, q,v), Vv eH)(Q),q € Hy(Q). (3.8)

Then like B(u), N(g), the operators B(u), N(q) are continuous on H} (), H}(2), respec-
tively.

Lemma 3.1 If v € L?(0, T;HL(2)) N L>(0, T;H), g € L*(0, T; HY()) N L>(0, T; L*(R)),
@ € L*(0, T; HY(S2)) N L™(0, T; L*(2)) then the function t — B(v(t)) belongs to L*3(0, T,
HY(RQ)), t — N(q(t),¢(t) belongs to L*3(0, T,HN(KQ)), t — M(q(t),v(t)) belongs to
LY3(0, T, H Y()).

Proof For almostall t € (0, T), B((2)), N(q(t)) are the elements of H™(Q), M(q(t), v(t)) is
an element of H(2), and the measurability of the functions ¢ — B(v(t)), t — N(q(¢)), t —

M(q(t),v(t)) is easy to check. Now for V¢ € H}(R2), Vi € HA(R2) by the Hélder inequality
and

lullps < Clul"ul™, VueR?

we have

(B(®).9)]

Il
|
—
S
—_
<
—~
S
S
<
—~
~
o
<
~
|
S
—~~
<
—
~
o
~.E
<
—
~
~
~—
[a—

0¢;
Vl‘—Vj
89(3,'

Y
il dx + dx
0 Q

< C(IVllLae VI BliLag) + VI a g I011)

1 3
< C(WIZIvIIz + VI llgll, (3.9)

(N (q(2), 0(0)), ¢)| = B[n(q(t),w(tw) - n(w(t),q(t),¢(t))]‘

32(/9 ter [ o220 ax)

(IgllLa@ l@liLyeldl + Il llglIdlae)

PR T U 1ol
(I712 gl 21z @l + lelZ el 2 lIqll) llgll, (3.10)

IA

dq
(pafbl

dp
qa¢z

=<

a Q

=<
and

(M(q(0),v®), ¥
- ‘ %[n(q(t), ¥ (6),(2)) = n(¥(2), q(2), V(t))]‘

1 aq
([ )

2
i=1

dg
qad’t
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< C(llgllLe@ IVliLa@ ¥ Il + 1 e gl Vi e)

TR T 1ol
< C(lq1lighz iz vli2 + vzl 2 ligl) 1 I, (3.11)

(3.9), (3.10), and (3.11) imply that

|BO0) sy < CAVIEIVIE + V1), (3.12)

R (q(®),0®) | 1y < Cla12 112101 2012 + @12 ll0l12lIq1), (3.13)

| #(a(0), v(@) ||H,1(Q) < C(1q12 gl vIZ VIl + 12 v]2 ql). (3.14)
Therefore, the lemma follows from (3.12)-(3.14). O

Now if ve € L2(0, T; Hg(2)) N L>(0, T; H), ge € L*(0, T; Hy(£2)) N L>¥(0, T;L*(R)), ¢e €
L2(0, T; HY()) N L®(0, T; L%(S2)), and p, € L*(0, T; L*(S2)) satisfy (3.1)-(3.2) in the distri-
bution sense, then

(V61¢) (f alB(Ver Ve) —as Agve — (qé + QO’ Pe + ¢0) - Vpe, ¢>’ (3.15)
d N -
2oV = ~{asA1ge + aaqe — M(ge + Qo,ve), V). (3.16)

Since p. € L*(0, T; L2(R2)), we see from Lemma 3.1 that

1 A .\ ~ -
V/E = bl_(f_ alB(Ve’Ve) - aZ-AOVe _N(QG + QO: Pe + ¢0) - Vpe)
1

eL4/3(0, T ]HI_I), (3.17)

q. = —(asAige + asqe — M(ge + Qo,ve)) € LY*(0, T; HY); (3.18)
similarly,

p. € L*(0, T; L*(S)). (3.19)

The above analysis leads to the following weak formulation of the problem described by
(3.1).

Problem 3.1 Let € € (0,1] be fixed. For any given vy, go and py satisfying (2.1), (2.2), and
(3.4), find {ve, g, e, pe} such that

ve € L*(0, T;Hp(Q)) N L®(0, T;H), v, € L*(0, T;H (), (3.20)
ge € L*(0, T; Hy(Q)) NL™(0, T;L*()), 4. € L**(0, T; H(Q)), (3.21)
ge € L*(0, T; Hy(R)); (3.22)
pe €L*(0, T;LX(R)), p. € L*(0, T;L*(R)), (3.23)

/ 1 . - .
a\v, + aB(ve,ve) + Eﬂl(dlv Ve)Ve + ﬂzAOVé +N(qe + Qo) @ + ¢0)

~ V(e + Qoo+ Bo) + Ve =, (3.24)
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/ ~ 1 . ~
qe + ('IS-Alqe t dsfqe — M(qe +Qo,ve) + E(le Ve)(qe +Qp) =0, (3.25)
Al§06 ={e> (3~26)
ep. +divve =0, (3.27)
Ve(x,0) =vo, qe(x,0)=q0, @c(x,0) =00, pe(x,0)=po, x€Q. (3.28)

Theorem 3.1 Let € € (0,1] be fixed. For any given vy, qo, and py satisfying (2.1), (2.2), and
(3.4). Then there exists a unique solution {ve, qe, ¢c, pe} of Problem 3.1.

Proof (i) In order to apply the Galerkin procedure, we consider a basis of H () consti-
tuted of elements w; of D(2), a basis of H}($2) constituted of elements w; of C3°(£2), and a
basis of L?(£2) constituted of elements y; of C3°(2).

For each m, we define an approximate solution Ve, Gem» @em> Pem of Problem 3.1 by

Vem(t) = Zgim(t)wi: wem(t) = Zhim(t)wiy

i=1 i=1

i (3.29)
Pen® =Y Em®Vp  dem(t) = A1gem(®),

j=1

and
a1 (Ve 1) + a2 (Ve @1)) + @1DWern, Vern, 1) + 71(Gem + Qos Pem + B0, k)
+ (Vpem, o) = (f, i), (3.30)
(e wit) + a3 ((Gem> Wi)) + @a(Gem> Wic) = (Gem + Qos Wi Ver) = 0, (3.31)
((@em W) = (Gem> i), (3.32)
e(p;m, y;) +(divve,v) =0, ki=1,...,m. (3.33)
Moreover, this differential system is required to satisfy the initial conditions

Vem(0) = Vo  qem(0) = Goms  Pem(0) = Qoms  Pem(0) = pom. (3.34)

Here vg,, (Or gom Or ¢o,, OF poy,) is the orthogonal projection of vy (or g or ¢g or pg) onto
the space spanned by wi, ..., (Or Wi,...,W,, OF Wi,..., Wy, OF 11,..., V) in HY (resp. Hy
or Hj or L*(R)).

Equations (3.30)-(3.33) form a nonlinear differential system for the functions g, ...,
G M -« > Mo Eas « « +» E- By the standard theory of ODE, we have the existence of a
solution defined at least on some interval [0, £,), 0 < £, < T. And the following a priori
estimates show that in fact ¢, = T

(ii) If we multiply (3.30) by g (£), multiply (3.31)-(3.32) by Ay, (2), multiply (3.33) by
&n(t), we have

ay (V/em7 Vem) + ﬂZ((Vemr Vsm)) + ﬂlb(vem; Vems Vem) + fl(qu + QO: Pem + ¢0; Vem)

+ (Vperm Vem) = (fx Vem): (335)
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(q/em» Qﬂem) +as ((qem: (pem)) + as(qem Pem) — W(@em + QO» @ems Vem) = 0, (3.36)
((gaem,(/)sm)) = (qsm;(/)em): (337)
e(p’em,pem) +(diVVeps pem) =0, kl=1,...,m. (3.38)

Due to (3.5), I;(vem,vg,,,,vem) =0, and since v,,|3a = 0, we have

(Vpemr Vem) + (le Vemxpem) =0.

Then add all these equations for k,/=1,...,m, and as a result

1d
5 E[ﬂl|vem(t)‘2 + ||(pem(t) HZ +€ ’pem(t)|2] + 612||Vem(t) ”2 + a3|qem(t)’2 tdy ”(pem(t) ||2
= _’A'l(qem(t): ¢~70: Vem(t)) - h(QOr (Z)O’ Vem(t)) + (f’ Vem(t))
2
< c[s(|qem(t>|2 + |aem@]) + S[vem(@)] + 1}. (339)
Taking § sufficiently small and by integration of (3.39) from O to s one shows that
S
1 + o+ lpen@f + 202 [ Jvento de
+ 2a3/ |gem@®] dt + 2a4/ | @em(®)|” dt
0 0
2C (¢
< ol + ol +elpol? + %5 [ 0 +5C
0
2C [¢
< vl + llgoll® + €lpol® + ﬁ/ |vem(®)|* it + sC.
19 Jo
Hence ¢,, = T, and
sup {a1[Ven(®)]” + [@em(@|” + €|pen(9)|’} < i, (3.40)
s€[0,T]
di = arvol* + llgoll* + [pol? +sC. (3.41)
Integrating (3.39) in ¢ from O to T, we have
[ o= 4 642
0 T 2ay - fl—c(;
T
f |qem(®)|* dt < 4 (3.43)
0 2as
T 2 d
/ |@em(®)|” dt < P (3.44)
0 as

Putting wi = g, in equation (3.31), we find, using n(g,q,v) = 0,

5 E |qem|2 + aSHquHZ + ﬂ4|qgn|2 = ﬁ(éO; Gems Vem)

2
= C|:8(|qem|2 + ”qem”2) + 5|V6m|2 + 1:|' (3.45)
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Taking § sufficiently small and by integration of (3.45) from 0 to s one shows that

gem($)|? + 245 / | gem(®)] i + 2 / | em(s) 2 dt
0 0

2C (¢
< 7/ Ven(s)[>dt + |qol? + Cs
0

< % [vem(®)| dt + 1g01> + Cs 2 dy. (3.46)
1 0

Then we can obtain

2
sup [qem(s)|” < do. (3.47)
Integrating (3.45) in ¢ from 0 to T, we have

T 2 d2
/ |gem(@®)|” dt < 2 (3.48)
0

(iii) In order to pass to the limit in the nonlinear term we need an estimate of the frac-
tional derivative in time of v,,, and ¢c,,.

Setting

(bem(t) =f - aZ-AOVem - E(Vem) _N(qem + éOv(pem + (50):

1/fem(t) = _ﬂBAlqem — A4YGem _M(qem + QO’ Vem)-

We write equations (3.30)-(3.33) as

ai (V/em(t)’ wk) + (Vpem(t): wk) = (¢5m(t); Cl)k), k=1,...,m,
(q/gm(t): Wk) = (Eﬁem(t),Wk), k= 1L...,m,
€(BL @), v1) + (divven(8), 1) =0, [=1,...,m,
(pem(': t) = Al_lqem('; t)-
As done several times before, we extend all functions by 0 outside the interval [0, 7] and

consider the Fourier transform of the different equations.
The following relations then hold on R:

d
ay dt (f/em(t)» wk) + (Vi?em(t)r wk)
= (q;em(t): (l)k) + (V0m: a)k)a(O) - (Vem(T)r wk)S(T):

d ~
E(éem(t)iwk) = (wem(t)’ Wk) + (qOerk)S(O) - (qem(T): Wk)S(T);

d . -
€ E (Pem(t)» ]/l) + (le Vem(£), Vl) = €(pom> Y1)S(0) — G(Pem(T)r VZ)S(T),

(Z)em('; t) = Al_léem(', t)~
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After taking Fourier transforms, as a result

201 T (Vem(T), k) + (VPem(T), k)
= {$em(®) k) + (Vom @0) = (Ve(T), k) exp(=2in o T),
24T (Gem(T), Wi) = (Vem(T), W) + (qoms Wi) = (qem(T), wi) exp(-2im T T),
2inte(1?)5m(t), yl) + (diV Vem(T), yl) = eWom V1) — e(pém(T), y;) exp(—=2intT).
We multiply the first of the last three equations by gk,(7) (€ = Fourier transform of
i) and the second by /iy, (t) (Mg, = Fourier transform of /y,) and the third by &,(t)

(élm = Fourier transform of élm), and then add these relations for k=1,...,m, [ =1,...,m,
we obtain

2 t{ar|Pem(@)|* + | @em(@)|* + €|Pem()|*}
+ (Vpem(@), Vem()) + (diviem(2), pem(T))
= (Pem(T), Ve (7))
+ (Fem (@), Pem(T)) + (Voms Vem(T)) + (qoms Pem(T)) + € (Poms em (7))
~{ (Vem(T), 2em(®)) + (Gem(T), Gem (7))
+ €(Dem(T), Pem(7)) } exp(=2im T T). (3.49)

The term (VP Vern) + (diV Vep Pen) = 0, and we have v, (7)]sq = 0.
We deduce from (3.49) that

27t Pem(0)|” + | @en()]” + €|pen()’)
< (@em (@) Dem(@)] + [(Fem(T)s Gem (D)) + [voml|Pem ()| + Iqom| | Gem(T)]
+ €lpoml [Pem(@)| + [V (D [Pem(D)] + |gem(D||@em ()] + €|pem(D)||pem(7)]
< [{em(@), Pem@)] + [[Fem (@), @em(O)| + 23/ ([Pem(D)] + [ @em(D)] + €[Pem(7)])
< (@em(D), Pem(D)| + |(Fem (), Gem ()] + 2617/ 1 ([Pem(T)| + | Gem(T)] + €]pem(T)]).-

We next estimate the term |(Gep(t), Vem (7)) and |(Vem (), @em(z))]. In fact,
(Berm(T), Pem(D))]
= () = a2 A0Pem(t) = B(Pem(®)) = N (Gem(T) + Qo, Pem(T) + Bo), e (7))

|(f Vem(r )| tdy ”f/em T || +b(f/em(f)’i}em(f)7fjem(t))

ﬁ(éem(T) + QO» Pem(T) + ¢0» Vsm(f))

= V(T)| + |‘,>em(f)| + ds Hf/em(f)” +h(éem(f)’¢em(f)¢f/em(f))
+ ﬁ(éem(t)ré()i ‘A}em(r))
+ ﬁ(@o» Pem(T), ‘,)em(f)) + ﬁ(éO’Q/BOx 9em(7:))

< [F@ + [penm(@)|* + a2 | Pem(@)|* + C(|Gem(@)]| 1o + [ Gem(@) | + | Pem()] 12
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%), (3550)

|Gem(@)]* + [Pem(D)]*
|(Frem(T), Gem (D))
= |(~a3A13em(T) = @1Gem(T) = M(Gem(T) + Qo) Vem(T)), Pem(T))|
< @3] Gem(D)| + @4 | Gem(D)|* + 71 (Gem (D) Gemn (D), Ve (D)) + 1(Q0y Pem (), V()
< 3| Gem (D) + aa]| @em(@) |

). (3.51)

+ C([Gem(@) | g + [Gem @] + [Pem(@) |0 + |7
Combining (3.49) and (3.50)-(3.51), we get
N 2 A 2 . 2
27T|T|{a1|vem(f)| + ||§06m(7:)|| + |psm(f)| }

24 |fem@)|

+ C(”é\lem(f)”sz + ”‘,)sm(f)”; + 2@(|06m(7)| + ||¢em(f)“ + €|ﬁem(f)|)) (3.52)

<@ + [pem@)[* + [Pem@] + |4

For some fixed y € (0, i), we have |72 < 2y +1)—t_ vz € R. Thus

27’
+00 2 5
/ 1T { a1 [Pem(D)|" + ||@em(T) |} dT

ﬂllvem(f + ||§Z)em(77)||2
<(2y+1)/ T dt

+ @y + 1)/”0 IT1(@1Pem(T)1? + 1| @em(T) %)
oo 1+ |t|-2r

dt

< (2]/ + l)f {al|f’em(f)|2 + ||(Z)Em(r)||2}d1’

dr. (3.53)

+00 2 2
ITl(@1Ven (D)1 + [|@em(T)II?)
+(2y+1)/ 1o

By the Parseval equality and the Poincaré inequality, we have

Pem(D)|*} d

= (2)/ + 1)/: {41‘17em(t)’2 + H(Z)em(t) “2} dt

@y +1) / (@fpen() +

T 2 2
@y +1) /O {arlven® + [ gem(®)]} dt

T
< CO2y +1) / (1| vem® | + |@em(®)]?) det
0
S C()"liﬂl’ﬂ276l47 dl’ V) (354)

and

o)1) /+°° [tl(@ e+ IPen(DI?)
oo 14|72
- 2y +1
- 27

/ (FO + PenF + Pem@ + aen @] + [dem(@|
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+ C(|Gem @ 1s + [Pem(@] 1))/ (1 + 272 d

. 2y +1 /+°° 23/ Ay (|Vem(T)| + |@em(T) || + €|Pem(T)])
27 J_ o 1+ |72

(2 1) 00 A R A
= J;; /_oo (PO + pem@)) + [pem@)| + [gem(D)]*

+Gem@* + C(|gem@ | 1a + [Pem(@) | }4)) dr

N Qy +1)Vd; /+00 [Vem (D) + 1@em (T + €|Dem ()]
T oo 1+ |72

dr

dr

T
<C /o (FO) + @ + [vem® |* + |gem@®)| + | @em @]

+ | gem@® | a + [vem(@®)] 1) dt

1

e d 3 T ,
+C</°° m) (/0 (’V””(t)|2+“%m(t)||2+€|pem(t)!2)dt>

E C(]T, V:dl; al,an,aq, T) (355)

Here we have also used the convergence of the infinite integral

. a \ I
([ i) - rsamer<(05)

We can conclude that

+00
/ |r|27’(|fzém(r)|2 + ||g?)€m(r)||2) dt <C, forsomey € <0, %) (3.56)
—-00

(iv) We want to pass to the limit as m — oo in (3.30)-(3.33) using the estimates (3.40),
(3.42)-(3.44) and (3.55), we recall that at the present time € € (0,1] is fixed, and we are
only concerned with a passage to the limit as m — co. There exist a sequence m’ — 0
and some {V¢, g¢, ¢c, pe } such that

Vew = Ve in L*(0, T;H(S2)) weakly, (3.57)
Ve —> Ve In L™ (0, T; Lz(Q)) weak-star, (3.58)
Vemr = Ve inL? (O, T; ]LZ(Q)) strongly, (3.59)
Gemt = qe  inL? (0, T; Hé(Q)) weakly, (3.60)
Gem — qe  in L®(0, T;L*(2)) weak-star, (3.61)
Gem — g in L*(0, T; L*(R)) strongly, (3.62)
Pem — @ in L(0, T; Hy(S2)) weak-star, (3.63)
Qe — Qe in L* (0, T;HZ(Q)) strongly, (3.64)

Pemt = pe in L™(0, T;L*(R)) weak-star. (3.65)
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Take ¥ (¢) € C°([0, T1) with ¥ (T) = 0. We multiply (3.30) (resp. (3.31), (3.33)) by ¥ (¢),
integrate over [0, T], and then integrate the first term by parts:

T

T
—m/o (Ve (), e’ (2)) dit + @/0 ((Ven (8), ¥/’ (1)) ) dit
T A
+a f b(Vsm’ (t): Vem’(t): a)kw(t)) dt
0
T 5 5 T
. f A(Gent + Qv fent + For oy (1)) it + f (VDents s (1)) dt
0 0
T
- fo (F() s (1)) dt + (Vour 1) 0), (3.66)
T T T
- / (Gens (O wid(8)) it + a5 / (et 0, Wi (0))) dlt + s / (Gonr (O it () di
0 0 0

T
- /0 (et + Qor ok (0), Verrt ) it = (o W)Y (0), (3.67)

T T
e / (Ponr (O) 710 (0)) lt + / (div Vewr (8), v (8) it
0 0

= 6(pOrn” 7/1)10(0), 1<kl<m. (3.68)

We look at the convergence of the nonlinear terms in (3.66) and (3.67). Firstly

TA T,\
fo bven (O vem O 0 1)) dt - /0 b(ve(®),ve(e), oxvr (1)) dt‘
r T
5%‘ /0 b (Vet (0), Ve (), 0 (0)) dlt — /0 b(vg(t),ve(t),wkw(t))dt‘

T T
! f (Ve (£), 0r s (£), Ve (£)) dt — / b(ve(t),wkt/f(t),ve(t))dt‘
0 0

+_
2

IA
N =

T
/ b(Vem’(t) - Ve(t): Vem’(t)) wkw(t)) dt‘
0

+

T
/0 b(Vf(t)’Vem’(t) _Ve(t)’wkw(t)) dt‘

+

T
/0 b(Vem’(t) — Ve(t), wx i (8), Vem’(t)) dt‘

+
NI—= N= N

T
/0 b(ve (t)’ka(t)r Vem’(t) — Ve (t)) dt‘

2D+ by +bs+ by, (3.69)

1
b=

T
/0 b (Ve () = Ve E), Vet (1), 000 (0)) dt‘

1 T
= 2 sup |1ﬂ(t)| sup || }Vem’(t) - Ve(t)} |Vvem/(t)| dt
te(0,7) xeQ 0
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< C||v€m/(t) - —0 asm — oo, (3.70)

Ve () ||L2(0,T;L2(Q)) ” Ve (£) ||L2 (0,TH) ()

1 T
by = 2 /0 b(Ve(t); Ve (£) = Ve (t))wkw(t)) dt‘

T
1l divve(vemf(t)—ve(t))wkw(t)dt’

T
/0 b(ve(0), @10 (1), Ve (£) — (1) dt‘

+ —
2
1 T
= sup |1/f(t)lsup|wk|/ Ve (£) = ve(£)] | Vve (t) | dt
te(0,7T) xeQ 0

1 T
+5 s O] supiVarl [ (0] [von (0 - v.(0)] ds
t€(0,T) xeQ 0

= C” Ve (£) = ve(2) ||L2(0,T;]L2(S2))(|| ve(£) “LZ(o,T;Hg(Q»

+ ||V€(t)||L2(o,T;1L2(sz))) -0 asm — 0, (3.71)

1 T
bS = E ’/0 b(Vem’(t) - Ve(t)’ wkvf(t)’ me’(t)) dt‘

1 T
<3 su |w(t)|sup|Vwk|/ W (8) = ve(®)| v (0)| di
te(0,7) xeQ 0

f C” Vem/(t) — Ve (t) ||L2(0,T;]LZ(Q)) ||Vem’ (t) ||L2(0,T;]L2(Q)) - 0 as Wl/ — 00, (372)
1 T
ba=3 / b(ve(8), ox W (£), e (£) = e (2)) dt‘
0

1 T
=5 sup [W(®)fsup|Vex| | |vew (&) = ve(®)||v(®)| dt
te(0,7T) xeQ 0
= C||v5 (t)HLZ(O,T;]LZ(Q)) ”VE,,,/(t) —ve(?) ||L2(0,T;]L2(Q)) — 0 asm — oo (3.73)

It then follows from (3.69)-(3.73) that
T T
f b(Vem (), Ve (2), i (£)) dit — / b(ve(8), ve(8), wxr (2)) dt. (3.74)
0 0
Similarly, we can conclude that
T ~ ~
fo ﬁ(qem’(t) +Qo, (pem’(t) + ¢o, a)kl/f(t)) dt
T ~ ~
- / 71(qe(2) + Qo, e (£) + o, i (t)) dt, (3.75)
0

T
/0 h(QGm’(t) + QO’ o (2), Vem’(t)) dt

T
— /0 71(qe(8) + Qo, ¥ (£), ve (2)) dt. (3.76)
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Taking the limit of (3.66)-(3.68) as m’' — oo, we find that

T

T
o [ v O)dtsa [ (w0, 000)
TA
+a f b(ve(t), ve(t), wx ¥ (¢)) dt
0
T B 5 T
+ / i1(qe + Qo e + po, Y (£)) dt + / (Ve axwr (t)) dt
0 0
T
- f (F(0), ox (0)) e + (vo, 00 (0), (3.77)
0
T T T
- f (qe(O) it (8)) dt + a3 / (20 wew (0))) dt + a / (qe(O) wiwr () dt
0 0 0
T
- /0 (e + Qor ot (0, v2) dt = (G0 w)w (0), (3.78)

T T
e / (pe(O) 0 (1)) dt + / (divve (0), v (8)) dit
0 0

=€po, v (0), 1<kl<m. (3.79)

Thus, (3.77) (resp. (3.78) or (3.79)) holds for w = (resp. w or y) any finite linear combi-
nation of wy (resp. wx or y;). And by a continuity argument, (3.77) is still valid for any
w € H§(L2), (3.78) is still valid for any w € H(2), and (3.79) is still valid for any y € L*(2).

Hence,

T T
—m/(; (ve(®), 0¥ (8)) dt+a2/0 ((ve(@®), 0y (1)) dit
T ~
+ay / b(vg(t), ve(2), wt/f(t)) dt
0
T 5 B T
+/ rAz(qE + Qo, @ + ¢0,a)W(t)) dt +/ (Vpe,a)w(t)) dt
0 0
T
- fo (F(©), 00 (0) dt + (v0, ) 0), (3.80)
T T T
- f (4 (6), wy'(0) dt + a3 f (.0 wyr (1)) dt + as f (g (0), wy (1)) dt
0 0 0
T
- /0 ;l(qé + QO:wlﬁ(f),Ve) dt = (010’ W)Iﬁ(()% (3-81)

T T
e f (PO y () dt + / (divve(6) y v () dt
0 0

=€po,V)¥(0), 1=kl=m. (3.82)

Equations (3.80)-(3.82) show that {v, qc, ¢, pe} satisfy (3.24)-(3.27) in the sense of distri-
butions.

It remains to prove that v, g., ¢ and p, satisfy (3.28). To this end, we take (t) €
C°([0, T]) with ¥ (T') = 0 and use ¥ (¢) to multiply (3.24)-(3.25), (3.27), respectively, then
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integrate the resulting equalities over [0, 7] and then use integrating by parts for the first
term to obtain

T T
4 f (ve(®) w0y (0)) dt + a3 / (ve(e), 0y (1)) dt
0 0
TA
a / B(ve(t), ve(t), (1)) dt
0
T 5 5 T
o [ i+ Qoo+ doov@)des [ (pawovio)dr
0 0
T
- /0 (£, 00 (0) dt + (v.(0), 0)(0), (3.83)

T T T
- f (4 (0),wy'(0) dt + a5 / (@O0 wyr () de + as / (4. (0),wyr (0) dt
0 0 0

T
- /0 (e + Do, (8),v.) dt = (qe(0), W) (0), (3.84)
T T
» / (0 (0), ' (©)) i + / (divve(o), y v (0) de
0 0
=€(pe(0),y)¥(0), 1<kl<m. (3.85)

By comparing (3.80) with (3.83), (3.81) with (3.84), (3.82) with (3.85), we obtain

(ve(O) - u(),a))I/I(O) =0 Vwe HE(Q),
(2(0) — go, W)Y (0) =0  Vw e Hy(),

(P<(0) = po, V)W (0) =0 ¥y € L*(Q).
We can choose ¥ (0) # 0 and obtain

(ve(O) - vo,w) =0 VYwe H(l)(Q),

(qE (0) - qo,w) =0 VYweHy(Q),

(p(0)=po,y) =0 Vy e L*(R).
Thus, (3.28) holds.

Next, we will prove the solution is unique. For this purpose we drop the indices € and
denote by {v1, g1, ¢1,p1}, {V2, g2, 92, p2} two solutions of Problem 3.1 and then set

U=vo—vy, r=qa—q, Y=¢2—¢1, p=p2—pi

Qi=qi+ Qo ¢i=¢i+do, i=12.
Then

artd + ayAou + Vp = —arB(va, va) + arB(vi, 1) + N(Qy, 1) — N(Qq, b2, (3.86)
v = —az Avr — agr + M(Qa, v2) — M(Q1,v1), (3.87)
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ep +divu =0, (3.88)
A =r. (3.89)

Taking the scalar of (3.86) with #, (3.87) with ¢ and (3.88) with p, and adding these equa-
tions and using (3.89), we find
d 2 2 2 2 2 2
E[m‘u(t)’ + Hl/f(t) ” + e’p(t)’ ] +2a; ”u(t)H + 2a3’r(t)’ +2ay ”w(t)H
= —2a1b(u, v1, u) + 201(r, ¥, v1) — 27(r, by, 1)
1. .3 101
< ﬂ1[||u|||bl|||V1|| + o] 2 [ue] 2 (v || 2 |V1|2]
3001 1 1 101 1 1
+r w2 il [ 12 + 1112 [ 2 rlva] 2 v ]2
1,01 1 ) 1 1 1 1
+rlul 2 lull2 il 211l 2 + 1l 2 a2 |rlful2 + [Jull2
< alull? + Crla) ([ulP 1 + [l v 1P w]?) + aslrl®
+ Co(a Pl 1 1P + 1 g bl v )

+aslrl? + axllull® + Calaz, a2) (ul* [ dn 1> 11 l17 + |l |1 1) (3.90)

Then we can conclude from that equation

d

Zlalu@ + [y o) + e[po)']

< @) (lulPInl* + [ul vl vil?) + Colas) (ImPIlvalP I 12 + Il vl
+ Cs(az, a2) (|ul* 111711112, + ||t [* 1 11)

< Cu@)(lulPInll” + [ul v P vi1?) + Calas) (I Pl P11 + I 1P v vl

+ Ca(az, a) (lul* 16112 161017 + 11l 1 d111%)- (3.91)

From (3.91), we have

d

Zlalu@” + [y @ + elp@ ] < ho)[a|u@ + [y O] (3.92)
where

10 = @)+ a0 P o))

+ C@)[|[m@ @] + @] @)|]

CS("Z?)’ aZ)
» ety
ay

@] [0 ® ] + |01 |0)]]. (3.93)

The function ¢ — k() belongs to L'(0, T) in view of equations (3.40), (3.42) and (3.47)-
(3.48). Moreover, we infer ¥(0) = 0 from r(0) = 0 and A,y = r. We apply the Gronwall
inequality to equation (3.92), we have

|u(t)| =0, ||1/f(t)|| =0, forallte]0,T].

Thus, v; = v, q1 = ¢ and @1 = ¢,. The proof is complete. O
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4 Convergence of solutions for the compressible electrohydrodynamics system

to the incompressible electrohydrodynamics system

In this section, we show how the solutions of the perturbed problems converge to the

solutions of the incompressible electrohydrodynamics system.

Theorem 4.1 For € € (0,1], vo, qo and po be given satisfying (2.1), (2.2), and (3.4), the
solutions {ve,qe, ¢c, pe } of Problem 3.1 converge to the solutions {v,q, ¢, p} of Problem 2.1 as

€ — 0% in the following sense:

ve > v inL°(0, T;L*(Q)) weak-star,
qe —>q inL*™ (O, T;L (Q)) weak-star,
g —>¢ inL*(0,T; HY(Q) (R)) weak-star,
ve > v in L*(0, T; H(2)) weakly,
ge — q inL*(0, T; Hy(2)) weakly,
Ve > v inL? (O T;1L2(Q )) strongly,
ge—q inL? (0, T;LZ(Q)) strongly,
ge — @ inL*(0, T; H*(RQ)) strongly,

Vpe — Vp inL*?(0, T;H™) weakly.

Proof By (3.40), (3.42), (3.44), (3.48), (3.53)-(3.55), we have for all € € (0,1]

Nz

Ve ll oo 0, T2 (02)) <11Hf1111f||Vem||Loo 0, TiL2(Q) = &
l@e oo o, 1501 (22)) = hmlnf”(ﬂemHLw(o rH(Q) < Vd

lgell Looo,722(c)) < HmMinf || Gem |l Lo 0, 7502(0)) < V d2s
m— 00

[lve ||L2 0, T]H[l Q) < hmmf”Vem”L2(0 THO(Q)

T’
)
| _

llge ”LZ(O,T;H(I)(Q)) = l;lﬂrglo%f gem ||L2(0,T;H1
Velpelli,r2) < hmmf«/_HPsmHLvo 0,T;L2(Q

/ 21 ([pe(@)]” + e (@) ) d

+00
< liminf/ |t|2”(|f/em(t)|2 + ||<ﬁ€m(1)||2) dr <C.
m—oo J_ o

(4.1)
(4.2)
(4.3)
(4.4)
(4.5)
(4.6)
(4.7)
(4.8)
(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

By virtue of (4.10)-(4.16), there is a sequence {¢,} C (0,1] (¢,, — 0" as m — 00)
and v, € L™(0, T;L*(Q2)) N L*(0, T; H (), g. € L>(0, T;L*(2)) N L*(0, T; H(2)), s €
L>®(0, T; HY(Q)) N L2(0, T; H2(2)), and p,, € L>(0, T; L*(R2)) such that when €,, — 0*

Vew = Vi InL%(0,T; ]LZ(Q)) weak-star,

(4.17)
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Gery — @ in L°(0, T;L*(2)) weak-star, (4.18)
Pen — ¢ in L(0, T; H' () weak-star, (4.19)
Ve, — Vi in L*(0, T;H{(S2)) weakly, (4.20)
e, — @+ in L*(0, T; Hy(S2)) weakly, (4.21)
Ve, — Vi in L*(0, T;L*(S2)) strongly, (4.22)
ey = g+ in L*(0, T;L*(S2)) strongly, (4.23)
@,y — @5 inL? (0, T; Hz(Q)) strongly, (4.24)
VémPen, — x  inL®(0, T;L*(R)) weak-star. (4.25)

Passing to the limit in (3.27) in the distribution sense as €,, — 0%, hence
d d )
m— Wen @) = N m— (Veémbe, @) = 0, Vg € L°(S). (4.26)
Equations (3.27) and (4.26) give
(divvy,q) =0, VqelL*(Q). (4.27)

This implies that divv, = 0 and thus

v, € L%(0, T;L*(Q)) N L*(0, T; Hy (), (4.28)
q. € L°(0, T;L*()) N L*(0, T; Hy(S2)), (4.29)
9. € L®(0, T; HY(Q)) N L*(0, T; H*(RQ)). (4.30)

Now let @ be an element of VV and w be an element of W. Equations (3.24) and (3.25) then

give
d A . - -
alE(vg,w) + a1b(Ve, Ve, w) — az(Ave, ) + n(ge + Qo, e + ¢o, ®) = (f, w), (4.31)
d R -
E<qer W) - aS(AQG’ W) + ﬂ4(qe¢ W) - ”(Qe + Q0¢ w, Ve) =0. (432)
We have

(Vpow) = (per divw) =0
If ¥ is a continuously differentiable scalar function on [0, 7] with ¥(T) = 0, we can
multiply (4.31), (4.32) by ¥(¢) integrate in £. And then we integrate by parts, to ob-
tain

T T T
—a1/0 (Vg,ww/(t))dt+41/0 b(vg,ve,a)w(t))dt+a2/0 ((ve, 0y (2))) dt

T ~ 5 T
+ fo (e + Qorg. + oo (D) di = /0 (o (0) dt + (vo, ) 0), (4.33)
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T T T
- / (g0 wi'(0)) dt + a3 / (gerw (0))) di + a / (qer wys (1)) dt
0 0 0

T
—/0 71(ge + Qo, wi (1), ve) dt

= (g0, W) (0).

Using the convergent relations (4.17)-(4.25) and similar derivations to (3.74)-(3.76)

T T
/0 b(ve(t), ve(t), wyr (2)) dt — /0 b(vi(8), v (t), 0¥ (1)) dit,
T
/0 A(ge(6) + Qor 0e0) + Gor oy (1)) dit
T ~ ~
- /0 (g () + Qo @u(£) + Bo, (1)) dit,

T T
/0 (e + Qo ot (2), v (0) dt — /O A(.(0) + Qo yr (1), v.(0) dt.

We can pass to the limit in (4.33) and (4.34), we obtain

T

T T
—a1/0 (v*,a)lﬁ/(t))dt+a1/0 l;(v*,v*,an/f(t))dt+a2/0 ((V*,wtﬁ(t)))dt

T 5 5 T
o [l + Qo+ doov@)ae= [ (v ©)d s 0,0)000)
0 0

T

T T
_/ (q.(6), wy/'(t)) dt + a3 / (g wyr (1)) dt + as / (g Wi (1)) dt
0 0 0

T
- /(; ;l(q* + QO: Wl//(t): V*) dt

= (g0, W) (0).
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(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

Equations (4.38)-(4.39) are the same as (2.14)-(2.15) because divv, = 0 and l;(v*(t), v, (2),

wlﬂ(t)) = b(V*(t);V*(t))a)w(t))r ﬁ(q* + QO;@* + &Orww(t)) = n(Q* + Q0;§0* + &o,wlﬁ(t)),
(g, + Qo, ¥ (t),vy) = n(qs + Qo,w¥(£),v,). Then we can easily show that {v,,q., 9.}

is a solution of Problem 2.1. We next prove the convergent relations (4.1)-(4.9). Equa-
tion (4.1) follows easily from (4.10), (4.2) follows easily from (4.12), (4.3) follows eas-
ily from (4.11), (4.4) follows easily from (4.13), (4.5) follows easily from (4.14).
Equation (4.6) can be deduced from (4.16)-(4.17), (4.20) and the compact embedding
theorem (see, e.g., [29]), simply, (4.7) can be deduced from (4.16), (4.18), (4.21) and the
compact embedding theorem, (4.8) can be deduced from (4.16), (4.19) and the compact

embedding theorem. It remains to prove (4.9). For this purpose we write (3.24) as

VPem =f —arv. —aiB(ve) — ay Agve - N(qe + Qo, ¢c + do)-

(4.40)

The convergent results for v,,, show that the right-hand side of (4.40) converges weakly,

f—aV, —aB(v,) — ay Agvy, — N(gs + Qo, ¢s + o)

in L*?(0, T;H™) as €,, — 0*.

(4.41)
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We find that (4.41) is exactly Vp. Hence,
Vpe — Vp inL*?(0, T;H™) weakly. (4.42)

That is, (4.9) is proved. The proof of Theorem 4.1 is complete. d
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