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Abstract

In this paper, we study the multiplicity of solutions for the following
nonhomogeneous p-Kirchhoff elliptic equation:

(a + A(/ (VulP? + |ul?) dx)m) (-Apu+ ulP?u) =fu)+hx), xeRY, (0.1
RN

with a,A,m>0and 1 < p < N. By variational methods we prove that problem (0.1)
admits at least two solutions under appropriate assumptions on f(u) and h(x). The
main difficulty to overcome is the lack of an a priori bound for Palais-Smale sequence.
Motivated by Jeanjean (Proc. R. Soc. Edinb,, Sect. A 129:787-809, 1999), we use a
cut-off functional to obtain a bounded (PS) sequence. Also, if f(u) = |u|%2u,
p<g<min{p(m+1),p*= ﬁ—l}, and h(x) = 0, then we prove that problem (0.1) has at
least one nontrivial solution for any A € (0, A*] and has no nontrivial weak solutions

forany A € (A*,+00).

Keywords: p-Kirchhoff elliptic equation; bounded potential; variational methods;
mountain pass lemma

1 Introduction
In this paper, we are interested in the multiplicity of solutions to the following nonhomo-

geneous p-Kirchhoff elliptic problem:

a+x IVul? + |ul?) dx : —Au+ |ulP?u) = f(u) + h(x), xeRN, (1.1)
X dx) )-a, )

where A,u = div(|Vu|P~>Vu) is the p-Laplacian operator, and the nontrivial function /(x)
can be seen as a perturbation term. Problem (1.1) is a generalization of the model intro-
duced by Kirchhoff [2]. More precisely, Kirchhoff proposed the model given by the equa-

tion

Py, E [t
ou—|—+— uydx Jug, =0, O<x<L,t>0, (1.2)
ho 2L ),
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which takes into account the changes in length of string produced by transverse vibration.
The parameters in (1.2) have the following meaning: L is the length of the string, / is the
area of cross-section, E is the Young modulus of material, p is the mass density, and Py is
the initial tension.

The equation
pu —M(IVull3) Au=f(x,u), xeQ,t>0, (1.3)

generalizes equation (1.2), where M : R* — R is a given function, 2 is a domain of RN,

The stationary counterpart of (1.3) is the Kirchhoff-type elliptic equation
—M(||Vu||%)Au =f(x,u), x€,t>0. (1.4)

Some classical and interesting results on Kirchhoff-type elliptic equations can be found,
for example, in [3-9].
Particularly, Li et al. [10] considered the Kirchhoff-type problem

a+ A |Vul? + blul?) dx | | (=Au + bu) = f(), xRN, (1.5)
IX ) f

where N > 3, with constants 4, b > 0 and A > 0 under the following assumptions:

(Hy) feCRYRY), |f()] < C(1+t1Y) forall £ € R* = [0, +00) and some g € (2,2*), where
2% = % for N > 3;

(H3) limt—m@ =0; limt_Hoo@ = +00.

It is easy to see that f(u) = |u|72u, 2 < g < 4, and N = 3 satisfy these conditions. They
obtained that there exists Ao > 0 such that, for any A € [0, A¢), problem (1.5) has at least
one positive solution in WL2(RN), The A depends on f, a4, b, the Sobolev constant, and
several test functions in [10]; it is not very clear whether the the existence of solutions for
(1.5) still holds for large A > 0. Recently, Chen et al. [11] studied the existence of positive
solutions to the p-Kirchhoff problem

(@ + M(fpn (IVul? + blul?) dx)") (= Apu + blulP~u)
= u"%u + p|ul%u, xRN, (1.6)

u(x) >0, xeRN, u(x) € Whr(RN),

wherea,b >0, 7,1 >0, u € R,and 1 < p < N. By the Nehari manifold method, they proved
that problem (1.6) admits at least a positive ground state solution for any A > 0 when p(t +
1)<q<m<p*:§—_]\;.

A >0 when p <g<p(r +1) and p = 0? This is a interesting problem. In this paper, we

However, does the existence of solutions for (1.5) still hold for any

answer positively this question. More interesting results for Kirchhoff-type problems can
be found in [1, 2, 5-7, 10-14].

In the present paper, we are ready to extend the analysis to the nonhomogeneous p-
Kirchhoff-type equation of (1.1) in RN with the nonlinearity f(u) satisfying the following
conditions:
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(F1) f € CRYRY, |f(®)] < C(tPL + 47 for all £ € R* and some g € (p, p*), where p* =
pN/(N-p),1<p<N;
(Fy) Tim o 55 = 0;
(8)

(F3) lim;, 400 % = +00.

In addition, we suppose that the nontrivial and nonnegative function /(x) = h(|x|) €
CY{RN) N LV (RN) satisfies

(H) there exists &(x) € L (RN) N W (RN) such that
|Vh(x) - x| <£”(x), YxeRY, (17)

with p/ = lﬁ.

We will use the Ekeland variational principle [15] and a version of the mountain pass
theorem in [1] to study the existence of multiple solutions of problem (1.1) in RV, It is well
known that an important technical condition to get a bounded (PS) sequence is the follow-
ing Ambrosetti-Rabinowitz-type condition (AR): there exists 6 > p such that 0 < 0F(s) <
sf(s) for s > 0. The loss of (AR) condition renders variational techniques more delicate.
Inspired by [1, 10], we use a cut-off functional and obtain a bounded (PS) sequence.

In order to state our main result, we introduce some Sobolev spaces and norms. Let
W2(RN) be the usual Sobolev space with the norm

1
»
||| = (/N [Vul? + |u|”dx) , l<p<oo. (1.8)
R

We denote by | - ||, the usual L? (RN) norm. Then it well known that the embedding
WP (RN) < L4(RN) is continuous for g € (p, p*] and there exists a constant S4 such that

liallg < Sellull,  Vue W(RY). (1.9)

Let X = W, (RN) be the subspace of W(RN) containing only the radial functional. Then
by the Lemma 2.2 in [11] we have that the embedding X < L9(R¥) is compact for g €

,p").

A function u € X is said to be a weak solution of (1.1) if for all v € X,
(a+Alul?™) / (IVulP>VuVy + [ulP2uv) dx = / (f(w) + h)vdx. (1.10)
RN RN

Let I(u) : X — R be the energy functional associated with problem (1.1) defined by

1) = Ll + [l || PV — / (F(w) + hu) dx, 1.11)
p RN

A
p(m+1)

where F(u) = fou f(s)ds. It is easy to see that the functional I € C'(X,R) and its Gateaux

derivative is given by

I'wyv=(a +A||u||1””)/ (IVulP2VuVv + [ulP>uv) dx
RN
—/ (f(u)+h)vdx, VveX. (1.12)
RN

Clearly, we see that a weak solution of (1.1) corresponds to a critical point of the functional.
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The main result in this paper is as follows.

Theorem 1.1 Let (Fy)-(F3) and (H) hold. Then, there exist Lo,y > 0 such that, for any
X €[0,40), (1.1) has at least two nontrivial solutions in X when ||h|y < rio.

Furthermore, consider /(x) = 0 and f(x, u) = [u|72u, p < g < min{p(m + 1), p*}, that is,

(a + A(/ (IVul? + ul?) dx> )(—Apu +|ulP2u) = |ul"u, xeRV. (1.13)
RN

We can now state the second main result.

Theorem 1.2 Let a > 0 and p < g < min{p(m + 1), p*}. Then there exists \* > 0 such that
problem (1.13) has at least one nontrivial solution for any A € (0,A*] and has no nontrivial
weak solutions for any A € (A*, +00).

Remark 1.3 In [11], Chen and Zhu considered the case p < p(m +1) < g < p*. They proved
that problem (1.1) admits at least one positive solution for any A > 0.

2 Proof of Theorem 1.1

In this section, we first establish some properties of the functional I and then prove The-
orem 1.1. Throughout the paper, we denote by C or C; s positive constants that may vary
from line to line and are not essential to the problem.

Lemma 2.1 If assumptions (Fy)-(F3) hold and h(x) € LF (RN), then there exist p, o, mgy > 0
such that I(u) > o > 0 with ||ull = p and |||y < mo.

Proof 1t follows from (F;)-(F,) that
F(s) <elsl’ + Cels|?, VseR, (2.1)

with ¢ > 0. By the Holder inequality we have

/ hudx
RN

< S M Mlly lull < ellull? + Cellall,. (2.2)

Thus,
a ’
I(u)2I;IIMII"—Sllull”—Csllullq—éllull"—Cellhlli/

a ’
> 2—||M||p—C1||M||q—C2||h||£n (2.3)
P

where ¢ =€ = ﬁ, (1, C, are some positive constants. Let
a
2(t)= — - Cit1, t>0. (2.4)
2p
We see that there exists p > 0 such that max¢ z(¢) = z(p) = mg > 0. Then it follows from

(2.3) that there exists & > 0 such that /(«) > o with |lu|| = p and |||,y < m,. This ends the
proof of Lemma 2.1. d
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We denote by B, the open ball in X centered at the origin with radius r. By Ekland’s
variational principle [15] we get the following lemma, which implies that there exists a

function ug such that I'(u0) = 0 and I(uo) < 0 if || /]| is small.

Lemma 2.2 Let assumptions (Fy)-(Fs) hold, and h(x) € L” (RN), h(x) # 0, with ||h|,y < mo.
Then there exists a function uy € X such that

I(ug) = inf{](u) ‘U E Ep} <0, (2.5)
and uy is a nontrivial weak solution of problem (1.1).

Proof Choose a function ¢ € C§(RY) such that [,y /(x)¢(x) dx > 0. Then

A
1(69) < 21117 + ———— 2"V |IPmD _ ¢ f h(x)¢ dx < 0 (2.6)
p p(m+1) RN
for small £ > 0 and thus for any open ball B, C X such that —oo < ¢, =infg_I(u) < 0. Thus,

c,=inf I(u) <0 and inf I(u)>0, (2.7)
B u€dB,

u€By

where p is given in Lemma 2.1. Let ¢, | 0 be such that

0<e¢, < inf I(u)— inf I(u). (2.8)

u€dB, ueB,,
Then, by Ekland’s variational principle [15] there exists {u,} C B, such that
cp <I(uy) <cp+&y (2.9)
and
I(u,) < I(u) + e, uy — u| forall u € B,,u, # u. (2.10)
Then, it follows from (2.8)-(2.10) that

I(u,) <c, +&, < inf I(u) + &, < inf I(u). (2.11)

ueB, u€dB,
So u, € B,, and we now consider the function F : B, — R given by
F(u) =1(u) + e,|luy —ull, u€B,. (2.12)

Then (2.10) shows that F(u,,) < F(u), u € B,, u, # u, and thus u, is a strict local minimum

of F. Moreover,

t ™ (F(uy +tv) = F(u,)) =0 for small > 0,Vv € B,. (2.13)
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Hence,
£ (I + tv) = I(u)) + £llv] = 0.
Passing to the limit as ¢ — 0, it follows that
I'(u,)v+e,|v]| >0, VveB.
Replacing v in (2.15) by —v, we get

—I'(u,)v+eqvll >0, VveB,

Page 6 of 19

(2.14)

(2.15)

(2.16)

so that ||I'(i,)| < €,. Therefore, there is a sequence {u,} € Bp such that I(u,) - ¢, <0

and I'(u,) — 0 in X* as n — o0. In the following, we will prove that {u,} has a convergent

subsequence in X. Indeed, since ||u,|| < p, by the reflexivity of X and compact embedding

X — L1 for all g € (p, p*), passing to a subsequence, we can assume that
U, — Uy, inX; U, — U, Lq(RN); u, — uy, a.e. inRN.
By (1.12) we can get
(L) = 1(110)) (tn = h0) = Py + Qu + Ky
where
2= (s M) [ (195, = (9029 V- )
+ (l 1y — 110 (1, — o)
Qu = ({1 = ™)) [ 19301209 - )
+ 1o P~ uo (uy, — uo) d,
K= [ () = a0t = )
It is clear that
(I (1) —I(uo))/(u,, —uy)—>0 asn— oo.
By (F;) and (F5), for any € > 0, there exists C; > 0 such that
f@)| <elef™ + Cle)", teR
Hence,

K| = /R ()~ ) )

-1 -1 -1 -1
< e(llunll?™ + o 1P~ et — ol + Ce (et |27 + a0 127 ) 1241 — 0l

— 0 asun— oo.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Define the linear function g : X — R by
g(w) = / Vo P2 Vuo Vo + |ug P 2uow dx. (2.23)
RN

Noticing that |g(w)| < 2|/uo[”~}||w]||, we can deduce that g is continuous on X. Using u,, —
ug in X, we have

8wy — ug) = /N Vo P2 VoV (uy — tho) + |t [P0 (4 — o) dx
R:
— 0 asun— oo. (2.24)

Since ||u,|| < p, we deduce that |Q,| — 0 as n — oo.
Combining the above results, we have |P,| — 0 as n — o0, Then, using the standard
inequalities in RN

(Il 22 =yl 2y,2-y) = Cylx -y, p=2,

Cp|x —ylP (2.25)

(Il 22 = [yl 2y, 2 — 9) = 2>p>1,

R dadnt Ay
ol + |y~

where (-, -) denotes the scalar product in RV, we can show that u,, — uo in X. Thus, u is
a nontrivial weak solution of problem (1.1). The proof is completed. d

Next, we prove that problem (1.1) has a mountain-pass-type solution. To overcome the
difficulty of finding a bounded (PS) sequence for the associated functional I, motivated by
[1, 10], we use a cut-off function ¥ € C}(R*) that satisfies

v(t)=1, Vtel0,1]; 0<y <1, Vte(1,2);

(2.26)
Y(t)=0, Vie][2,+00); ”1//'”00 <2,
and study the following modified functional /7 defined by
A
1) = Lyu? + nr(u) ]P0V - f (F(w) + hu) dx, u€X, (2.27)
pim+1) RN

where T > 0 and nr(u) = 1//(”;—1‘,!}’). For T > 0 sufficiently large and A sufficiently small, we
will prove that there exists a critical point iz of I7 such that ||z || < T, and so iy is also a
critical point of I. For this purpose, we use the following theorem given in [1].

Lemma 2.3 (see[l]) Let X be a Banach space with norm || - ||x, and K C R* be an interval.
Consider the family of C* functionals on X

I,(u)=A(u) — uB(u), pek, (2.28)

with B nonnegative and either A(u) — oo or B(u) — 00 as ||ul|x — oo and 1,(0) = 0. For
any | € K, we set

I, ={y €(C[0,1],X) : ¥(0) = 0,1,(y(1) < 0}. (2.29)
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Iffor any u € K, the set T',, is nonempty, and

= inf 1(y(®) >0, 2.30
¢u = jnf max Ly () > (2.30)

then, for almost every u € K, there is a sequence {u,} C X such that (i) {u,} is bounded,;

(i) 2, () — 5 (i) I), () — 0 im X1

In our case,

Alw) = Z )P + nr@)|ullP”Y,  Bu) = / (F(w) + hu) dx. (2.31)
p RN

A
pim+1)
So the perturbed functional we study is

17 () = Z il +
p

p(mt 5 nr (@) [l - fR | (FG) + ) d, (2.32)

and
(Ii(u))/v = M(HM”) / (IVMV’_ZVMVV + |u|”_2uv) dx — ,u/ (f(u) + h)vdx, (2.33)
RN RN

where ]\Z(Hu”) = (a + Anr(u)|ulP™ + mn}(u)nullp(’”“)). The following lemmas,

Lemma 2.4 and Lemma 2.5, imply that Z satisfies the conditions of Lemma 2.3.
Lemma 2.4 Let (Fy)-(Fs) hold, Then T",, # { for all i € [%,1].
Proof Choose B(x) € C5(RN) with B(x) > 0 in RN, ||B]| = 1, and supp(8) C Bz for some

R > 0. By (F5) we have that, for any C; > 0 with C3/2 fBR B dx > alp, there exists C4 > 0
such that

F(t) > GJtlP = Cy, teR". (2.34)

Then, for ¢ > 277,

a A 1B 1” e
L) = IR + 1)w( 0 )Iltﬂllp( Y- /L/RN(F(tﬁ) + htp) dx
= 1% £8P - M/RN (F(tB) + htB) dx < (g - % /BR B? dx)tp +Cs. (2.35)

It follows that we can choose ¢ > 0 large enough such that Ig(tﬂ) < 0. The proof is com-
pleted. d

Lemma 2.5 Let (Fy)-(F3) hold. Then there exists a constant ¢ > 0 such that ¢, > ¢ > 0 for
all u e [%,1] ifllhlly < my.

Proof Similarly as in the proof of Lemma 2.1, we can show that, for every u € [3,1], there
exists ¢ > 0 such that Ig(u) > ¢ with |lu|| = p and ||k]|,» < m;. Fix € [%,1] and y € I';,. By
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the definition of ', ||y (1)|| > 5. By the continuity we deduce that there exists ¢, € (0,1)
such that ||y (¢,)|lz = p. Therefore, for any u1 € [%,1],

=i T > inf IT >
= ot Sy 00 = o Luve)) z > 239
which completes the proof. g

Lemma 2.6 Forany u € [%, 1] and a > 2’"*1(’:,11—3)A TP™, each bounded (PS) sequence of the
functional I Z admits a convergent subsequence.

Proof By Lemmas 2.3-2.5, we obtain that, for a.e. u € [1/2,1], there is a bounded sequence
{u,} in X that satisfies

M) — ¢y (I(ua)) =0 inX*, and supllu,l <T. (2.37)

Since the embedding X < LI(RN) is compact for g € (p, p*), passing to a subsequence, we

can assume that

U, —u, inX; U, — u, Lq(RN); u, — u, ae. inRY. (2.38)
By (2.16) we can get

(IF () = IT () (4 — ) = Ay + By + uCory (2.39)
where

A, = 1?/[(14,,)/ (|Vu,, P2V, — |Vu|p_2Vu)V(u,, —u)
RN

+ (|un P2y, — up_zu) (4, — u) dx,

B, = (M(u,) - M(u)) /R |Vl VUY (aty — 1) + |l ulas, — ) d, -
Co= [ () ~F0) - ) .
It is clear that
(Ii(u,,) —I/f(u))/(un —u)—>0 asu— oo. (2.41)
An analogous argument as in (2.22) and (2.25) gives us that
B,—~0 and C,—0 asn— oo. (2.42)

Combining the above results and a > 2’””(’;—3))» TP™, we have that |[A,| — 0 as n — oc.
Then, using a standard equality ([3], Lemma 2.1), we can show that #,, — u in X. The proof
is completed. O
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Lemma 2.7 Assume (F,)-(F3) and a > 2”’+l(i”n—j)kT1””. Then, for almost every |1 € [%,l],
there exist u* € X \ {0} such that (IZ)’(M"“) =0and IZ(M“) = ¢, with ||hlly < m;.

Proof 1Tt follows from Lemmas 2.3-2.5 that, for every u € [%,1], there exists a bounded
sequence {1} C X such that

IT(uwf)—>c, and (I1)(ul)—>0 asn— oo.
By Lemma 2.6 we can suppose that #* € X and u), — u* in X. The proof is completed. [J

According to Lemma 2.6, there exists a sequence {1t,,} C [%, 1] with u,, - land {u,} C X
as 1 — 0o such that Ilfn(u,,) =Cupo (Ign)/(u,,) =0, and #, is a positive solution of

1VI(||u||)(—Apu + |u|p_2u) = ,u,,(f(u) + h(x)). (2.43)

In the following, to obtain ||u,| < T, we establish an identity that extends the Kazin-
Pohozav identity in ([13], Thm. 29.4) with p = 2.

Lemma 2.8 Assume that f(x,u) : RN x R! — R is a Carethéodary function, u € C} _(RY)
is a solution of

~Apu+flx,u)=0 inRN,

(2.44)
ulx) -0 as — 0,
du Ny ; _ 1(mN
o € LP(RY),i=1,2,..., and F(x,u), Fi(x,u) € L'(RY). Then
N-p
— IVulPdx+ | (NF(x,u)+ Fi(x,u))dx =0, (2.45)
p RN RN

where F(x,u) = [, f(x,5)ds and Fy(x,u) = SNy, D),

i=1"" 0x;

Proof Multiplying equation (2.44) by x - Vu and integrating over the ball Bg, we obtain
/ flx, u)x~Vudx:/ div(IVu|p‘2Vu)x~Vudx. (2.46)
Br Br

Then

N
a
flx,u)x- Vudx = E / xif (%, u)—u dx
Bg o /e 0x;

N 3 IF (x, )
= ;:/;R<8—M(xil-"(x,u)) - (F(x,u) X azi” ))dx

N
= Z /(;B F(x, u)x;n; ds —/ (NF(x, u) + Fi(x, u)) dx

i=1 Br

= R/ F(x,u)ds — / (NF(x, u) + Fi(x, u)) dx, (2.47)
0Bp Bp
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where #; are the components of the unit outward normal to dBg, and ds is an area element.
On the other hand, integrating by parts, we obtain

/ div(|Vul’*Vu)x - Vudx
Br
N
d d
Z/ <|Vu|”‘2—u> in—udx
0x; 0x; =y 0x;

e AC (e R B

ou
:/ |VulP2—x-Vuds— |Vul? dx
dBp on Br

%u du
-2
_/ Z|Vu|1’ (Z ’ax—axla_x,>dx (2.48)
,_1 l

Rll

On By, we have Vi = 37” H= 3_:;% and
01
|VulP~*—x-Vudx =R |Vul? ds. (2.49)
3BR on 98g

Further, we have

N
%u 9
[, 2w (Lo 2 ) s
Br 8x,8x,8x}
j=1

:_Z/< (x| Vul?) - |Vu|1’>dx

R N
=— / |VulP ds — — |Vul? dx. (2.50)
p dBp p Br

Therefore, we obtain

R/33R(F (1 p)qul ds+ |1 » /BRIVMI dx '/BR(NF+F1)dx 0. (2.51)

Since F(x,u) € LY(RN) and u € X, we claim that
liminf R / (|F@u)| + |VulP)dS = 0. (2.52)
n— 00 aBR
Indeed, otherwise,
liminf R / (|F@x,w)| +Vul?) dS = ao > 0. (2.53)

n— 00 Bp

Then, there exists Ry > 0 such that, for R > R,

R/ (|Feo] + |Vul)ds = 2. (2.54)
0Bp
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LetR, =Ry +n,n=12,.... Then R, — oo as n — o0. It follows from the integral mean
theorem that there is &, € (R,_1,R,,) and &,, > Ry such that, for R > Ry,

Ry
f / (IF| + |Vul?) dsdR = sn/ (IFl+ |Vul?) ds > iy (2.55)
Ry-1 J3Bp 3B, 2

and thus

0 o0 Ry
/ / (IF| +|Vul?)dsdR > Z/ / (IF + |Vul?) dsdR = oc. (2.56)
Ry dBp n=2 Ry_1 J0BR
This contradicts the fact
/ (|F|+|Vu|”)dx=/ / (IF + |Vul?) dsdR < oo. (2.57)
RN 0 9Bp

Therefore, (2.52) is true. Thus, letting R — oo in (2.51), we have

NP \updes / (NE(x,u) + Fi (%, 1)) dx = 0. (2.58)
RN RN

Then, we finish the proof of Lemma 2.8. g

Lemma 2.9 Leta > 2’”*1(’;’1—3))» TP™, and let u € X be a weak solution of

Z\A/I(||u||)(—Apu + |u|p_2u) = ,u(f(u) + h(x)), (2.59)
where M(llull) = (a + Anr(u)||ul|P™ + Wn}(u)”u”p(m”)). Then the following identity
holds:

—~ N - N

M(||u||)<—p/ |Vu|”dx+—/ |u|~”dx>

4 RN b JrN
= Nu/ (F(u) + hu) dx + u/ Vh-xudx. (2.60)
RN RN

Proof Since u € X is a weak solution of (2.59), by standard regularity results, u €

Cz (RN) N WP (RYN). Let
_wfw) +hx)
glx,u) = A7I(||u||) |[ulP~*u. (2.61)

Then u € X is also a solution of

—Apu=gx,u). (2.62)
By Lemma 2.8,
N-p
—_— |VulP dx = (NG(u) + Gi(x, u)) dx, (2.63)
V4 RN RN

where G(x, u) = fou g(x,s)ds and Gy (x, u) = Zfil x; 2651 Then the conclusion holds. [

ox;
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Lemma 2.10 Assume that (F\)-(Fs3) and (H) hold and that ||h|y < my for my given in
Lemma 2.6. Let u,, be a critical point of I Zn at level c,,,,. Then for T sufficiently large, there
exists Ao = Ao(T) with Ag < a(Z—:é)T‘pm such that, for any A € [0, 1), subject to a subse-
quence, ||\u,| < T forall n e N.

Proof Since (I}fn)’(u,,) =0, by Lemma 2.9 u,, satisfies

-~ N
M(I|u||)<—||M||p+/ IVMI”dx>
V4 RN

=N, / (F(un) + hy) dx + / Vh - xu, dx. (2.64)
RN R

N
oo 7T -
Using 1, (u,) = c,,,,, we have

aN
— lunll? +
p

w2 ) 4P = Nty / (Fw,) + hu,) dx + Ney,,.  (2.65)
]RN

pim+1)

Therefore, by (2.64), (2.65) and a > 2'”*1(:’;—1?))\ TP" we deduce that

a
—/ |Vu,|? dx
2 RN

< Bi(ld) [ |1V da
R

~ a AN
= Ney, + N M(lluall) = = ) lul? - 7 () 11 [P = f Vhx - u, dx
P plm+1) BN

ANm AN
< N - ) [z, [P+ L () ||y, [P
< Nc,, +p(m+1)rlT(M Ml P+ TP 07 (tn) |t
- ,un/ Vhx - u,dx. (2.66)
RN

By the min-max definition of the mountain pass level, Lemma 2.5, and (2.35) we have

1, < max Iy (¢B)

C A t?
Smax{(z——3 Iﬂlpdx>tp+C5} + max w(—)tp(m“)
t\\p 2 Jg ¢ pm+1)" \ TP

e (2.67)

Using (H) and the Young equality, we have
1 / 1 /
[ v [ el v [ e p s
RN b JRrN b JrN
1 /
<- f P |un|P dx + Cs. (2.68)
p JrN

We can easily calculate that

7 () |14, [PV < 21RO () | |02 < 22 pplme2), (2.69)
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Combining the above estimates, we see that

a AN(m+5 1 ,
. / Vit P di < 2N D) ity | 1 / E |, l? dx + Cy. (2.70)
RN p(m +1) p Jry

Since &(x) € L (RN) N W, we see that £” u,, € X. It follows from (IZH (1)) (€7 u,) = O
that

}/\7[(||§p/un ||) /;@f |Vu,,|p72Vu,,V(§p/u,,) + |un|p’2u(§p/u,,) dx

=ty / (F () + h)E” u, dx. (2.71)
RN
Since a > 2’”*1(::‘[—’3))LT1”", we have (3a/2) > ]/\;I(||§1’/un||), and it follows from (2.69) and
(2.71) that
(3a/2)/ |Vu, |p_2Vu,,V($p,u,,) + un|PEY dx > (1/2)[ f(u,,)unép/ dx. (2.72)
RN RN

From (2.70) by the Holder inequality we deduce that
3a / Vit P2V, V (67 ) dc
RN
<3a f Vi, P2V, (p €7 " u, VE + £ Vu,) dx
RN
<3(I&17 + IVENY) <a/ |Vun|1’dx> +3a(p - 1)—1/ 7' |u,|P dx
RN RN
<CATP 4 C / 7' \u,|P dx + C, (2.73)
RN

where C is a constant independent of A and T'.
By (F3), for any L > 0, there exists C(L) > 0 such that

f(s)s>Ls* —C(L) foralls>0. (2.74)

Combining (2.72)-(2.74), we get

1 ,
(—L - c) / E7 |u,|P dx < CATPV 4 C. (2.75)
2 RN
For L > 0 large enough, we obtain
/ EV |u, P dx < CLTP"™D 4 C. (2.76)
RN

It follows from (2.70) and (2.76) that

/ |Vu,|? dx < CATP™D 4 C. (2.77)
RN
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On the other hand,

17+ 17 (a6 [P0 4 —— 'y (1) 4 [P0+

+1
= ,U«n/ (f ()t + hus,,) dx
]RN

* 1 / 1
< ellunll? + Cellunllye + » 1715, + ;Ilull”' (2.78)

By (2.77) and (2.78) we have

(@—&—=1p)llunll? < CellunlBs = A ((m + 1) TP )0’y (1) |4, |7 + C
< ClIVuull5* + 227> (m + 1) 770D 4 C

< CATP ) 4 CurrmD) 4 C, (2.79)
Suppose that ||u,|| > T for n € N and T large enough. Then
T? < ||luy||? < CAT? ") 4 AP 4 C, (2.80)

which is not true if we choose T large and A small enough. So by setting A(T") small we
obtain that the sequence {u,} is bounded for any A € [0, 1¢), and the conclusion holds. [J

Lemma2.11 Let T, Ao be defined by Lemma 2.10, and u,, be the critical point of[gn at level
Cu,- Then the sequence {u,} is also a (PS) sequence for I.

Proof From the proof of Lemma 2.10 we may assume that ||u,| < T. So

I(u,) = Ilfn(u,,) + (g, — 1)/ (F(stn) + hu,) dx. (2.81)
RN

Since u, — 1, we can show that {u,} is a (PS) sequence of I. Indeed, the boundedness of
{u,} implies that {I] } is bounded. Also,

I'(u,)v = (Ign)/(un,v) +(u, —1) /RN (f(u,,) + h(u,,))vdx, veX. (2.82)

Thus, I'(u,) — 0, and {u,} is a bounded (PS) sequence of I. By Lemma 2.5, {u,,} has a con-
vergent subsequence. We may assume that u,, — 9. Consequently, I(izo) = 0. According
to Lemma 2.4, we have that I(zzg) = lim,,_, o [(24,,) = lim,,%ooll{n(uy,) >c¢>0and % is a
solution of problem (1.1). Thus, we completed the proof. d

Proof of Theorem 1.1 By Lemma 2.2 the problem has a solution uy € X with I(x) < 0.
From Lemma 2.9 we know that problem (1.1) possesses a second solution z, € X with
I(z19) > ¢ > 0. Hence, uy # iip, and we complete the proof of Theorem 1.1. O

3 Proof of Theorem 1.2
Let I, (#) : X — R be the energy functional associated with problem (1.13) defined by

a 1
Li(w) = I;nunp + [ ;IIIMIIZ, (3.1)

A
pm+1)

Page 15 of 19
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where F(u) = fou f(s)ds. 1t is easy to see that the functional I € C'(E,R) and its Gateaux
derivative is given by

&Uﬁvz(a+kHMWmX/ (IVulP2VuVy + [ulP>uv) dx
RN
—/ |u|"2uvdx, VveE. (3.2)
]RN

Clearly, we see that a weak solution of (1.13) corresponds to a critical point of the func-
tional.

In this part, we first proof the nonexistence for problem (1.13) for large X > A*. which
means that if a solution exists, then A must sufficiently small. Secondly, we obtain that
there exists 1** such that problem (1.1) has at least one solution for any 0 < A < A**. Finally,
by the properties of A* and A** we deduce that A* = A**. We will break the proof into six
steps.

Proof of Theorem 1.2 Step 1. Nonexistence for large A > 0. It is sufficient to show that if
u is a nontrivial solution of problem (1.13), then A > 0 must be small. Assume that u is a

nontrivial solution of problem (1.1). Then we get I; (u)u = 0, that is,
allull? + MullP D = a2, (3.3)
Since p < g < min{p(m + 1), p*}, applying the Young inequality and (1.9), we deduce that

1 (m+1)
allull? + Mull?"D = Jullf < SUulf < allul + allula", (3.4)

m (m1+1)—
which implies that A < A; = (Sg)f;TPa_p TP q. On the other hand, if A* > A;, then we con-

clude that problem (1.1) has no solution for any A € (A*, +00).
Step 2. Coercivity of I, (u). Indeed, for any u € E and all A > 0,

a A 1
L(u) = = [lu]l” + lae]PO"*D = = |||
p(m +1) q
A A S
S 1 " Py L SR —" S I YT (3.5)
2p(m +1) 2p(m +1)

Since g < p(m + 1), there exists C; = C1(%,q,m,S,) such that

SZ A (m+1)
—ul? < ———llull” +Cr. (3.6)
2p(m +1)
It follows that
a A (m+1)
Li(uw) = = ul? + —————= lull” -G (3.7)
p 2p(m +1)

This implies that [, () is coercive.
Step 3. The infimum of I is attained. Let {u,,} be a minimizing sequence of I;. Then from
Step 2 we immediately see that {1, } is bounded in X . Therefore, without loss of generality,
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we may assume that {u,} is nonnegative and converges weakly and pointwise to some
in X.
Using the compact embedding X < L4(RN), we have

lullg = lim flunll; and ol < liminf|ju,]| (3.8)
n—00 n—00
by the weak lower semicontinuity of the norm || - ||. Thus,

1
ol P = = a2

a
L(u) = —[lull” +
p

pm+1)

. fa 1.
< hmmf(—nunnf’ + ||un||f’<'"+“> - — Tim u, |2
n—>oo \ p q n—>o0

A
pm+1)

1
< nminf<f||un||1“ . Jag P07 — ||un||z> ~liminfl (). (39)
n—00 p q n—00

A
pm+1)

Therefore, u is a global minimum for I, and hence it is a critical point, namely a weak
solution to problem (1.1).

Step 4. The weak solution u is nontrivial if A > 0 is sufficiently small. Clearly, I, (0) = 0.
Therefore, it is sufficient to show that there exists Ao > 0 such that

zi}elg]k(u) <0, foranya €(0,Ap). (3.10)
Choose ug € C°(RN), ug # 0, such that ||uy||g = 1. Denote
L (tug) = tPs(t), s(t) = By + AByt?”" — B3tT?, t>0, (3.11)
where
a 1

B =—, By = >0,
p 2T pm+ 1)

1
332—/ |ug|?dx > 0.
q JrRN

Then there exist Ao > 0 and large £, > 0 such that I, (£, u0) < 0 for A € (0, A¢]. Let e = £, uo.
Then |le|| = ¢, and I, (e) < 0. This implies that (3.10) is true. So the weak solution u is non-
trivial if A > 0 is sufficiently small.

Now, we define

A= sup{k > 0, problem (1.13) admits a nontrival weak solution},

Af = inf{k > 0, problem (1.13) does not admit any nontrival weak solution}.

Clearly, A** > A*. To complete the proof of Theorem 1.2, it suffices to prove the following
facts: (a) problem (1.13) has a weak solution for any A < A**; (b) A** = A*, and problem
(1.13) admits a weak solution when A = A*.

Step 5. Problem (1.13) has a solution for any A < A** and A* = A**. Fix A < A**. By the
definition of A**, there exists u € (A, A**) such that I, has a nontrivial critical point «,, € E.

Clearly, we have

(a + x(/ (IVitul? + |, |7) dx) )(—Apuu + P 2uy) < w7 uy,. (3.12)
RN
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This implies that u,, is a subsolution of problem (1.13). In order to find a supsolution of

(1.13) that dominates u,,, we consider the constrained minimization problem

A 1
inf{ ol + ——— [0l - Zollf: 0 € E ol = gand & > uu} (3.13)
p q

p(m+1)

Arguments similar to those used in Step 3 and Step 4 show that the above minimization
has a solution u; > u,, which is also a weak solution of problem (1.13). Hence, problem
(1.13) admits a weak solution for any A € [0, 1**), This means that A* > A** by the definition
of A*. But we already know that A** > A*, and therefore A** = A*.

Step 6. Problem (1.13) admits a nontrivial solution when 1 = 1*. Let {},,} be a increasing
sequence converging to A*, and {u,} be a sequence of solutions of (1.1) corresponding to
An. By Step 2, {u,} is bounded in X, and without loss of generality we may assume that
U, — uin X, u, — uin L41(RN), and u,, — u* a.e. in X. It follows from I, (u,,)v = O that, for

anyveX,
(a+ AnllualP™) / (IVUul? >V, Vv + [P 1v) dox = / |47 20,y v dix. (3.14)
RN RN

Then, passing to the limit as # — 0o, we deduce that u* satisfies [, (u*)v = 0 when A = A*.
Now, it remains to prove that #* is a nontrivial critical point for I;+. From I (u,)u, = 0 it
is easy to deduce that ||u,|| > (x,S,T)V/@P0m+1) which implies that u, has a lower bound.
Next, since A, /' A* as n — 00, it suffices to show that | u,, — u*|| - 0 as n — o©.

Since u,, and u* are the solutions of (1.1) corresponding to A, and 1*, we see that
0= (L, (t4n) = Lo (%)) (ttyy — 1) = Xy + Yoy — Zo, (3.15)
where
X = (@ + Aullun ™) / (IVuy, P2Vu, — |Vu*‘p_2Vu*)V(u,, - u*)dx
RN

(sl 20t = | [0 (1 — *) dlx;

Yy = (ol = 2% || u* ||1”’”)/ Vi [PV (uy - ut)
RN

+ |u* |p_2u* (un - u*) dx;

Z, = / (|un|q_2uy, - |u*|q_2u*) (uy, - u*) dx.
RN

By the Hélder inequality and compact embedding u,, — u in L(RN, H) we have

Xl = ‘/ (a2 00 — 0|72 0% (4 — ) dx
RN

< [l =
RN

< Cllunll ™+ [ |77 w7, > 0 asm— oc. (3.16)
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Next, consider the functional j: X — R defined by
j(w) = / IVur Vi Vo + [ut P ut o ds. (3.17)
RN

Since |j(w)| < 2||u*||PY|w]|, j is continuous on X. Using %, — u* and the boundedness of
u, and u* in X, we have that

1Yol < (lln 1P + | |7") g (4 — 0*)| = 0 as n— o0. (3.18)

Combining (3.15), (3.16), and (3.18), this forces X,, — 0 as n — oo. Then, using the stan-
dard inequality (2.25) in RN, we have that ||lu, — u*|| — 0 as n — oo, and thus u* is a
nontrivial weak solution of problem (1.13) corresponding to A = A*. This completes the
proof of Theorem 1.2. d
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