Xin et al. Boundary Value Problems (2017) 2017:24 0 Boundary Value PrOblemS

DOI 10.1186/513661-017-0756-2

a SpringerOpen Journal

RESEARCH Open Access

Study on a kind of fourth-order

@ CrossMark

p-Laplacian Rayleigh equation with linear
autonomous difference operator

Yun Xin', Xuefeng Han?" and Zhibo Cheng??

“Correspondence:
hanxuefeng_1982@126.com
'College of Computer Science and
Technology, Henan Polytechnic
University, Jiaozuo, 454000, China
Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we consider the following fourth-order Rayleigh type p-Laplacian
generalized neutral differential equation with linear autonomous difference operator:

(0o (X0 = cOx (=8N + £ (t,X' ) + g(t,x(t - T(D)) = e(0).

By applications of coincidence degree theory and some analysis skills, sufficient
conditions for the existence of periodic solutions are established.
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1 Introduction
In this paper, we consider the following fourth-order Rayleigh type p-Laplacian neutral

differential equation with linear autonomous difference operator:
(0p(x(®) = cOx(t = 3@)))") +£(t. % ©®) + g(t,x(t - T(2))) = e(®), 1)

where p > 2, g,(x) = |x[P~2x for x # 0 and ¢,(0) = 0; |c(?)] #1, ¢, € C*(R,R) and ¢, § are
T-periodic functions for some T > 0; f and g are continuous functions defined on R? and
periodic in ¢ with f(¢t,-) = f(t + T,-), g(t,-) =gt + T,-) and f(£,0) =0, ¢,7 : R — R are
continuous periodic functions with e(t + T) = e(t) and 7(¢ + T) = t(¢).

In recent years, there has been a good amount of work on periodic solutions for fourth-
order differential equations (see [1-17] and the references cited therein). For example,
in [12], applying Mawhin’s continuation theorem, Shan and Lu studied the existence of
periodic solution for a kind of fourth-order p-Laplacian functional differential equation

with a deviating argument as follows:

[0p(u"@)] + £ () @) + g(t, u(®), u(t - (2))) = e(d). (1.2)
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Afterwards, Lu and Shan [8] observed a fourth-order p-Laplacian differential equa-
tion

[0p (" @)]" +£ (" () + g(u(t - T(2))) = e(®) (1.3)

and presented sufficient conditions for the existence of periodic solutions for (1.3). Re-
cently, by means of Mawhin’s continuation theorem, Wang and Zhu [14] studied a kind of
fourth-order p-Laplacian neutral functional differential equation

[0y (2(t) — cx(t = 8))"]" + £ (x(6))%' () + g(t x(¢ — T (£ 1¥]0)) ) = e(®). (14)

Some sufficient criteria to guarantee the existence of periodic solutions were obtained.

However, the fourth-order p-Laplacian neutral differential equation (1.1), which in-
cludes the p-Laplacian neutral differential equation, has not attracted much attention in
the literature. In this paper, we try to fill the gap and establish the existence of periodic
solution of (1.1) using Mawhin’s continuation theory. Our new results generalize some
recent results contained in [2, 8, 12, 14] in several aspects.

2 Preparation
Lemma 1 (See [18]) If |c(¢)| # 1, then the operator (Au)(t) := x(t) — c(£)x(t — §(¢)) has a
continuous inverse A™' on the space

Cr:= {u|u € (R,R),u(t + T) = u(t),Vt R},

and satisfies
@ A u)(t)|dt<f0 149

fo [(A ™) (8)|dt < Iy l” 1) Jor ¢o := mingeo,77 |c(£)| > 1 Vu € Cr.

L for coo 1= maxeeqo, 1) Ic(t)| <1Vu € Cr;

Lemma 2 (Gaines and Mawhin [19]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q C X be an open bounded
set and N : Q@ — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx #ANx, Vx € 3Q N D(L), » € (0,1);

(2) Nx¢ImL, Vx € 9 N KerL;

(3) deg{JON,Q2NKerL,0}#0, where ] :Im Q — Ker L is an isomorphism.
Then the equation Lx = Nx has a solution in @ N D(L).

In order to apply Mawhin’s continuation degree theorem to study the existence of peri-
odic solution for (1.1), we rewrite (1.1) in the form:

(Ax1)"(t) = q(x2(2)),
x5 (t) = —f (£, x1(1)) — g(t, %1(¢ — T(2))) + e(t),

(2.1)

where }7 + % = 1. Clearly, if x(£) = (x1(£),%2(¢)) " is a T-periodic solution to (2.1), then x;(¢)
must be a T-periodic solution to (1.1). Thus, the problem of finding a T-periodic solution
for (1.1) reduces to finding one for (2.1).
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Now, set X = {x = (x1(£),%2()) € C2(R,R?) : x(t + T) = x(t)} with the norm |%|s =
max{|%1|oos [*2loc }; ¥ = {x = (x1(8),22(2)) € C*(R,R?) : (¢t + T) = x(¢)} with the norm ||x|| =
max{|x|eo, |%'|oo}. Clearly, X and Y are both Banach spaces. Meanwhile, define

L:D(L)={xe C*(R,R?):a(t+T) =x(t),t e R} CX > Y

by

(Axn)'©
(Lx)(t)-( 0 )

and N: X — Y by

(Nx)(8) = #q(®:(2) . 2.2)
F (6, () - gl (e —T(0) + e(0)

Then (2.1) can be converted to the abstract equation Lx = Nx.
_ (™ . (x1(8) - e(®)x1 (£ - 8(2)))" =0,
From Vx € KerL, x = () € KerL, i.e., {x’z/(o:o, we have

x1(8) — c(t)x1(t — 8(2)) = ast + ay,
xz(t) = bzt + bl,

where a3, a5, b1, b, € R are constant. Let ¢(£) # 0 be a solution of x(¢) — c(t)x(t — 3(¢)) =1,
then KerL = u = (‘”Z(t)’). From the definition of L, one can easily see that

T
~ 2 _ . y1(s) (0
KerL = R?, ImL—{ye Y./O (yz(s)) ds-<0>}.

So L is a Fredholm operator with index zero. Let P: X — KerLand Q: Y — ImQ C R? be

defined by
Ax1)(0 1 [T
pe_ (AO) _/ 10\ 4
x2(0) T Jo \y:(s)
then ImP = KerL, KerQ = ImL. Let K denote the inverse of L|kerpnp(z)- It is easy to see

that Ker L = Im Q = R? and

T
K)(0) = fo G(t,9)y(s) ds,

where
S0 0<s<t<T,
G(t,s) = 4(;3) (2.3)
—7 <t<s<T

From (2.2) and (2.3), it is clear that QN and K(I — Q)N are continuous, QN() is bounded
and then K(I - Q)N () is compact for any open bounded £ C X, which means N is L-

compact on Q.
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3 Main results
Theorem 1 Assume that the following conditions hold:

(H1) There exists a positive constant K such that |f(¢t,u)| <K for (t,u) e R x R;

(Hy) There exists a positive constant D such that xg(t,x) > 0, and |g(t,x)| > K + |e|o, here
leloo = maxseqo, 1) l€(t)] for |x| > D and t € R;

(Hs) There exists a positive constant M and M > |e|oo such that g(t,x) > —M for x > D and
teR.

Then (1.1) has at least non-constant T -periodic solution if one of the following conditions
is satisfied:

(i) Ifcoo<landl-co — (TTZCZ +T(c1 + 18 + %COQSZ) + cm812 + 2Cs061) > 0;

(i) Ifco>1and cg —1—(TT2
where §; = MaX;c(o,) |89 (£)], ¢; = max;e(o,) [P (£)], i = 1,2.

2+ T(c1 + €181 + 5C0082) + Coodi + 2C0081) > 0;

Proof Consider the equation
Lx=ANx, Ae€(0,1).

Set Q; = {x: Lx = ANx, A € (0,1)}. If 2(2) = (x1(2), %2(£)) T € €4, then

(Ax1)"(£) = Lopg(%2(2)),

(3.1)
H)(8) = —f (6,5(8) — (6,31 (¢ — T()) + 2e(d).
Then the second equation of (3.1) and x> (¢) = A1 P, [(Ax;)" (¢)] imply
(0p(Ax1)" (@) + 22F (£,%,(0)) + Mg (t, %1 (t — T(2))) = APe(?). (3.2)
We first claim that there is a constant ¢, € R such that
|x1(t0)| < D. (3.3)
Integrating both sides of (3.2) on the interval [0, T], we arrive at
T
f [ (6m(®) + gt (t-(0)) - @) di = 0, (3.4)
0

which yields that there exists at least a point # such that

f(ax(8)) + g(d (e -7 (1))) = e(8),

and we get

(- (8))) = e(e)) -f (%1 (87)),

and then by (H;) we have

(e = o(e)))] = lefe)| + a5, (6))] = lelo + K,
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and from (H,) we can get |x;(t; — 7(£]))| < Di. Since x,(¢) is periodic with period T, take
tf —t() =nT + ty, to € [0, T], where n is some integer; then |x1(¢)| < D, (3.3) is proved.

Then we have
[%1]0o = max |x1(t)| = max |x1(t)|
t€(0,T] te[§,£+T)

— 1 max (’xl(t)| + |x1(t_ T)’)

T2 tel£,4T)
1 T

= — max (xl(t0)+/ x'(s)ds
2 telg£+T] t

1 ! / é /
<D+ 5(/; |x1(s)|ds+/t_T|x1(s)|ds>

1 T
<D+ —/ |%1(s)| dis. (3.5)
2 Jo

+

x1(t0) — / OTx’(s) ds

)

Multiplying both sides of (3.2) by (Ax;)(¢) and integrating over [0, T], we get
T , T
/0 (0p(A%1)" (1)) (Axi(2)) dt = =27 /0 F(65,®)) (Axy)(2) de
T
- / g(tx(t - 7(0))(Ax)(0) dt
0
T
+ )J’/ e(t)(Axy)(t) dt. (3.6)
0

Substituting fOT(wp(Axl)”(t))”(Axl(t)) dt = fOT [(Ax1)” (¢)P dt into (3.6), in view of (H>), we
have

T T
/0 |(Ax)"(8)|" dt < /0 If (&1 (O) || [%1(8) = c(O)x1 (£ - 8(2)) ]| de
T
+ /0 lg(&x1(t = (@) || [21(8) — c(O)x1 (¢ - 8(2)) ]| dt
T
+ f |e(®) || [#1(8) = c(®)x1 (¢ - 8(2)) ]| de
0
T
<@+ coo)lx1|oo|:/ lg(t,x1 (6 - (@) |de + T(K + |e|oo):|. 3.7)
0
Besides, we can assert that there exists some positive constant Nj such that
T
/ lg(t,x1 (£ - 7(2)))|dt <2TNy + T(K + |elo). (3.8)
0

In fact, from (H;) and (3.4), we have

T

/0 et - c0) ~K  leloo) dt < /0 e(6m(t - 7(0) = [F (6 5(0)| - leloc) dt

T
< [ (e (e-20)) #r(es0) - e} e

=0.
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Define

E = {t €[0,T]: xl(t— r(t)) < —D};

Ey={t€[0,T): |m(t—7(®)| <D} U{te[0,T]: x1(t - (t)) > D}.

With these sets we get

/ ’g(t,xl(t - t(t)))‘dt < Trnax{M, sup ‘g(t,xl) },
Ey te[0,T],|x1 (t-7(8)I<D

/E{|g(t,x1(t_f(t)))|_1<_|e|m}dt:/E{g(t,xl(t_f(t)))_K_|e|m}dt

< —/E {g(tx(t—7(0)) - K - lelo } dt

5/ {e(6m(t = T(0)| + K + leloo) d,
Ey

which yields

/|g(t,x1(t—r(t)))|dt§f |g(t,x1(t—r(t)))|dt+/ (K + le]oo) dt
= Ez E1UEy
=/ g(t:21 (£ - ()| dt + T(K + leloo).
Ey
That is,

/0T|g(t,xl(t_f<t)))|dt:/5 |g(t,x1(t—r(t)))|dt+/E R

52/ lg(&x1 (6= 1(®))|det + T(K + leloo)
Ey

< 2Tmax{M, sup |g(t,x1)|} + T(K + |e|oo)

te[0,T],|x1(¢—7(2))|<D

=2TN, + T(Kl + |e|oo),

where Ni = max{M, sup,c o 17, 1x, (t—r(s))<p 1€(& %1)[}, proving (3.8).
Substituting (3.8) into (3.7) and recalling (3.5), we get

T
/ |(Ax1)"@)|F dt < 2T (1 + coo) %10 (K + €l + N7)
0

1 T
< (1+coo><Dl + —/ |xi(t>|dt>2T(1<+ leloc + N1)
2 Jo

1 N, [T
= (”%/ o, ()| dt + (1 + coo)NL Dy,
0

where N, = 2T(K + |e|oo + N7).

Page 6 of 12

(3.9)
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On the other hand, since (Ax;)(¢) = x1(¢) — c(£)x1(t — 5(£)), we have

(Ax1) (8) = (3 (t) — cOm (t - 8())
=21 (8) — ¢ (Ox1 (£ = 8(2)) — c(O)x (£ — 8(2)) + c()xy (£ — 8(2))8'(£),
(Ax1)"(2) = (%,(8) = ¢ ()21 (£ - 8(2)) — c(e)x; (£ — 8(2)) + c(t)x; (¢ - 5(t))8/(t))’
=1 () = [ (Ox(t = 8(2)) + ¢ (0¥ (£ - 8(2)) (1 = 8'(2)) + ¢ (&)« (¢ - 8(1))
+c(®)x" (6= 8@))(1-8'(1)) - @) (£~ 8(2))8'(2)
—c(0)x"(£-8(2)) (1 - 8'(2))8' () — c(t)x' (£ — 8(2))8"(1)]
=1 () — c(®)x] (£ - 8(2)) — [ () (£ = 8(2)) + (2¢'(2) — 2 ()8 (¢)

—c(£)8" (£))x (£ = 8(8)) + (c(®) (8’(t))2 =2c()8' (1))} (£ = 8(2))]

and

(Ax))(8) = (Ax)" (@) + " () (£ = 8(2)) + (2¢/(2) — 2¢ ()8 (2) — c(£)8" (1)), (£ — 8(2))

+ (c)(8'®)* - 2¢(0)8' ()] (£ - 5(2)).

Case (I): If |¢(2)| < ¢ < 1, by applying Lemma 1, we have

T T
/ % (t)| dt = / |AAx] (0)| dt
0 0

B [ 1A% @) dt

1-cyo

T
< (/ |(Ax1)" ()| dt + c2 Tx1|oo + T(2¢1 + 20181 + 00082)|x/1|0O
0

T
+ (coo(Slz +Zcoo51)/0 ’x”(t)}dt) /(l—coo),

where ¢; = max;c(o,71 | (£)| and §; = max,c(o. 11|89 (£)], i = 1,2. From (3.5), we have

1 /T
|%1]oo <D + —/ % (£)| dt
2 Jo
T /
<D+ —|«f]
2 [o¢]

T T
<D+ 7 /0 % (2)| dt. (3.10)

From x1(0) = x1(T), there exists a point t* € [0, T] such that x](¢*) = 0, then we have

1T I
il =) o 5 [ Is@lde=3 [ ] (3.11)
0 0
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Therefore, we have

1-co

fT| o) de < [ A% Oldt + & TD + T [T %) de)

T(2e1 + 26181 + €o082) [y 18] (O)] dt + (cosd? + 2¢0081) fiy 12" (0)] it

1-co

r T? 1
= ( |(Ax1)”(t)| dt + (Zcz + T(cl +c161 + ECOO(SZ) + cooélz + 260031>

/ |x t)’dt+ T62D> /(1—coo).

Since 1 — ¢ — (TTZCQ +T(c1 +¢161 + %cooaz) + €087 + 2C01) > 0, we have

! foT [(Ax1)"(2)| dt + Te, D

T l—Coo— (%202 +T(c1 + 181 + %cméz) + Cood? +2C0081)

Té (fOT I(Ax))"(2)|? dt)zlﬂ + TcyD ) (3.12)

T l—Coo— (TTZCZ +T(c1 + €181 + 5C0082) + CooBF + 2C0001)

Applying the inequality (a + b)* < a* + b* for a,b >0, 0 < k <1, from (3.9) and (3.12) we

obtain

T 7o (L5 ([T 14 (8)] de)7 + (1 + co)NG DY) + TeaDy

0 1-co — (T—Zcz +T(c1 +c181 + l00082) + Coo82 + 2C0081)

T(—=2 1+c°° ﬁ fo 7' (£)| dt) P +(1+ coo)N*Dl)P + T02D1

1-co — (T ¢+ T(ci + 161 + coo(Sg) +Coo07 +2C0001)

It is easy to see that there exists a positive constant M* (independent of 1) such that

T
/ %] (1) dt < M™.
0
Case (ii): If cg > 1, we have

T T
/o w06 e = / A A (0)| di

fo |Ax (£)| dt
Co—l
2

r T 1
< ( |(Ax1)”(t)| dt + <ZC2 + T(c1 +¢161 + 560052> + coo812 + 2c0081>
0

T
x /o o (1) it + TC2D> / =D,
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Since ¢g —1— (TTZCZ +T(c1 + 181 + %cwéz) + o087 + 2¢081) > 0, we have

r Ta([T |(An)"(8)P db)P + Te,D

0 co—-1- (TTZCQ + T(cp + 161 + %cmsz) +Cood? + 200081)

Similarly, we can get fOT |} (£)| dt < M*.
It follows from (3.10) that

T T
|x1|oc§D+Z/ |x t)’dt<D+—M =M.

|x’1| / |x t)|dt< M = M.

On the other hand, from x,(0) = x,(7), we know that there is a point £, € [0, T] such
that &5 (£,) = 0; then by the second equation of (3.1) we get

1 T
Blo=s [ ol
T
gﬂ(y@ﬁmﬂ+@@m¢_umﬂ+kmpm

<TK + T(b + |e|oo) +2TNy := Moy;.

Integrating the first equation of (3.1) over [0, T], we have fOT |%2(£)]972x,(£) dt = 0, which
implies that there is a point ¢3 € [0, T] such that x,(¢3) = 0, so

1 T
[%9 |00 < 5/ }x;(t)| dt < T|x/2|oo < TMyy := My,
0

Let M = max{Mj1, Mo, Mo, M} +1, 2 = {x = (x,%2) " : |x]| <M} and 3 = {x: x € QN
KerL}, then Vx € 0Q2 NKerL

T
oxe- L | Pg(0>() W
T Jo \~f(620) - gt - 7)) +e(®

If QNx = 0, then x,(¢) = 0, x; = M or —M. But if x,(t) = M, we know

T
0= / {g(t, M) - e(t)} dt
0
From assumption (H;), we have x;(¢) < D < M, which yields a contradiction. Similarly, if
x1 = —M, we also have QNx # 0, i.e., Vx € 9Q NKer L, x ¢ Im L, so conditions (1) and (2) of

Lemma 2 are both satisfied. Define the isomorphism J : Im Q — Ker L as follows:

J(e1,25) T = (x0,21) "
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Let H(u,x) = ux + (1 — )JQNx, (u,x) € [0,1] x , then V(u,x) € (0,1) x (02 N KerL),

Higa) = (,,Lxl — Lt (1R, 0) + g8, 31) — e0)] dt)

pxz + (L= gy (x2)
Y(u,x) € (0,1) x (02N KerL).
From £(t,0) = 0 and (H>), it is obvious that x " H(u,x) > 0, ¥(1,x) € (0,1) x (3 N KerL).
Hence
deg{/QN, 2 NKerL,0} = deg{H(0,x), 2 N KerL,0}
= deg{H(l,x), Qn KerL,O}
=deg{l,2NKerL,0} #O0.
So condition (3) of Lemma 2 is satisfied. By applying Lemma 2, we conclude that equation
Lx = Nx has a solution x = (x1,%,) " on QN D(L), i.e., (2.1) has a T-periodic solution x;(t).
Finally, observe that y;(t) is not constant. If y; = a (constant), then from (1.1) we have

g(t,a,a,0,0)—e(t) = 0, which contradicts the assumption that g(¢, 4,4, 0,0) —e(£) # 0. The

proof is complete. 0

If c(t) = c and |c| #1, §(¢) = 4§, then (1.1) translates into the following form:

(0p(x(t) = cx(t = 8))")" +f (£, () + g(t. %(t - T(D))) = e(t). (3.13)
Similarly, we can get the following result.

Theorem 2 Assume that conditions (H,)-(H3) hold. Then (3.13) has at least non-constant

T-periodic solution.
We illustrate our results with some examples.

Example 1 Consider the following fourth-order p-Laplacian generalized neutral func-

tional differential:

((pp (x(t) - 31—2 sin(4t)x (t - % cos(4t)>> ) - cos;(LZt) sinx/(¢)

— arctan Me—sin(@))) leC"S“, (3.14)
1 + cos?(2t) 3

where p is a constant.

It is clear that T = 2,c(t) = 35 8in4t, §(¢) = 35 cos 4t t(t) = sin4t, e(t) = C‘”“, =
maxe[o, 1] |% cos4t| = 16, = maxte[o,T] |—§ s1n4t| = 2, 81 = maxse(o, 1] |—— sm4t| = l , 0 =
1+c052 2t) )andg(t a)-
b=0, D> Zand M = 2,1tISObV1—

maxyc(o,7] | -3 cos4t| = §.f(t, u) = — 2 cos®(2¢) sinu, g(t x) = —arctan(—%—

e(t) = —arctan( ) — e $ 0 Choose K =

1 +C092 (2¢) 6 4’
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ous that (H;)-(H3) hold. Next, we consider

T? 1
1-cy— <ZCZ + T(cl +C61 + 500052) + 000512 + 260081)

1 1 z\) 1 7/1 1 1 1 1 1
=l-——|-"X|=7) Xz+=|o+=o X+ X = X=
32 \4 2 2 2\8 878 273272

1 1 1 1

+—= X — 4+ — X =

32 64 16 8
> 0.

Therefore, by Theorem 1, (3.14) has at least one non-constant %—periodic solution.

Example 2 Consider a kind of fourth-order p-Laplacian neutral functional differential
as follows:

(p (x(2) — 5t - 8))//)// +sintcosx'(t) + arctan(w) 1 sine

= —¢sint, 3.15
1+ sin®(¢) 5 (3.15)

Here p is some positive integer and § is a constant. It is clear that T = 27, ¢ = 5, t(¢) = cos ¢,
e(t) = %esmt,f(t, u) = sintcosu, g(t,x) = arctan(#n%)) and g(t,a) —e(t) = arctan(#nsm) -

%ecos“ # 0. Choose K =1, D> 7 and M = 7; it is obvious that (H1)-(H3) hold. So (3.15)
has at least one non-constant 27 -periodic solution by application of Theorem 2.
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