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1 Introduction

The present paper is dedicated to studying the following singular quasilinear elliptic sys-

tem:
L= S (1 |l 2ulv ™ + o6l 2 2ulv|) + h()|ul"u in RN,
L= ’“"ﬂ"fi)(wl|u|ﬂ|v|ﬁ 2 n Ul VP h@W Y, inRY, (LD

u(x), v(x) - 0, as|x| > +00,

where fﬁ £ _div(jx|#|V - |P72V.) is a quasilinear elliptic operator, 1 < p <N, 8 <0,

N+B-p>0,N+a>0,a+p>8, ,B_p 70 0 < i < +00, and ¢;, 7; > L satisfy ¢; + 7; =

pi(B,a) (i=1,2), p<q<pBa), pi(Ba)2 Al;i}“p is the critical Hardy-Sobolev expo-

*ANP

nent and p*(0,0) = p is the critical Sobolev exponent, K and % are G-symmetric
functions (G is a closed subgroup of O(N); see Section 2 for details) satisfying certain ap-
propriate hypotheses which will be elaborated later.

The critical elliptic problems like (1.1) have been widely investigated in recent years,
starting with the pioneering work of Brezis and Nirenberg [1]. Since we are interested in
problems with critical exponents and singular weighted functions, we refer the reader to
[2-8] and the references therein. These scalar elliptic equations related to singular poten-
tials, together with the corresponding elliptic systems, arise naturally in a wide range of
physical fields and various economical prototypes [9]. Recently, Deng and Jin in [10] dealt
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with the following scalar semilinear elliptic equation of the type:

—-Au= ,u,|| + K@%~ u* " and #>0 inRY, 1.2)

where N > 2, s € [0,2), u € [0,(252)2), 2%(s) £ 2052 and 2%(0) = 2* 2 2% and K(x) €
ERN)NL>®(RN) fulfills several assumptions w1th respect to a subgroup G of O(N). By uti-
lizing the standard variational approach, together with the symmetric criticality principle
of Palais [11], the authors in [10] attained several valuable symmetric results to problem
(1.2) under different conditions on the weighted function K(x). Borrowing ideas from [10],
Deng and Huang [12] recently established some symmetric results for the singular quasi-
linear elliptic equations in a G-symmetric bounded domain Finally, it is worthwhile to
point out that when the right-hand side critical term |x|™* u** 91 in (1.2) is substituted by a
nonlinear term f(u), such as f(u) = u?! with 1 < g < 2* or g = 2%, there have been a variety
of elegant results on G-symmetric solutions in [13-15]. These results provide us a new
insight into the corresponding problems.

For the systems of singular elliptic equations with critical nonlinearities, various studies
concerning the existence and multiplicity of nontrivial solutions have also been presented
in the last decades (see [16—20] for example). Among these, Cai and Kang [17] investigated
the following singular critical elliptic system:

Lu= ;gfl |u|§1—2u|v|11 + u2§2 |u|52’2u|v|’2 +a1|u|ql’2u +ayv, in S,
Lv = S8 u|stjy| =2y + “2f2|u|§2|v|f2 v+ ayu +az|v|? %y, inQ, (1.3)

u=v=0, onads,

where @ C RN(N > 3) is a smooth bounded domain, 0 € Q, L = A — ulx|, u < (552)?,
a4 €eR(j=1,2,3),0 < pu; < +00, 2 < g; < 2%, and ¢;, 7; > 1 satisfy ¢; + 7; = 2* (i = 1,2). Note
that || 2u|v|% and |u||v|%2v (i = 1,2) in (1.3) are called strongly coupled critical terms.
By means of variational arguments and analytic techniques, the authors established the
existence of positive solutions to (1.3) under certain suitable conditions on the parameters
Wi qi (i=1,2)and a; € R (j = 1,2, 3). Very recently, considerable attention has been devoted
to the singular critical elliptic systems like (1.3). Many existence and multiplicity results of
positive solutions have been obtained with various assumptions; we would like to mention
the papers by Kang [21], Nyamoradi and Hsu [22], Chen and Zou [23] and the references
therein contained.

However, with respect to symmetric solutions for nonlinear elliptic systems, we remark
that several symmetric results for singular problems were established in [24—26] and when
G = O(N), a handful of radial and nonradial results for nonsingular problems were ob-
tained in [27]. Stimulated by [10, 13, 17], in this work we are devoted to seeking the sym-
metric solutions for the singular quasilinear elliptic system (1.1). Nevertheless, due to the
nonlinear perturbations /(x)|u|9~2u and k(x)|v|?~2v, and the singularities caused not only
by the operator .,?jf but also by the strongly coupled critical terms |x|*|x|%~2u|v|% and
%251 |v|% 2w (i = 1,2), the quasilinear elliptic system (1.1) gets more sophisticated to deal
with than (1.2) and (1.3), and hence we have no choice but to confront more difficulties. To
the best of our knowledge, even in the particular cases f =« = 0 and p = 2, it seems like
little work on the symmetric solutions for the problem (1.1). Let K, > 0 be a constant. In
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this work, applying the symmetric criticality principle of Palais and variational methods,
we will treat both the cases of 1 = 0, K(x) # Ko and & # 0, K(x) = Ky

The remainder of this article is schemed as follows. The variational framework and some
preliminaries are presented, and the main results of this article are stated in Section 2. We
detail the proofs of the symmetric results for the cases # = 0 and K(x) # K, in Section 3,

while the existence results for the cases /1 # 0 and K(x) = Kj are proved in Section 4.

2 Preliminaries and main results

Let O(N) be the group of orthogonal linear transformations of RN with natural action
and let G C O(N) be a closed subgroup. For any point x € RY, the set G, = {* € RN;X =
gx,g € G} is called an orbit of x. The cardinality of the orbit G, will be denoted |G,|. De-
note |G| = inf_,gn |G,|. In particular, |G| may be +00. A measurable function f is called
G-symmetric if for all x € RNV\{0}, f(gx) = f(x) holds. For example, considering the nat-
ural action of O(N) on RV\{0}, We easily find that in this case, |G| = +c0, the orbits are
the sphere dBg(0) (R > 0), and G-symmetric functions are the radial functions. Further
examples can be found in [10].

Let 9;”7 (RN) denote the closure of ¢°(RY) functions with respect to the norm

1/p
lull = (/ |x|ﬁ|w|de> .
]RN

It is well known that the Caffarelli-Kohn-Nirenberg inequality [2] asserts that there exists
a constant C = C(N, p, 8, «) > 0 such that

b
* *(5:05)
( / || |uf?” B dx)p <C / |x|?|VulP dx, Vue @;’”(RN), (2.1)
RN RN
wherel<p<N,8<0,N+B-p>0,N+a>0,a+p>p8,8> *ﬁa) and p*(B, ) = AI;:;XP

If o = B — p and p*(B, B — p) = p, then we obtain the following weighted Hardy inequality
(see [2, 5]):

N _ p
N+b-p / P |ul? dx < / P |VulP dx,  Vue 75" (RY). (2.2)
p RN RN

Now, we define the product space (@é’p (RN))? endowed with the norm
Y ; 2
[@n)| = (lull? + 11P), ¥ v) e (257 (RY))?.
The natural functional space to investigate (1.1) is the Banach space (@;%(RN ))?, which is

the subspace of (@;’p (RN))? consisting of all G-symmetric functions. This work is devoted
to the study of the following systems:

Lfu= 1;“‘""' (6ol 2V + po 6o || 2ulv]™) + h@)|u|?*u  inRY,
(Z0) L v = S i w12 + oo ul 2 [v™272) + h@)IV|7 2y in RN,

(u,v) € (@ﬂ,G(RN)) ,andu>0,v>0 in RN,
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To clearly describe the results of this work, several notations should be presented:

Jen 1%1P | Vul? dx

S£ inf —, (2.3)
ue g @NNO) ( [l || |ua]P" B o) 775
N+B=p a—Bip  _N+B-—p
Ve (x) 2 Ce la=B+p)p (5 + |x| #1 ) a=pp (24)

where € > 0, and the constant C = C(N,p,a, ) > 0, depending only on N, p, @ and .
According to [5], we remark that y.(x) fulfills the following equations:

[ o =1 (25)
R:

and

rrBa)
p

/R e g = 5 /R Il IVy Yy Vg ds

forall p € @;’p (RN). Furthermore, we obtain (let ¢ = y,)

r*(Ba) N+a

/ x|*y? B = ST = SN, (2.6)
RN

We presume that the functions K(x) and /(x) verify the following hypotheses.

(k1) K(x)is G-symmetric on R,

k.2) K(x) € €RN)NL>®(RN), and K, (x) £ 0, where K, (x) = max{0, K (x)}.

(h.1) h(x) is G-symmetric on RN,

(h.2) h(x) is nonnegative and locally bounded in R¥\{0}, /(x) = O(|x|%) in the bounded
neighborhood & of the origin, k(x) = O(|x|”) as |x| = 0o, -N < B—p < ¥ < «,
P(B,9) <q <p"(Ba), where p"(8,9) = 7%

The main results of this work are summarized in the following.

Theorem 2.1 Suppose that (k.1) and (k.2) hold. If
* _ Nia _a=pip
/ K(x)]x|“y?" P dxe > S™N57 max{| G| N7 || K, || o0, K (0), K, (00)} > 0 (2.7)
RN

or some € > 0, where K, (co0) = limsup K, (x), then problem (@K) has at least one
x| =00 0
positive solution in (.@é"pG(RN))Z,

Corollary 2.1 Suppose that (k.1) and (k.2) hold. Then we have the following statements.
(1) Problem (2K) possesses at least one positive solution if

a—B+
K(0)>0, K(0) > max| |G N7 K, lloos K+ (00) ]

N+a
and either (i) K(x) > K(0) + Ao|x| 7L for certain Ao > 0 and |x| small or (ii)

|K(x) — K(0)| < Aq1|x|° for certain constants Ay >0, 6 > % and |x| small and

/R (K@ - K@)l #T dx>0. (2.8)



Deng and Huang Boundary Value Problems (2017) 2017:28 Page 5 of 21

(2) Problem (PK) has at least one positive solution iflimyy—, o0 K (x) = K(00) exists and
is positive,

a—B+
K(00) = max{| G N7 | K., | sc, K. (0)},

and either (i) K(x) > K(00) + Ay |x|"N*®) for certain Ay > 0 and large |x| or (ii)
|K(x) — K(00)| < Asl|x|™ for certain constants Az >0, 1> N + « and large |x| and

/]RN (K(x) - K(00))|x|* dx > 0. (2.9)

a—P+,
3) IfK(x) > K(00) = K(0) >0 on RN and K(oc0) = K(0) > |G|_N+/3-f’ 1K, oo, then
problem (P§) admits at least one positive solution.

Theorem 2.2 Suppose that |G| = +o0 and K, (0) = K, (c0) = 0. Then problem (§) pos-
sesses infinitely many G-symmetric solutions.

Corollary 2.2 If K is a radially symmetric function such that K,(0) = K, (o0) = 0, then
problem (2X) possesses infinitely many solutions which are radially symmetric.

Theorem 2.3 Let Ky > 0 be a constant. Suppose that K(x) = Ky and (h.1) and (h.2) hold.
If

(N+a)ip-1)

max{p*(ﬂ, D), Nip-

2 (Bra) - L} <q<p*(B.), (2.10)
p-1

where -N < B —p <9 <a, p*(B,0) = A?T;p and p*(B,a) = A]ﬁ; then problem (32 %)

possesses at least one positive solution in (@é,’g(RN 2.

Remark 2.1 The main results of this work extend and complement that of [10, 12, 13, 24].
Even in the particular cases 8 =« = 0 and p = 2, the above results to problem (£X) are
new on RV,

In the sequel, we denote by B,(x) a ball centered at x with radius r. For simplicity, we
use the same C or C; (i = ...) to denote various generic positive constants. 0,(1) de-
notes a datum which tends to O as n — 00. The dual space of (@ CRY)* (2 1p(]RN))
respectively) is denoted by (.@;}Gp (RN))? ((@;lp (RNY)2, respectlvely) where 1 5ty =1
In a given Banach space X, we denote by ‘-’ and ‘—’ strong and weak convergence,
respectively. Hereafter, L1(RN, i(x)) denotes the weighted L¢(RN) space with the norm

(Jan M%) u? dx)4. A functional F € €*(X, R) is said to satisfy the (PS), condition if each
sequence {w,} in X satisfying .% (w,) — ¢, #'(w,) — 0 in X* has a subsequence, which
strongly converges to certain element in X.

3 Existence and multiplicity results for problem (@{,‘)
The energy functional corresponding to problem (Z2{) is defined on (Qflg'ng(RN ))? by

1
Fw) = Jwm] - / K@)l (el ™ + palul 2 v 2) dx. (3.1)

1
p*(ﬂ)a) RN
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Then % € ‘51((.@}3’2(1[@1\[ ))%,R) and it is well known that the weak solutions of problem
(ZK) correspond to the critical points of .Z(u,v) on (@;ZI’G(RN ))%. More precisely, ac-
cording to the symmetric criticality principle due to Palais (see Lemma 3.1), we say that
(u,v) € (Qé’é(RN))Z is a weak solution of (Z2K), if for any (¢1, ¢2) € (Qé’p(RN))Z,

K(x) x|

%P (IVulP2VuVe, + |[VvP2ViVe,) - ———
-/]RN{ ( ) p*(IB¢a)

[(w161lul™ 2 ulv|™
+ a6l 22 ulv2) @y + (it w2 + o To ] |v|f2-2v)<oz]} dx=0. (3.2)

The proof of the following lemma is straightforward, we can find a similar proof in [13],
Lemma 1, (see also [27], Proposition 2.8).

Lemma 3.1 If K(x) is a G-symmetric function, then F'(u,v) = 0 in (@g,lép/(RN))z implies
F'w,v) = 0in (25" ®RN))2.

For 0 < u; < +00, ¢;, T; >1and ¢; + 7; = p*(B, @) (i = 1,2), we define

Jan 151P(|IVul? +|Vv|P) dx

Sy = inf —, (3.3)
@R EONOD? [ fo [l o ] 1 [V]7 + s ae]2]v]2) dc] #7050
14+ &P
o ()2 +E —, £>0, (3.4)
(€™ + o) P (B
A (Emin) £ Ién>151 (&) >0, (3.5
where &, > 0 is a minimal point of .7 (&) and therefore a root of the equation
U266 — o TrE™T + i 6i1EP — =0, £ >0. (3.6)

Lemma3.2 Lety,(x) be the minimizer of S defined in (2.3) and (2.4),0 < j1; < +00, 61, T; > 1
and ¢; + 7, = p*(B, @) (i = 1,2). Then we have the following statements.

(1) S/l.l,;LQ = JZ{(%_min)s;

(i) Sy, has the minimizer (ye(x), EminYe (x)) for all € > 0.

Proof The proofis a repeat of that in [17], Theorem 1.1, and therefore is omitted here. [

In order to establish our conditions under which the Palais-Smale condition holds, we
need the following concentration compactness principle in [28] (see also [4], Lemma 2.2).

Lemma 3.3 Let {(u,,v,)} be a weakly convergent sequence to (u,v) in (91’p (RN))? such
y g q 8,G
that x| |Vu, P — 0O, 1x]P Vv, [P — 9@, 1| 1, | v, | = v D, and x| |1,]2{v,, |2 — v
in the sense of measures. Then there exists some at most countable set 7, {n}l) > 0}je_zutop
2 1 2
{n; ) > 0}je_zuto {V,§ ) > 0}je_7utops {U,»( = 0}je_zu0)s (%j}je s C RN\(O} such that
1 1 2 2
(@) 0V =l |Vul? + 3 08 + 180, n® = 511V + 3 P8+ 68,
1 1 2 2
(b) v = |l V] + Y5y vy + 15 80, v = [l (]2 V|2 + sy 178, + 0680,
) O\ ¥ < D, @)
(©) Sppua(av;” + o) B <47, je 7 U{0},
where 850 ] € ' U{0}, is a Dirac mass of 1 concentrated at x; RN,
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To obtain symmetric solutions for system (22X), we prove the following local (PS). con-
dition, which is indispensable for the proof of Theorem 2.1.

Lemma 3.4 Suppose that (k.1) and (k.2) hold. Then the (PS). condition in (@;"‘BG(RN))2

holds for 7 if
cectl a—p+p min |GIS)i1 s Spvs Spius 3.7)
" (N+a)p N+pp’ N+pp’ N+p—p ’
1K, o™ KO K (o0) =i

Proof The proofis analogous to that of [13], Proposition 2, but we exhibit it here for com-
pleteness. Let {(u,,v,)} C (@;:”G RM))? be a (PS). sequence for .# with ¢ < cjj. Then, we
easily see from (k.2), (2.1), (2.2) and (3.1) that {(z,,v,)} is bounded in (QEZZ(RN)){ and
we may presume that (u,,v,) — (,v) in (@;Z"G(RN ))2. Thanks to Lemma 3.3, there exist
measures 7'V, @, vV and v® such that relations (a)-(c) of this lemma hold. Let x; # 0 be
a singular point of measures n, n®, v and v, We define a function vy € 65 RN)
such that 0 < Yy <L ¥y =1in Be(x), y5, =0on RN\By(x;) and IV | <2/€ on RN. Ac-
cording to Lemma 3.1, lim,,—, oo (&' (141, V), (u,,ng, vnlﬁ;j)) = 0; thus, combining (2.1), (3.2),
the Holder inequality, and the fact that p*(8, p*B/p) = p*, we derive

/ Y (dn®™ +dn®) —/ K@Y (m1dv® + o dv@)
RN RN j

< limsup/N(leﬁlu,,IIVunlp_lwllf;/| + |x|ﬁ|Vn||VVn|p_1|V‘/f;,|)dx
R

n—00

p-1

p-1 1
p p
§sup</ |x|5|Vun|pdx> limsup(/ |x|ﬁ|un|1"V1/f;,‘pdx)
n>1 \JRN n—00 RN J
pr-1 1
B 12 ro By, 1P ep 4
+sup %P Vv, P dx | limsup l? v P [V | dox
n>1 RN n— 00 RN U
1 1
p p
=c (/ |x|ﬁ|u|P|V1/f;.|”dx) +</ |x|ﬂ|v|P|w;_|"dx) }
RN / RN /
1
-
<C (/ 167 |uf? dx)
Boe(x))

N

1 1
* P8 . r* N
Bae(x)) RN !
1 1
p p
<C (/ |x|ﬁ|Vu|de) + (/ |x|5|vV|de> } (3.8)
Be (%)) Be (%))

Passing to the limit as ¢ — 0, we deduce from Lemma 3.3 and (3.8) that

K(xj)(mvj(l) + sz]gz)) > n}l) + n}z). (3.9)

In view of (3.9), we find that the concentration of v and v® cannot occur at points

where K(x;) < 0, namely, if K(x;) < 0 then n}l) = 17;2) = v}l) = vj(z) = 0. Applying (3.9)

and (c) of Lemma 3.3, we deduce that either (i) v/(l) = vj(z) =0 or (ii) Mlv/(l) + /szjm >

N+a
(Supua/IKy lloc) @=P+2 . For the point x = 0, as in the case x; # 0, we get

0y + 0y = K(0)(pavy” + pavy?) < 0.
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This, combined with (c) of Lemma 3.3, implies that either (iii) vél) = v(()z) =0or (iv) 1 v(()l) +
/LQU(()Z) > (Sup /IQ(O))“]XT%:P. To discuss the possibility of concentration of the sequence
{(#, v)} at infinity, we define the following quantities:
1 n¥ = limRﬁoclimsupn_mof‘xbR l%|8 |V, |P dx,
1) =limp_, o limsup,,_, f‘xbR |%|8| Vv, dx,
) v¥ =limg_ o limsup,, Jragor 121 141 |V,
(3) V&) =limp oo limsup,, o, [, 121262 V| .

It is obvious that n(olo) , n(o%), v&) and v(oi) defined by (1)-(3) exist and are finite. For R > 1, let

Yz(x) be a function in €*(RN) such that 0 < ¥z(x) <1 on RY, yz(x) =1 for |x| > R + 1,
Yr(x) = 0 for |x| < R and |Vg| < 2/R. Because the sequence {(u, ¥, v,¥r)} is bounded in
(,@;”(RN))Z, we deduce from (3.1) and the fact that ¢; + 7; = p*(B, «) (i = 1,2) that

0= ,}Egjgﬁ(uﬂ, Vn); (un'(pR»Van»
- lim {/ (161?124 P2V 10,V () + 1217 V0 P2V 0,V () ) e
RN

n—00

K(x)|x|*
- /N %(m(g + 7)) | [V + pa(2 + fz)lunlglvnltz)lﬁzedx]
R ’

=1im [ (%P (IVuulPYr + VP YR + | Vitn P>V i, Vi

n—>00 JpN

+ V| VP2V, Vgig) = Kl (|4 vl ™ + |4 |2 v, ) Y} dx. (3.10)

Furthermore, combining (2.1) and the Holder inequality, we derive

lim limsup/ 1612|640 | Vb P2V 10, Vg + V|V, P72V 0, Vg dx
RN

R—00 y00

1 p-1
p p
< lim limsup{(/ |x|f’|un|P|va|de) (/ |x|f‘|wn|l’dx)
R—=00 pooo R<|x|<R+1 RN
1 p-1
p p
+</ |x|ﬁ|vn|1”|w1e|ﬁdx) (f |x|ﬂ|wn|f’dx) }
R<|x|<R+1 RN
1 1
. P P
<C lim (/ |x|5|u|1”|wR|de) +(/ |x|ﬂ|v|1’|wk|1”dx) }
R—o00 R<|x|<R+1 R<|x|<R+1
. 5 5 o N
<C lim (/ |x|”p|u|*’*)p +</ |x|"p|v|P*>" }(/ |wR|N>
R—o00 R<|x|<R+1 R<|x|<R+1 RN
1 1
3 P p
< C lim </ |x|5|w|de> +(/ |x|ﬂ|vV|de> }:0.
R—o00 R<|x|<R+1 R<|x|<R+1

Consequently, we obtain from the definitions (1)-(3) and (3.10)

K (00) (1v) + pav?) = nl + nQ. (311)

Moreover, by means of (3.3), we have SM,M(;leL(,lo) + szc%))plp*(ﬂ,a) < n(olo) + 2. This,

combined with (3.11), implies that either (v) v&) = vg:) =0 or (vi) mv&) + /szg) >



Deng and Huang Boundary Value Problems (2017) 2017:28 Page 9 of 21

N+a
(81,10 /K (00))2F+7 . In the following, we show that (ii), (iv) and (vi) cannot occur. For

any nonnegative continuous function ¥ such that 0 < ¥(x) <1 on R, we have

1
c= hm y(”nﬁvn) = T ﬂ\/(umvn)’ (Mm Vn))
”—’°°< P*(,B»Oé)< )
_OPrP 1wl (Vi P + Vv, P) dx
(N + ot)p n—o0 Jgn

> w1imsup/ el (1Yt P + |V, [P) () .
(N+a)p nooo JrN

The alternative (i) or (ii) implies that _# must be finite because the measures v® and v
are bounded. Moreover, v and v® must be G-invariant because the functions (u,, v,))
are G-symmetric. This implies that if x; # 0 is a singular point of v and v®, so is gx; for
every g € G, and the mass of v and v concentrated at gx; is the same for every g € G.
If (ii) holds for x; # 0, then we choose v with compact support so that v (gx;) = 1 for every
g € G and we derive

a-pB+p W, @ 9-B+p ) @)\ 57l
>_— ~ |G|(n: : >_—  ~ |G|S ) Y p*(Be)
c> (N+a)p| (" +n;”) = (N+a)p| IS0 (V) + p2v;”)
N+a
a—B+p _r_ (a-B+pIGISi
> Nrap G181, 12 (Spappia 1K Nl o) PP = Tap

(N + a)plK, (|57

which contradicts (3.7). Similarly, if (iv) occurs at x = 0, we take ¥ with compact support,
so that ¥ (0) =1 and we have

a-B+p, 1y >Ol—/3+19 W @)\ wh—
el XTP TP 7D
c= (N+a)p( o t1o )— N +a)p m,uz(ﬂlvo T U2V )
N+a
_ » _ Sa—ﬂﬁ’
= wgﬂlv”Z (SU'I)/"Z /I<+ (0)) PrBarp = (a /3 +p) 'ut\}li;*p ’
(N +a)p (N +a)pK, (0) =

which is impossible. Finally, if (vi) holds we choose ¥ =y to obtain

a—-B+p a—B+p 2
2 Wrap % 1) 2 Gy S (22 ¢ ) 707
N+ao
_ _ a—p+p
Z msﬂl s (Su,l s /K+(OO)) p*(ﬁl,;o()—p _ (a ,3 +p)SM1X;2 —,
N+a)p "™ ’ N+pp
( (N + a)pK, (00) «-F»

a contradiction with (3.7). As a result, we find that vl.(l) = vj(z) =0forallje ¢ U{0,00}.
This implies

1im/ ol (1|14 | V] 4 o1 2 |v,e]2) A
RN

n—00

= /N ol (pa sl V™ + o lu|2|v]™?) dx.
R
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Finally, by virtue of the fact that %' (u, v) = 0 and lim,,—, oo (F ' (4, V1) — F ' (4, V), (th — 14, v, —
v)) = 0, we obtain (&, v,) = (&,v) in (@;‘p(]RN))Z. O

According to Lemma 3.4, we immediately obtain the following result.

Corollary 3.1 If |G| = +00 and K,(0) = K, (00) = 0, then the functional F fulfills the (PS),
condition for each ¢ € R.

Proofof Theorem 2.1 Our argument is based upon the mountain pass theorem in [29] (see
also [1]). Firstly, we choose € > 0 such that (2.7) is satisfied. Thanks to (k.2), (3.1) and (3.3),
we derive

¢

_prBe) "
K oSy || w7,

1 1
Fu,v) > = ||’ -

p ” | r*(B,)
Consequently, we deduce from p*(8, «) > p that there exist constants ap > 0 and p > 0 such
that % (u,v) > «y for all ||(, v)|| = p. Let y. be the extremal function satisfying (2.4), (2.5)
and (2.7). Now we set u = y,, v = Eminye and

1+

tr
S(eeh) [ Vs as

qD(t) = cg‘\(tu, tV) = ﬁ(tye; tgminye) =
p
7 (B)

(R g / K(x)|x|%y P9 dx, t>0.
p*(ﬂ,m( ! i) RN %

It is trivial to verify that ®(¢) has a unique maximum at some ¢ > 0. An easy computation
gives us this value

E_{ (A+ i) S 11”1Vl dx }p*(ﬁa)—P
(ED, + 12ER ) fon K@) |xley? P dx

Thus, we derive

max D(t) = F (tye, thminye)
=

N+a
_o-B +P{ A +82) Jan %171 Vyel? dx }aﬁw (312)
= - — .3
NP Uuag g, + o) fon K@leteyt ™ a7

Moreover, because F (£yc, tminye) — —00 as t — 00, we choose £y > 0 such that || (¢,
tO%-minye)” > p and ng.(toyey tOgminye) <0, and set

¢o = inf max ﬂ(y(t)), (3.13)
vel tel0,1]

where T = {y € €([0,1], (QEZ(RN))Z);V(O) =(0,0), #(y(1) <0, [yl > p}. Combining
(2.5), (2.7), (3.5), (3.7), (3.12), (3.13), and Lemma 3.2, we have

co = <ﬂ\(zye’zémin)’e)

Ca-B+p { L+ E2,) S 1%1P1V 7P dx }wNﬁP
= . P
(N+a)p [(Mlé,;lm + M2§;12m) fRN K(x)lxl"‘yf (B.ex) dx] B
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N+a
< o _ﬂ +P{ O(Z{(gmin) fRN |x|ﬂ|vy€|p dx }oz—ﬁ+p
- —(N+a) _a=pp N+p—

(N + Ol)p [SNHS*P maX{IGI N+bp ||1(+||00,[(+(0),K+(OO)}] N*“p
NE"‘ NEU Ngoc
~a—=B+p [ IGISuius  Supuy Sy o
- (N + a)p min N+p—p’ N+B-p’ N+B-p =Cp-
K llse ™ K (0) &7 K. (00) «Few

If ¢o < c§, then the (PS), condition holds by Lemma 3.4 and the conclusion follows by the
mountain pass theorem. On the other hand, if ¢ = ¢fj, then y(£) = (ttoye, tto€minye), with
0 <t <1,isapathinT such that max;cjo,)-Z (v (¢)) = co. Asaresult, either ®'(¢) = 0 and we
are done, or y can be deformed to a path ¥ € I' satisfying maxcjo,1] -Z (¥ (¢)) < co, which is
a contradiction with (3.13). This part says that a nontrivial solution (ug, vo) € (@é"%(RN ))?
of (L) exists. Now we have just to show that the solution (u, vo) can be chosen to be
positive on RN, Due to the fact that .7 (ug, vo) = Z (|uo|, |vo|), we obtain

0= <9’(M0,V0): (MO,V0)>

~ oo - /RNK(x)lxl"‘(mluoI;lIVoI“ + ol vl ?) dx.

This implies [ K(x)|%|% (te1|to] < [vol™ + p2luo|2|vo]™) dx > 0, and hence, co = .F (|uol,
[vol) = max,so Z (t|uol, tlvol). As a result, either (Juol,|vol) is a critical point of .# or
y(8) = (tto|uol, tto|vol), with F (to|uol, tolvol) < 0, can be deformed to a path () with
maxqepo,1] -7 (¥ (t)) < co, which contradicts (3.13). Consequently, we may presume that
uo > 0, vy > 0 on RN and the fact that ug > 0, vo > 0 on RN follows by the strong maximum

principle. O

Proof of Corollary 2.1 Firstly, we remark that due to the identity (2.6), inequality (2.7) is
equivalent to f]RN (K(x) - F)|x|"‘yf*(’S ) > 0 for certain € > 0, or equivalently

a=ptp (N+a)p -
€ + |x| p-1 )a—ﬁ+p

[ KW -Bl -
]RN( '

— a=p+,
for certain € > 0, where K = max{|G|_N+f’-117’ 1K+ |l 00 K4 (0), K, (00)}.
Part (1), case (i). Taking into account (3.14), we need to show that

dx >0 (3.15)

a—B+p N+a)p
€+ |x| P71 ) eBrp

/ (K(x) - K(0))]x|*
RN (

N+a
for certain € > 0. We choose gg > 0 so that K(x) > K(0) + Ag|x| 7T for |x| < go. Thanks to

N+a _aptp WNta)p _ _ i
ot T ey, = N, we derive

dx

a=B+p (N+a)p
x| <00 (6 + |x| p-1 )a—ﬁ+p

/ (K(x) - K(0)) ||
|

a—B+p (N+a)p
x|<00 (€ + |x| 77T )P

N—*f‘ﬂx

|| 7

> Ag dx — +00 (3.16)
\

Page 11 of 21
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as € — 0. Moreover, for any € > 0, we obtain

/ K () - 1:(:))('11947 dx < / K (x) - 1((0)||x| G
| iel>0

51>00 (¢ 4 || PT ) «Pep

_Np+a —
< C/ lx]” P T dx < C; (3.17)
|x1>00

for certain constant C; > 0 independent of €. By virtue of (3.16) and (3.17), we obtain (3.15)
for € small enough.

Part (1), case (ii). We choose o; > 0 so that |[K(x) — K(0)| < A;|x|° for |x| < 0. Because
N“’ >—land N -1+oa- (]\;W)p <-1

0> N*f‘ , we conclude from the fact N -1+ o + 6 —
that

K(x) — K(0)]]x|* _ (N+a)p _ (N+a)p
| ( ) ( )|| | dxfC |x|a+6‘ 1 dx+ |x|a 1 dx
a—B+p N+a)p
RY (¢ 4 |x| PT )aPrp l<er ll>e1
oy _( wp OO e W)
< C(/ I"N 1+ +6 d?’+/ I"N 1+o 71 dr)
0 o1

<C.

1

Then by (2.8) and the Lebesgue dominated convergence theorem, we derive

lim

0 aprp _Nra)p

Y e+ lnl T

/ (K (x) = K(0))]x|* dx:/ (K (x) — K(0)) x|~ W dx> 0.
R RN

Hence (3.15) holds for € small enough.
Part (2), case (i). In view of (3.14), it is enough to prove that

dx>0 (3.18)

a=B+p  (N+a)p
(e + |al T o

/ (K(x) = K(00)) x|e 55
]RN

for certain € > 0. We choose g, > 0 such that K(x) > K(00) + Aglx|"N* for all |x| > 0.

Then
WN+a)p N (N+a)p
(K(x) — K(00))|x|*€ aF+r J || ~N e @Fw p
a=B+p (N+a)p x = A2 a—B+p (N+a)p X = +00
Wz ey || ) e

as € — +00. Furthermore, for any € > 0, we deduce from (k.2) and the fact that o > -N
that

a=B+p (N+a)p
(€ + |x| P17 )oFer

WN+a)p

Kx) -K Ceutw C

/ K@) = K(eollxl"e / |K (%) — K(00)||x|* dx < Cy
l<o2 lx|<02

for certain constant C, > 0 independent of € > 0. These two estimates combined together

imply (3.18) for € > 0 sufficiently large.
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Part (2), case (ii). We choose g3 > 0 such that |K(x) — K(c0)| < As|x|™ for all |x| > p3.
Because ¢ > N + « > 0, we have

(N+a)p
/ |K (x) — K(00)]||x|*€ «=Fp
RN

a=B+p (N+a)p
(e + x| 7T )b

dx < / |K (x) — K (00)||x|* dax
RN

§A3/ |x|°‘"dx+/ |K(x)—[((oo)||x|°‘ dx
[x|>03 lx[<03

< +0Q.

Thus, by (2.9) and the Lebesgue dominated convergence theorem, we find

(N+a)p
LK) = K(oo)lle
EAI:-HOO N a=Bp (N+a)p
¥ (€ + |x| P17 ) o Fer

dx = / (K(x) —K(oo))lx|°‘ dx>0
RN

and (3.18) holds for € > 0 sufficiently large. Similarly to the above, we conclude that part
(3) holds. O

To establish Theorem 2.2, we employ the following version of the symmetric mountain
pass theorem (see [30], Theorem 9.12).

Lemma 3.5 Let X be an infinite dimensional Banach space and let F € €(X,R) be an
even functional satisfying (PS). condition for each ¢ and % (0) = 0. Furthermore, one sup-
poses that:
(i) there exist constants & > 0 and p > 0 such that F (w) > @ for all |w| = p;
(i) there exists an increasing sequence of subspaces {X,,} of X, with dim X,,, = m, such
that for every m one can find a constant R,, > 0 such that . (w) < 0 for all w € X,,,
with ||w|| = R,.

Then Z possesses a sequence of critical values {c,,} tending to oo as m — oo.

Proof of Theorem 2.2 We follow closely the arguments in [13], Theorem 3, (see also [18],
Theorem 3). Applying Lemma 3.5 with X = (.@;%(RN )2 and w = (&, v) € X, we deduce
from (k.2), (3.1), and (3.3) that

s

_prBe) "
K llooSiids || w7,

_ 1 , 1
F(u,v) > » || (u, V)H - )
Because p*(8,a) > p > 1, there exist constants @ > 0 and p > 0 such that .% (i, v) > @ for
any (u,v) with || (&, v)|| = p. In order to seek an appropriate sequence of finite dimensional
subspaces of (@;%(RN))Z, we set Q = {x € RN; K(x) > 0}. Since Q is G-symmetric, we can
define by (:@;’f’dﬂ))2 the subspace of (.@;’p (2))? consisting of al G-symmetric functions
(see Section 2). Extending the functions in (@;15’,%(9))2 outside Q2 by 0, we can presume that
(@;’%(Q))2 C (9;’,%(]1%1\1))2. Let {X,,,} be an increasing sequence of subspaces of (“@;’,I”G(Q))2
with dim X,, = m for every m. As in [18], we define @y, ..., Pmm € C°(RN) such that
0 < @im < 1, supp(@i,m) N supp(@;m) = B, i #j, and

|supp(@im) N Q| >0,  [supp(g;,) NQ>0, Vije(l,...,m).
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Taking e, = (a@im> bim) € X, i = 1,...,m, and X,,, = span{eym, ..., €mm}, Wwhere a and b
are two positive constants, we deduce from the construction of X, that dimX,, = m for

each m. Then there exists a constant ¢,,, > 0 such that

/K(?C)|9C|°‘(,U«1|1~4|§1|17|T1 + Wl |2 [7]7?) dx
Q
m m
= / K () x| (m > atim@im| Y blim@im
Q2 i=1

i=1
)
) dx > ¢,

m
Z ati,m¢i,m
for all (&,V) = Y, timeim € Xm, with ||(&, V)|| = 1. Hence, if (u,v) € X,,\{(0,0)}, then we

i=1
write (u,v) = t(it, V), with ¢ = || (4, v)]|| and ||(, V)| = 1. As a result, we derive

S1 3!

S2

+ U2

m
Z bti,m(pi,m
i=1

1 1 * e~ oo~
F(u,v) = =t - " (P / KLl (pa |l [P + o] 21712 dax
p P*(,B»a) Q
< ltp _ €m tp*(ﬂ,a) <0
r pBa)

for ¢ sufficiently large. Combining Lemma 3.5 and Corollary 3.1, we conclude that there

exists a sequence of critical values ¢,, — 00 as m — 0o and the results follow. g

Proof of Corollary 2.2 Because K(x) is radially symmetric, we easily see that the corre-
sponding group G = O(N) and |G| = +00. By virtue of Corollary 3.1, .# fulfills the (PS),
condition for each ¢ € R. Consequently, we conclude from Theorem 2.2 that the results
follow. O

4 Existence results for problem (9,':0)
The purpose of this section is to study problem (3”50) and detail the proof of Theorem 2.3;
here we always presume that K (x) = Ky > 0 is a constant on RY, First of all, we present the

following compact embedding result, which is crucial for the proof of Theorem 2.3.

Lemma 4.1 Suppose that (h.2) is satisfied. Then the inclusion of (:@;’p (RM))? in (L1(RN,
h(x)))? is compact. Moreover, if h fulfills (h.1) and (h.2) and G C O(N) is closed, then
(@;"%(RN ))? is compactly embedded in (L1(RN, h(x)))?.

Proof Similar to the argument of [6], Lemma 4.1, we choose R; > 0 and R, > 0 such that

0 < Ry < R,. In view of (h.2), we employ the following integrals:
I(u,v) = / h(x)(|u|q + |v|q) dx, Ii(u,v) = / h(x)(|u|q + |v|q) dx,
RN || <Ry
L(u,v) = / h(x) (Jul? + |v|?) dx,
|x|>Ro

L(u,v) = f h(x)(1ul? + v|7) dx.
Ry <|x|<Ry



Deng and Huang Boundary Value Problems (2017) 2017:28 Page 15 of 21

For R; > 0 small enough, we obtain from (h.2), (2.1), the Holder inequality, and the fact

that N-1+a>-1, (N +a)1 - ﬂa))>0

Ii(u,v) = / h(x)(|u|q + |v|q) dx < C/ |x|"‘(|u|q + |v|q) dx
|x|<Ry

[x|<Ry

(ﬂa) -4

q
* P*(B.a) P*(Ba)
< C{ (/ || o ]P” Bo) dx) (f |x|°‘dx>

|%|<Ry x| <Ry

# S

* p e P K

+ (/ || [y B dx) (f lx]* dx) }
[|<Ry |x|<Ry

q P (/?;r)—)q

p p*(Ba

< c{ (/ |x|ﬂ|Vu|de) </ [x|* dx)

|| <Ry J[<Ry

q p*(/?;x);q
p p*(Ba
+ (/ |x|ﬂ|vV|de> (/ || dx) }
|%|<Ry [%|<Ry

q PrBa)—q

bR *(B)
< C[/ Wl (1Vul? + [Vvp) dx]p ([ pN-Lsa dr) g
| <Ry 0

+a)(1_p—*(73,ot))

apN
= Cll@v)|"R, -0 (4.1)
as R; — 0. Moreover, for R, > 0 large enough, we conclude from (h.2), the Holder inequal-

ity, and the fact that N — 1 + W -1,N+9 - N;’a) <0 that

L(u,v) = / . h(x)(|u|q + |V|q) dx < Cf |x|l’(|u|q + |V|q) dx

x|>Ro
1 P (Ba)—q
X P*(B) op*(Be)-aq P*(Ba)
<C o[ |2e]P" B e x| 7B dx
[[>Ro |%|>R>
) 9" () L
% P o vp o)—aqg V4 O
+ ( / x| [v|P (ﬂ'“>dx) ( / x| PFBe-q dx) }
[x[>Ro |%|>Ro

P

SO ) —
2 i Garag O\ ]
< C{ (/ |x|ﬂ|w|de) (/ x| 7T B dx)
[[>R |x]>Ry
q r*(Ba)-q
P Op* (Bo)-aq p*(Ba)
+ (/ |x|ﬂ|vV|de> (/ x| 7* (B dx) }
[x[>Ro [x[>Ro

4 +00 N Pr(Ba)—q
B r N-14 22 B)aq P*(B.)
<C || (|Vu|p + |VV|p) dx r FBo-q Jr
|x]>Ry Ry

(N+a)g

<C|(xv) ||qR]:+§_”*“”“) -0 (4.2)

as R, — oo. Let {(u,,v,)} be bounded in (_@fl,’p(R]‘]))2 and set w = {x € RN;R; < |x] < Ry}.
Obviously, we can presume (u,,v,) — (&,v) in (@é’p (RN))2. Now it is trivial to verify that
lim,, oo I3 (4, — u, v, — v) = 0 by utilizing the local boundedness of /(x) and the compact-
ness of the inclusion of (.@;’p ())? in (L9(w))?. Consequently, we deduce from (4.1) and
(4.2) that lim,,_, o I (&, — u, v, — v) = 0 by taking Ry — 0 and Ry — +00. This implies that
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the inclusion of (9};” (RN))2 in (L1(RN, h(x)))? is compact. Furthermore, because O(N) is a
compact Lie group and G C O(N) is closed, G is compact. Therefore, combining the argu-
ments in Schneider [31], Corollaries 3.4 and 3.2, and the first part of the proof, we conclude
that (@;’Z(RN ))? is compactly embedded in (LI(RV, (x)))? and the results follow. O

To establish the existence of positive G-symmetric solutions of problem (@5"), we con-
sider the energy functional J : (@;%(RN ))? — R defined by

1
Jun)=> [ (Vg 99) da
b JrN

<1 ol G2
-t Gl 2 | |
—%/RNh(x)(|u+|q+ |V+|q)dx, (4.3)

where " = max{0, 4} and v* = max{0, v}. It is easy to check from (h.1), (h.2), (2.1), (4.3),
and Lemma 4.1 that J is well defined and of €. By an analogous symmetric criticality
principle of Lemma 3.1, we mention that the weak solutions of problem (5”,11(0) are exactly
the critical points of J.

Let y. (x) be the extremal function satisfying (2.4)-(2.6). In view of (h.2), we choose ¢ > 0
such that B,,(0) C ¢ and define a function ¢ € €*(RN) such that ¢(x) =1 for |x| < o,
¢(x) = 0 for |x| > 20, 0 < ¢(x) <1and |V¢| < 4/0 on RN, Following the arguments in [1,
3], we obtain from (2.4)-(2.6)

N+B-p
lpyell” = / 37 [V(gya)[" dx =1+ O(e =), (4.4)
R
N+a
/ %1 [y [P P dx = S Neip +O(e=Fr), (4.5)
RN
q(N+B~,
O(e Plo= ﬂ+1197)) 1<g< (p;vlzg\i;a),
q(N
f xllgyeldx = | O ot Inel), g = Lo, (4.6)
RN 4

(p-DIN+a—§ (N+B-p)]

O apw ), I cg<p ().

Set Vi = ¢y/|@dyc||; then by (4.4), (4.5), and (4.6) we obtain || V| =1 and

.
, || e P Yz
/N|x|°’|Ve|p Bi) gl = NWd SN*M'*O(“"M) (4.7)
R R € '
gN+B-p) q(N+B-p)
- o q = (p=D)(N+a)
clezizhfz) < fen [¥* | Vel? < Cpe v ﬂ*p;(;”ﬂi)fw N+f—p ’
Cse Pap) | Ine| < f]RN |%*| V|7 < Che P@F) |Ine|, gq= (P]—Vlzigl\i;a)’ (4.8)
N+a-g(N+ﬁ-p) Nm-g(mﬁ-p) ’
T apwp =
N
Cse P < fan I VelT < Cee P T, gHS <q<pi(B).
“p1

Lemma 4.2 Suppose that (2.10), (h.1), and (h.2) hold. Then there exists a pair of functions
(%,7) € (Z5,(RNO\{0})? such that

B+p b s
K, s, (4.9)

(£, £7) < —
su U, lv)< ——
tzg N +a)p
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Proof Recall that &, > 0 satisfies (3.4)-(3.6), and V. = ¢y /||¢py.| fulfills (4.7) and (4.8).
Now, we claim that (V, &min Ve) fulfills (4.9) for € > 0 small enough. Indeed, if we set

p
W() = J (Ve temin Ve) = %ﬂg /

lx|P|VV, P dx
]RN

T
b+ M2En,

. . 1+&1
il (ﬁ,a)KO‘/ x| |V | (B0 gy ﬂﬂ/ h(x)| V|9 dx
p*(IB,C\{) RN q RN

and

~ 1+ 2 T + 2 * *
B0 = g [ vV de - Km0 e [ ey o)
£

p RN p(B,a) RN

with ¢ > 0, then we conclude from (h.2) and the fact that p*(8,«) > g > p > 1 that ¥(0) = 0,
U(t) >0 for t — 0%, and lim;_, , o, W(t) = —00. Consequently, sup,.., ¥(¢) can be achieved
at certain £, > 0 for which we derive

(L &) /R PGV dx = Ko (i, + ot )t PO /1; ML

- (L+ gl f h(x)| V| dx = 0. (4.10)
RN

Therefore, by (h.2), (4.7), and (4.10) we obtain

1

1 +&8.) Jan 1%1P IV VP dx }p*(&a)—;z
Ko(trd by + 28 ) J 612 Velp B dix

(1>

0<C3<t < { 0 <Cy (411)

where C3 > 0, C4 > 0 are constants independent of €. Moreover, CIi(t) is a monotonically
increasing function on the interval [0,£°] and attains its maximum at £, together with
Lemma 3.2, (4.3), (4.7), (4.11), and h(x) > C|x|*, which is directly derived from (h.2), we
have

td

V) = ) - 1l / @IVl dx < § () - C / x[ V. 19 dx
RN RN

- A Emin PIVV.Pdx |adin
@ ﬂ”’{ Coin) Jgo A"V Vel d } Tc[ vy
RN

- N+B-,
N +a)p L (k, S x| Ve [P (B dx)#
a=B+p N  (Enin) w7 o
"IN Ko ~(N+a) Nebp Nipp —C [ xl*|Vel"dx
( + Ol)p [SN+ﬁ—p + O(e apip )] o RN
_ + _N+p—p N+a N+B—
= (24 ﬁ p[<0 a-B+p S,l(:;/l?zp + O(E a—B+§) _ C/ |x|a|V€ |q dx. (412)
(N +a)p RN

Furthermore, it is easy to check from (2.10) that

N+,B—p> (p—l)[N+a—1%(N+,B—p)]
a-B+p a-pf+p '

(4.13)
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Therefore, by choosing € > 0 sufficiently small, we obtain from (4.8), (4.12), and (4.13)

A=B+p bl
supJ(tVe, tEmin Ve) = W (t.) <« ———K, PSyE,
tzop]( > t&min <) (e) (N+a)p 0 U152

Hence, we find that (V, &min Ve) fulfills (4.9) for € > 0 small enough and the conclusion
follows. 0

Lemma 4.3 Suppose that (h.1) and (h.2) hold. Then the (PS). condition in (Qéﬁ(RN ))?
holds for J if

o — IB +p 71;]1,?:17 ocll];i-f
c< ——K, P Sy 4.14
(N+Ol)p 0 M1,42 ( )

PrOOf Let {(un; Vn)} bea sequence in (@;’,%(RN))Z such that](u,,, Vn) S and]’(u,,, Vn) —~0
in (.@g}ép/ (RN))? with c satisfying (4.14). Then, for # large enough, we deduce from 1 < p <
p(B,9) <q<p*(B,a) that

c+1zﬂMmu—éVwmewmw»+$Vme»wmw»

(5= 2+ 27 i, )
p q 1

1 1
+ (; _pi*(ﬂ,ot))Ko /RN |x|a(ul‘u;‘§1’1/;‘n +u2]u;|§2‘v;]n)dx
1

> ( ) 1) [ o) |7 + 00D Gt 1)
r q

It follows that {(u,,v,)} is bounded. We can assume, going if necessary to a subsequence,
that (u,,v,) — (,v) in (Q;’ypG(IERN))2 and in (L7"#9(RN, |x|*))%; moreover, according to
Lemma 4.1, (u,,v,) — (u,v) in (LY9(RN, h(x)))? and a.e. on RN, Applying a standard varia-

tional method, we find that (,v) is a critical point of J, and hence

) = (l 1 )Ko/ |x|a(M1|u+|§1|v+|n +u2|u+|§ziv+|n)dx
RN

p B
! (; i :,) [ a7 o [ = o (415)

Let %, = u, — u and v, = v, — v. Then by the Brezis-Lieb lemma [32] and arguing as in [33],

Lemma 2.1, we have

||(’iin:’17n)||p = ” (unr Vn)np - ||(M, V) ||P + On(l)’ (416)
[t = [ s
_/ | [t || v | dx + 0,(1), i=1,2. (4.17)
RN
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Taking account into J (i, v,) = ¢ + 0,(1) and J' (4, v,,) = 0,(1), we deduce from (4.3), (4.16),
and (4.17) that

¢+ 0n(1) =t vi) = J(us1) + }7 |G

K o o
—p*(;a) /RN el (e [T [ ™ + a2 |2 [75] ) i + 0, (1) (4.18)

and
[ Ga 7| - Ko /M el (pa 3] 7|+ a2 [7]) i = 0,0). (419)

Therefore, for a subsequence {(i,,7,)}, we get
|Gin T f > 120 and Ko /R Gl | T a2 ) x>

pr
as n — o0. By virtue of (3.3), we derive S, ., ([/Ko)?"#® <[, which implies either / = 0 or
N+f-p Nia N+f-p N+a

[>K, "7 S5P7 1f 1> K, “ "7 S50, then we obtain from (4.15), (4.18), and (4.19)

N+p-p N+a

1 1 0‘_,3"'[9 ~a=p+, a—p+
c:](u,v)+<—— )lz K rSar,
p pBa) (N+a)p ° o

which is a contradiction with (4.14). As a result, we have ||(%,,7,)||”? — 0 as n — o0, and
thus (i, v,) = (1, v) in (9;% RN))2, O

Proof of Theorem 2.3 For any (u,v) € (@;%(RN)\{O})Z, we find from Lemma 4.1, (2.1),
(4.3), and the Holder inequality that

1 Ky -2
Tz |G w)|” - —fa)sm,u‘; |, v)

=T O clw ]

In view of p < g < p*(B, @), there exist constants @ > 0 and p > 0 such that J(,v) > « for all
[I(u,v)|| = p. On the other hand, taking account into lim,_, J(tu, tv) — —00, we see that
there exists 7 > 0 such that ||(Zu,7v)|| > p and J(fu,Tv) < 0. Now, we set

c; = inf max t)),
1 yEFtE[O,I]](y( ))

where I = {y € €([0,1],(Z5%(R))?); 7 (0) = (0,0),/(y (1)) < 0, |y )| > p}. According to
the mountain pass theorem in [29], we deduce that there exists a sequence {(u,,v,)} C

(géipc(RN))z such that J(u,,v,) — ¢1 > &, J' (4, v,) — 0 as n — oo. Let (%, 7) be the func-

tions attained in Lemma 4.2. Then we have

_N+g*17 Nga
a-B+p ca-P+p
1(0 SHI:MZ ‘

-~ ~ o~ =B+
0<a <c < sup J(ttu, ttv) < ﬁ
te[0,1] (N +a)p

By Lemma 4.3 and the above inequality, we obtain a critical point (u;,v;) of J satisfy-
ing (@f"). Taking u7 = min{0,u;} and v; = min{0,v;} as the test functions, we derive
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0 = (J'(1, 1), (ug,v7)) = |I(ug,v])|I?, which implies #; > 0 and v; > 0 on RN, Finally, ac-
cording to the strong maximum principle, we have u; > 0 and v; > 0 on RY. Therefore, we
conclude from the symmetric criticality principle that (3, ;) is a positive G-symmetric
solution of (z@lf" ). d
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