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1 Introduction
In this paper, we consider the following Kirchhoff-type problem involving fractional p-
Laplacian and concave-convex nonlinearities:

M([zon u\x y|Z5ySp'p dxdy)(~0)yu = Mul™u + Splul*upl’, inQ,
17 .
M(fg2n % dxdy)(=D)v = plv|??v + Lo |v|‘3 2ylul®,  in, (L1)
u=v=0, il‘lR”\Q,

where Q is a smooth bounded set in R”, n > ps with s € (0,1) fixed, A, u > 0 are two pa-
rameters, l<g<p<p(t +1)<a+ B <p*, p*= n’flzp is the fractional Sobolev exponent,
M is a special continuous function defined by M(k) =k + Ih*, k>0, l,7 > 0. (_A); is the

fractional p-Laplacian operator given by

(—A)su®) = 2 lim — MO ulx) - uy)

(1.2)
£=0 Jpm\ g, (x) e — y|"*p

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13661-017-0759-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0759-z&domain=pdf
mailto:yanglibo80@126.com

Yang and An Boundary Value Problems (2017) 2017:27 Page 2 of 12

The Kirchhoff-type equation and system have a broad background in phase transitions,
population dynamics, mathematical finance, etc. There have been a lot of excellent results
related to the existence and multiplicity of solutions for this system. We refer the readers
to [1-4] for Kirchhoff problems involving the classical Laplace operator and to [5, 6] for
the p-Laplacian case. For the fractional system, please consult [7-21] and the references
therein.

In [10] and [11], the authors discussed the system (or a single equation, that is, u = v)
in the special case of M = 1. They obtained some interesting results by using the Nehari
manifold method. For the special case p = 2 of this system, there are many results avail-
able in the existing literature, we refer the interested reader to [22, 23] for the case of the
classical Laplacian and to [24—-26] for the case of the fractional Laplacian. Moreover, the
authors [18] studied bifurcation results for a fractional elliptic equation with critical ex-
ponent. There is also some work for the case that M is not a constant (see, for example,
[9]). However, as far as we know, there are few results on the fractional p-Kirchhoff system
with concave-convex nonlinearities. Motivated by the above work, in this paper we con-
sider problem (1.1) for a more general case M(k) = k + [h*. We obtained a new multiplicity
result by using the Nehari manifold method and fibering maps.

In order to state our result, we introduce some notations. Suppose s € (0,1) and p €
[1,00). Let W*” be a fractional Sobolev space with the norm

1
u(x) — u(y)|? »
el wsr (@) = | ullzr@) + (/ ulw) — ub)P dxdy) . (1.3)
QxQ

v —y[eep

Set Q= R¥\ (CQ x CQ) with CQ = R” \ Q. We define

- »
X = {u’u:R” — R is measurable, u|q € L7 (£2),and / Md&cd)m oo}.
o ol
The space X is endowed with the norm
1
|u(x) — u(y) P P
el = Nealloee + ( ) =4OV 1 ay)”. (1.4)
o |lx—ylms

Let X;, be the completion of the space Ci°(€2) in X. The space X is a Banach space which
can be endowed with the norm

)P b
llzellxo = (/ LG ;gpl xdy). (1.5)

It is easy to see that this norm is equivalent to the usual one defined in (1.3).
As proved in [17, 24], we have the following results:
(i) Xo < L7(R2) is continuous for any € [1, p*] and compact for any r € [1, p*).
(i) For a + B € (p,p*), let S denote the best Sobolev constant for the embedding
Xo < L**#(). Then, for u € X,, we have

a+p ﬁ *l
itll st = /Q e dx) < Sl

-5 ( lu@) i)l dxdy)ﬁ' (1.6)
Q

|x_y|n+sp
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Let E = Xy x X, be the Cartesian product of two spaces, which is a reflexive Banach
space with the norm

)] =l + IvIE,)?
:< ) ~u¥ /l v vl dy)_. (17)
Q

|x y|n+sp |x y|Vl+Sp

Definition1.1 We say that (1, v) € E is a weak solution of problem (1.1) if for any (¢, ) € E
one has

M(llullx,) /Iu(x u) P2 (u(x) — u)) (@) — d(y)) dndy

|x yli’l+3p

M(|Ivlx,

/ v(x) = v) P (V) = v()) (¥ (x) = ¥ (7)) dxdy

=17

:/(k|u|q‘2u¢+u|v|q_2V1/f)dx+ oz /|u|°‘_2u|v|’3¢dx
Q atfJo

v dx. (1.8)

The main result of this paper is as follows.

Theorem 1.2 Let s € (0,1), n>sp. If1<qg<p<p(t +1) <a + B < p*, then there exists
Ao >0 such that for 0 < A + . < Ag problem (1.1) has at least two solutions.

Remark 1 To our best knowledge, there is no similar result of this system for the case
p=2.

This paper is organized as follows. In Section 2, we give some preliminaries of a Nehari
manifold and a variational setting of problem (1.1). Section 3 gives the proof of Theo-
rem 1.2.

2 The variational setting
Define a functional I(z,v) : E — R as follows:

k [ o 1 1
I(u,v) = — ||(u,v) ||p + —H(u,v) || - —/ lu|®|v|P dx — = G(u,v), (2.1)
p o mJjq q
where o = p(t +1),and m = « + 8, and
G(u,v) = / (A|u|‘1 + /L|v|‘1) dx
Q

By a direct computation, we know that I(x,v) € C'(E,R) and, for ¥(¢, ¥) € E, there holds

/qu) u(®) P~ (u(x) - u(®))(@x) - ¢(7))

|x y|H+Sp

V(@) = V) [P2(v(x) — V) (W () = ¥ ()
M(Ivlix,) /

|x y|n+sp

{I'(u,v), (8, 9)) = M(llullx, ) dxdy

dx dy
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—/()L|u|q_2u¢)+,u|v|q_sz)dx—g/ || 2ulv|P ¢ dx

Q mJjo

_k / u|®|v|P~2vyr dx. (2.2)
mJq

Then the weak solutions of problem (1.1) correspond to the critical points of the func-
tional /. Since I is not bounded below on E, we consider it on the Nehari manifold

N ={(u,v) € E\ (0,0)|(I'(,v), (u,v)) = 0}.
From (2.2), we have

(' w,v), ) = k| @) |” + 1) )| - fn |l |vIP dx — G(u, v). (2.3)
Thus, (u,v) € N if and only if

k@ v)|” + 1] @) - /Q |ul®|vI? dx - Gu, ) = 0. (2.4)

Particularly, the following equality holds on N:

I(u,v):k(l—1)||(u,v)||P+l<l—l>||(u,v)||a—(l—l>/ || |v|P dx
P q o q m q)Jo
= k(l - i) |G, v)||” + z(l - l) )| - (1 - l)G(u, V). (2.5)
p m o m q m

Define
S (u,v) = (I'(w,v), ,v)), V(u,v) €E.
Then, for any (4,v) € N,

(@' (u,v), (,v))
= kp”(u, ) HP +lo ”(u, ) ”U — m/ﬂ lu|*|v|P dx — gG(u,v)
=k(p—m) ||(u, V) ||p +1l(oc —m) || (u, V)”U —(g-m)G(u,v)

k- @) + o - @) - m-g) /Q ul“Iv|# dx. (2.6)

Thus, it is natural to split N into three parts:

N* {(u,v) eEN: (d>’(u, V), (u,v)) > O},
N = {(u, V)eN: <d>/(u, v), (4, v)) < 0}, (2.7)

N° = {(u,v) eN:(d>’(u, v), (4, V)) = 0}.

We now derive some properties of N*, N~ and N°.
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Lemma 2.1 [ is coercive and bounded below on N.

Proof By Holder’s inequality and (1.6), we have

q

m—q 4
//\|u|qu5/\</1dx) (/ |u|’"dx> =AQ ul,
Q Q Q

< 2QIT S uld, < MRS )]
Similarly,
/Q/LIVI"deMIQI%S_% IVl < mlQ1 7 S5 )|
Then
Glu,v) <+ w7 S5 ||, v)]| . (2.8)

It follows from (2.5) and (2.8) that

Iwy) > k<l _ l) I + 1(1 _ i) ek
p m o m

- (1 . )()\ F )11 S | v (2.9)

q m
Since g < p < 0 < m, from inequality (2.9), the functional ] is coercive and bounded below
on N. The proof is completed. O

Lemma 2.2 There exists Ay > 0, given by

pr=q

yoe D (Koo )
(m— )| SF \(m—-q)S

such that for any 0 < ) + < Ag we have N° = @.

Proof We argue by contradiction. Assume that there exist A, + > 0 with 0 <A + ;£ < Ag
such that N° #@. Then, for (i, v) € N°, we have

(I’(u, v), (u, v)) =0 and (dJ’(u, v), (u, V)) =0.
Then it follows from (2.5)-(2.8) that
1

(m - @)+ )| Q|5 S5\ 71
”“”””5( Kim—p) ) '

(2.10)

On the other hand, by Young’s inequality, we have

/|u|“|v|ﬁdx§g/|u|”’dx+£/|V|mdx
Q mJq mJjg

o m B _m _m m
=S5 ||u||?o+ZS R A [(7R0) [ (2.11)
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From (2.5)-(2.7) and (2.11) it follows that
K-’ < 0n- 05 [ )]"

We have

1

] = (252" e1)
(m—q)S 4

By (2.10) and (2.12),

s

-9

k(m — k(p - m=p
)"+/"L2 (m ,1,,9,)61 q ( (p q_)m> :AO’
(m-q)|Qm S » \(m-q)S" 1
which contradicts 0 < A + . < Ay. O

By Lemmas 2.1 and 2.2, we write N = N* + N~ for 0 < X + u < Ao, and I is coercive and
bounded from below on N* and N~. We define

C*= inf I(u,v), C = inf I(u,v).

(u,v)eN* (u,v)eN—
As proved in [27], we have the following lemma.

Lemma 2.3 For 0 <A+ i < Ao, suppose that (ug, vo) is a local minimizer for I on N. Then,
if (1o, vo) ¢ N°, (1o, vo) is a critical point of I.

Lemma 2.4
(@ IfO<Xt+p< Ao, then C* <O0.
(b) If0<i+u< I%Ao, then 3dy > 0 such that C > d.

Proof (a) Let (u,v) € N7, it follows from (2.6) and (2.7) that
« k(p — ) Z(U - ) o
/ || |v|? dx < M H (u, v)Hp + 0D ” (u,v) H . (2.13)
Q m-q m-q
Put (2.13) into (2.5),

I(u,v) < -

kp —q) a0 - lp—q)(m - p) [ w|” <o,
mpq

mpq

which implies C* = inf,,)en+ 1(1,v) < 0.
(b) Let (u,v) e N—. By (2.5) and (2.8),

L = =P ) - mm—;qG(u, v)
] _
> KPP = P i) s )|
pm

k(m — — - m-q 4
- ||<u,v>||q(‘(’;f—m”’n<u,v>||f LG sl ) 2.4

Page 6 of 12
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Combining (2.12) with (2.14), we have

r—q

I(”’V)Z( k(p_q)”">m(k(m_p)( k(p_q)m)m—m'q(ummu’"mqs%).
(m—q)S" 1 pm (m—gq)S~ 7 mq

Clearly, if 0 < A + 4 < Ao, then there exists dy(p, g, «, 8, S) > 0 such that C~ = inf,, ,)en- I (4,
V) > do. (I

For each (u,v) € E, let
n(t) = ke (u, v) ”p +177 N u,v||° - t""q/Q lu|*|v|P dx. (2.15)
Then
n'(e) = " TE(),
where
E@) = k(p - @) e, )|” + Lo - )t || (w, )| — (m - q)t’”’pfﬂ |ul*|v]? dx.
Define

_1

t( i - g)lo - P V)I° )
(1= @)om —p) o lul" V17 da

It is easy to check that E(t) increases for ¢ € [0,£*) and decreases for ¢ € (¢*,00), E(¢)
achieves its maximum at #*. Since E(t) — 0 as t — 0" and E(f) - —o00 as t — o0 and
there exists unique #;, 0 < t* < #;, such that E(t;) = 0, so n(t) achieves its maximum at ¢,

increasing for ¢ € [0, #;) and decreasing for ¢ € (¢, 00). When / = 0, we have

_(_ kel yI® ) o6
t"_((m—q)fﬂwwwdx ' (2.16)
Obviously, E(¢y) = E(t;) = 0 and ¢y < ¢t; for [ > 0. Thus
k(m — . k(m — _
n(e) = RZP a1 5 KOLZP) ey i -, (2.17)

m-—q m-—q
Set
Wo(t) = D(tu, tv) = (I'(tu, tv) (tu, tv))
k|| + 1 )| - o /Q ulIv]? dx — 1Glu,v),
W (£) = (D' (tu, tv), (tu, tv))

= kpt? || (u, V)”p +lot? || (u, v)||a - mt’”/ lu|“|v|? dx — qt1G(u,v).
Q
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Then
Wo(t) = t7(n(t) - Gu, v)). (2.18)
Lemma 2.5 (tu,tv) € N* (or N7) if and only if W1(t) > 0 (or W1(t) < 0).

Proof By (2.7), it is clear that (tu,tv) € N* (or N7) if and only if (tu,tv) € N and
(D' (tu, tv), (tu, tv)) > 0 (< 0) for £ > 0. Note that

Wo(t) = D(tu, tv) = (I'(tu, tv), (tu, tv)), Wy (2) = (D' (tu, tv), (tu, tv)).
Hence, (tu,tv) € N* if and only if Wo(£) = 0 and Wy (¢t) > 0. O

Lemma 2.6 For each (u,v) € E\ (0,0) and 0 < A + u < Ao, there exist 0 < t; < t; < t such
that (tiu, tiv) € N*, (tu, tv) € N™, and

I(tiu, tiv) = inf I(tu, tv), I(tou, tyv) = sup I(tu, tv).
0=t=y t>0

Proof Set

Wy (t) = I(tu, tv)

kt? i’ o " t1
=—| @) ”p +— @] - —f |ul*|vIP dx — —G(u,v).
b o mJjq q

Since 0 < A + i < Ay, by (2.8), (2.15) and (2.17), we have
m—q 4
G, v) < (o + IR 7 | (,v)|* < n(to) < ntr).

Thus, there exist #; and t, such that 0 < # < #; < £, and n(t) = n(¢;) = G(u, v). It follows
from (2.18) that Wy (#;) = 0 and Wy (£z) = 0, then (f1u, t1v) € N and (L u,trv) € N. Vi(f) =
(t)7"n/(t;) > 0. By Lemma 2.5, one has (1, 4;v) € N*. Meanwhile, W (£,) = (£,)4"1n/(t,) <
0, we obtain (f,u,f,v) € N~. By a direct calculation, we have W, (¢) = 77 (n(t) — G(u,v)).
Since Wy (£) < 0 for £ € [0,#;) and W;(¢t) > O for ¢ € [ty,4), I(tiu, tv) = info<,<y, I(tu, tv). Fur-
thermore, we find that W) (¢) > 0 for ¢ € [t1,£2), W5(£) < O for ¢ € [£,, +00) and Wy(£) < 0
for t € [0, #1]. Since (tou, t,v) € N™, by Lemma 2.4, we obtain W, (t,) > 0. Then I(tyu, tpv) =
SUpo I (tu, tv). O

3 Proof of the main result

Lemma3.1 If0 < A+ u < Ao, then the functional I has a minimizer (u1,v1) in N* satisfying
(i) I(uy, ) =C*<0;
(ii) (u1,w1) is a solution of problem (1.1).

Proof Since I is bounded from below on N*¥, there exists a minimizing sequence {(u,,
v,)} € N* such that

lim I(u,,v,)= inf I(u,v)=C".
n—00 (u,v)eN*
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Since I(u,v) is coercive and bounded from below on N, then {(u,,v,)} is bounded on E.
Then there exists (1,v1) € E, up to a subsequence, that we still denote by {(u,,v,)}, such
that, as n — oo,

U, — U, vy — v, inL'(R),

U, (x) = up(x), Vu(x) = vi(x), a.e.inQ
for any 1 < r < p*, and by [28], Theorem IV-9, there exists /(x) € L"(R") such that
|un(x)| <Ix), |vn(x)| <lI(x), ae.inR”

for any 1 < r < p*. By the dominated convergence theorem,
lim f (Munl? + pu1v,|7) dox = f lim (Aun|? + plval?) d
n—00 Q Q n—00
- f (Al + i) da
Q
and

hm/|un|“|vn|ﬂdx:/ 0| | .
n—0o0 Q Q

By Lemma 2.6, there exists t; < £; such that (fiu3,41v1) € N* and Wo(4) = (I'(t, iv1),
(i, tiv1)) = 0.

Next we show that (u,,v,) — (u1,v1) strongly in E. Suppose otherwise, then

|| (11, 1) || < liminf” (s Vi) ||
n—0oQ

(1/(t1um tIVn)’ (tlun; tlvn)) = ktf ”(umvn)”p + ltiy || (un» Vn)”(r

—t{”/ 1] [Vl P dix = £ G (4, V),
Q
and

('t i), (tr, ) = Kt || (g, ) |° 4 087 || (g, 1) |7

— 7 [ ualwa ds - 16,0,
Q
we have
nli)ngo(l/(tlumtlvn): (trthn, t1v)) > (I' (1, t1v1), (fr01, 1)) = W (11) = 0.

That is, (I'(t1utn, avy), (Bttn, 1vy)) > 0 for n large enough. Since {(u,,v,)} € N, it is easy
to see that (I'(u,, Vi), (ttn, vir)) = 0, and (I’ (tuy, tvy), (tu,, tv,)) < 0 for 0 < £ < 1. So we have
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t; > 1. On the other hand, I(fu;, tv;) is decreasing on (0,#), So

I(tiug, iv1) < I(uq,v1) < liminfI(u,,v,) = C* = inf I(u,v),
n—oo (u,v)eN*

which is a contradiction. Hence (u,,v,,) — (u1,v1) strongly in E. This implies

I(u,,vy) = I(u,v1) = inf I(u,v)=C* asn— oo.
(u,v)eN*

Namely, (#1,v1) is a minimizer of / on N*, by Lemma 2.2, (43, v1) is a solution of prob-
lem (1.1). O

Lemma 3.2 If0 < A + u < Ay, then the functional I has a minimizer (uy,v,) in N~ such
that

(i) I(uz, 1) = C;

(ii) (u2,v2) is a solution of problem (1.1).

Proof Since I is bounded from below on N~, there exists a minimizing sequence {(i,,
v,)} € N~ such that

lim I(u,,v,) =C".

n—00

Since I(u,v) is coercive, {(i,, V,)} is bounded on E, up to a subsequence, we still denote it
by {(i44, V4)}, then there exists (u3,v;) € E such that

i, — Us, V, =1y, IinL'(R)
for any 1 < r < p*, and by [28], Theorem IV-9, and the dominated convergence theorem,

lim G(u,,v,) = G(uy, v2),

n— 00
and

im [ (i 707 = [ vl

n— 00 Q Q
By Lemma 2.6, there exists unique t, such that (tu,,%v;) € N™. Next we show that
(&, V) = (U, vo) strongly in E. The proof of this claim is by contradiction. If the claim
were not true, then

(2, v2) | < liminf]| (i, V) -

n— 00

Since (it,,, V) € N~ and I(it,,, v,,) > I(tia,,, tv,) for all ¢ > 0, then we have

1(trun, trvy) < liminf (£, t,,) < liminfI(i,,v,) = C,

n— 00 n—00

which is a contradiction. This implies

1(t,,v,)) = I(up,vo) = inf I(u,v)=C~ asn— oo.
(u,v)eN—
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Namely, (u7,v;) is a minimizer of [ on N-, by Lemma 2.2, (i, v,) is a solution of prob-
lem (1.1). O

Proof of Theorem 1.2 By Lemmas 3.1 and 3.2, we have that for 0 < A + ;& < Ay, problem
(1.1) has two solutions (u1,v1) € N* and (u5,v5) € N~ in E. Since N* NN~ = (J, then these
two solutions are distinct. O
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