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Abstract

In the present paper, our purpose is to construct the Fucik spectrum C,i (cf (2.13) and
(2.17) below) with different weights for the p-Laplacian. As an application, we will
discuss the existence of nontrivial solutions to the p-Laplace equations with
resonance on the Fucik spectrum by making use of variational methods and Morse
theory.
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1 Introduction
In this paper, we consider the existence of nontrivial solutions to the Dirichlet boundary
value problem

—Apu = ra(x) (@™ — ub(x)(w P + glx,u), in€Q,
(11)
u=0, on 0%,
where Q is abounded domain in RY with smooth boundary €2, A, denotes the p-Laplace
operator, that is, A,u = V(I VulP2Vu), u* = max{£u(x),0}, and a(x), b(x) € L’ (S2), where
r> % ifl<p<Nandr=1ifp>N. We assume that g: 2 x R — R is a Caratheodory
function.
It is well known that the value of (1, ) plays an important role in the study of the solv-
ability of (1.1). The approach here of course requires the preliminary study of weighted
asymmetric eigenvalue problems of the form

—Apu = ra(x) (@ — ub(x)(w )P, ing, 12)
u=0, on 0L2.
The set X,(a, b), the Fucik spectrum of the p-Laplacian with the weights a(x) and b(x) on
Wé'p , is defined by those (A, ) € R? such that (1.2) has a nontrivial solution .
The generalized notion of spectrum was introduced for p = 2 (i.e. in the linear case)
in the 1970s by Fucik [1] and Dancer [2] in connection with the study of the so-called
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jumping non-linearities. From then on, further work has been done in the study of ¥,(1,1);
¢f. [3-5]. The quasilinear case of p #2 and N =1, in the situation where a(x) and b(x) are
nonconstant and different, was investigated in [6—9] (for a(x) and b(x) > 0) and [10] (for
a(x) and b(x) are indefinite). From the above papers, ¥,(a, b) has the same general shape
as in the linear ODE case.

In the quasilinear PDE case, when La = ub,

~Apu = ra(x)|ulPu, ing, 13)
u=0, on dL2.

It is well known that problem (1.3) has an unbound sequence of variational eigenvalues
Ai(a) satisfying a standard min-max characterization, X;(a) — +oo (I = o0). The first
eigenvalue X;(a) of —A,u is positive, simple, and admits a positive eigenfunction ¢, (see
Lindgqvist [11] for the case a(x) =1 and Cuesta [12] for the case where a(x) is an indefinite
weights), where A1(a) := min{/, |Vul’ : u € Wé’p(Q) and [, alulP =1} < Ay(a) := min{A €
R : X is the eigenvalue and A > A;(a)}. We denote e,(x) := ”(ﬂ‘;’ﬁ. According to Arias et al.
[13], we know that X,(a, b) contains the two lines A;(a) x R and R x A;(b).

As in [13], the first nontrivial eigenvalue which admits a sign-changing eigenfunction of
the eigenvalue problem with weights a(x) and b(x) is defined as c(a, b) := inf), ep maxse[_1,1)
Ay (t), where A(u) := [ [Vul? dx, T := {y € C([-1,1], #,p) : y(-1) = ¢, and y (1) = ¢p},
and A, :={uc Wé’p(ﬂ) : fQ a(x)(u)? +b(x)(u")? dx = 1}. Hence, the first nontrivial curve
in X,(a, b) through (c(a, b), c(a, b)) asymptotic to A;(a) x R and R x A;(b) at infinity was
constructed by Cuesta et al. [14] for the case a = b = 1, and by Arias et al. [13] for the
case with two different nonconstant weights. More recently, unbounded curves { Cli} in
¥, (a, b) have been constructed and variationally characterized by min-max procedures by
Micheletti and Pistoia [15] for p > 2, a = b = 1, and by Perera [16] for p >1,a=b =1 and
[17] for the fractional p-Laplace operator.

Related studies can also be found in [18-20].

It is our purpose in this paper to initiate the study of (1.2) and its relation with the solv-
ability of (1.1) in the general case: a(x), b(x) > 0 are possibly nonconstant and different.
Hence we will discuss the existence of the Fucik spectrum for (1.2) besides A;(a) x R,
R x A1(b) and C := {(«(s), sa(s)) : a(s) = c(a, sb),s > 0} (in [13]), which is an open question
raised in [13].

As an application, we will concern ourselves with the resonance type of the problem
(1.1). The resonance problem has been studied by Perera [16] and Guo and Liu [21] for
the case (A, u) € E,(a,b), with a = b = 1. The purpose of this paper is to discuss the gen-
eral resonance case (A, 1) € X,(a, b), with nonconstant and different weights a(x) and b(x).
When (A, ) € A1(a) x R ((A, ) € R x A1(D)), we obtain the existence of nontrivial solu-
tion for (1.1) by the Morse theorem. However, the usual Morse theory supposes that the
functional ®(u) satisfies the Palais-Smale condition ((PS.) condition for short), which is
not clear in the case where the nonlinear term g(x, ) is asymptotic to |«|’~2u at infinity.
To overcome this difficulty, Cerami introduced a weaker compactness condition (see [22])
that allows for more general results; see for example [23]. Fortunately, replacing the usual
(PS.) condition by Cerami’s weaker compactness condition ((C,) condition for short), we

still have the deformation lemma (see [24]).
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2 Fucik spectrum with different weights
In this section, we consider the eigenvalues problem of asymmetric p-Laplacian with
weights (1.2). It is always assumed that a(x), b(x) € L"(2) with r as in the introduction,
ie. r>% ifl<p<Nandr=1ifp>N.

As is well known, the associated functional of the problem (1.2) is

1(u) :f |Vul? —/ ka(x)(u*)p + ub(x)(u‘)p, ue Wé’p(Q).
Q Q
We introduce two new functionals as follows:
Sfmo (n) = /ﬂ |Vul? —sa(x)(u*)p — (50 + t)b(x)(u_)p + Soa(x)(u_)p,

Topso (1) = /Q |Vul? - sb(x)(u”)’ — (so + )alx) (u*) +sob(x) (u?)’,

where u € W&‘p (€2), so is a positive constant to be determined later.
The Finsler manifold we need is defined as follows:

S(a) := {u € Wé'p(Q)‘ /;Za(x)|u(x)|pdx: 1}.

+

o150 ON the man-

S(b) can be considered in a similar way. We will consider the functionals
ifold S(a) and J, ; on the manifold S(b), respectively. Let us just deduce the case JJ, . on
S(a), since the other case can be done similarly.
For each integer [ > 1, we define maps family F;(a) as
Fi(a) = {A C S(a); there exists an odd continuous surjection map / : S — A},
where S is the unit sphere in R’.
As observed by Dréabek and Robinson [25], we can define an unbounded sequence of
functionals J(u) by
M(a) := inf maxJ(u),
AeF| ueA
where J(u) = fQ |Vuldx = Jo,0,0(u). It is shown that A;(a) is the /th eigenvalue of —A,, with
weight a(x), although it is not known whether this gives a complete list of eigenvalues.
Furthermore,
M(a) = +o00, asl— oo.
In the sequel we fix some / > 2 and suppose that
Aii(a) < Ai(a). 21

For any ¢ € (0, A;(a) — A;_1(a)), we can choose an A2 € F_(a), such that

max J(u) < Adj_1(a) + &.
ucAl-2
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Let /1;_5 : S'=2 — A2 be any fixed continuous surjection and denote

Fia) = {AJr C S(a); there is a continuous surjection map /% : Si‘l — A,

such that &g = hi_},

where S is the upper hemisphere of S"! with boundary S'-2. Then F;' (a) is a homotopy-
stable family of compact subsets of S(a) with closed boundary A*2, that is,
(i) every set A, € F; (a) contains A%
(ii) for any set A, € F/(a) and any deformation n € C([0,1] x S(a); S()) satisfying
n(t, u) = u for all (¢, u) € ({0} x S(a)) U ([0,1] x A2) we have ({1} x A) € Fi(a).
Now, we define

i (s,t,80):= inf max/J, (u). 2.2
o=, it ma ) (2:2)

Similarly, we can define

¢/ (s,t,80) := A,eigf*(b) ;23’51;“0 (n). (2.3)

We can make sure that cli(s, t,80) is the critical value of /'S_itys0 (), under some assump-

tions. Furthermore, the critical point of J, +

5.5 (1) corresponding to cli(s, t,8o) in which sg

is determined in a special way, is just the solution to (1.2), that is, we will establish the

following result.

Theorem 2.1 Suppose that the weights a(x) and b(x) are nonnegative and, for some fixed
constants k' >1> k>0,

0 <ka(x) <b(x) <Ka(lx), aexecS, (2.4)

where k and k' satisfy

(% - %)A,(a) < (M(@) = M (@)1 - 8),

where § € (0,1). Suppose that s and t are in some intervals as follows:

Ai(a)
k/

€ (# - (Mi(a) = A (@), -8 (Mla) - )\l—l(“)):|; 25)

se (max{kl_l(a), (k- l)(k;(a) - kl_l(a)) + k’t},

min{k(8(A(@) — Ai1(a)) +t), Ai(a) - 8 (Ai(a) — Ao (@)) }]. (2.6)

Then, for any s in [§(Ai(a) = Li-1(a)), Mi(a) — hi-1(a)), ¢f (s, 8, 80) is a critical value of I, (u)
on S(a). In particular, the set of the Fucik spectrum of — A, with weights a(x) and b(x) greater
than c(a(x), b(x)) includes (s +c[ (s, t,50), t + ¢ (s, £,50)) for s and t in the above intervals, and
some well-defined sy € [§(Ai(a) — Ai_1(a)), Mi(a) — Li_1(a)) satisfying

c; (s,4,80) = So.
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"
Lemma 2.1 b0

() satisfies the (PS.) condition on S(a).
Proof Let {u,} C S(a) and ¢, € R be sequence, such that, for some constant &,
s, ()| < K (27)
and
‘/Q{|Vu,,|p‘2Vuan— [sa(u;)p_l —(so + L‘)b(u;)p_1 + soa(u;)p_l]w
— tya |’ upw} < enl|Wilp, (2.8)

forallwe Wé’p(Q), where &, — 0,as n — oo and | - ||, represents the norm of Wé’p(Q).
From (2.7) it follows that {u,} remains bounded in WS’” (€2); consequently, for a subse-
quence, u, — u weakly in Wé’p (2), strongly in L7(€2) and almost everywhere in €. Putting
w = u, — u in equation (2.8), we also see that ¢, remains bounded. We then have

/ IV, P2V u,(Vu, —u) = / [scz(u:;)p_1 —(so + t)b(u;,)p_1 + Soa(u;,)p_l](u,, —u)
Q

Q

+ / tualun P2t (1 — 1) + 0(e,,),
Q

where the right-hand side goes to zero as n — oo, i.e.
/ IVunlP2Vu,(Vu, —u) — 0, n— oo.
Q

It is sufficient to obtain u,, — u strongly in Wé’p . O
Lemma 2.2 As a function of s, t, so, the min-max value
+

N .
¢ (s, t,80):= inf max] u
1(5:6:50) AveF}(a)ueds st ()

is continuous on Sy.

Proof Let {s,} C [6(Ai(a) — Ai1(a)), Li(a) — Xi-1(a)] be a sequence such that
Sy —> S0, aS M —> 00.

Taking A, € F/ (a) in the following equation:
oo )~ T () = (50— 5,) /Q (a- b))

Then we can see that
M, 0 - max(s, o) [ (@) )

< maxJj; () <maxJ;,  (u)+max(so —s,) / (@a-b)(u ). (2.9)
Ay A, Ay Q
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Noting that ka(x) < b(x) < k’a(x), we have

n}l&x(sn—so)/g(a—b)(u_)p < |sn—so|(max{|1—k|,

K -1}) rr}&x/ a(u)’

Q
< (max{[1 -],

K 1|} sy = sol := &,
where ¢, — 0, as # — 00. By (2.9) we have

¢ (8,8,80) — €n < ¢f (8, ,50) < €7 (S,8,80) + En.
Letting n — oo, we have

limsupcj (s, ¢,8,) < ¢/ (s, t,50) <liminfc/ (s, £,s,),
n—> 00

n—00

which shows that lim,_. o ¢] (s, £,5,) = ¢; (s, £,50). The proof is completed. O
Proof of Theorem 2.1 We first claim that
¢/ (s, t,80) = A(a) —s. (2.10)

If it is not the case, that is, ¢j (s, £,50) < A;(a) —s, then we can choose some A, € F (a), such
that

max J;, . (u) < Ai(a) —s.
ucA,

By setting A = A, U (-A,), we get an odd symmetric set A. The set A is thus in F(a).
Since the functional J(u) = Jo,0,0 (1) is even, from (2.4) it follows that

Ai(a) < max J(u) = maxJ(u)

A A,

< max N ) +n}lax/ sa(u®)’ + (so + )b(u”)" - soa(u)”
+ + Q

< H}‘a"];:,so(”) +max |:/ sa(u)F + ((¢ +s0)k’ — so)a(u)p]
+ + Q

< n}‘ax];m(u) + max{s, tk’ + (k/ - l)so}/ alul?
. Q

< M(a) — s+ max{s,tk’ + (k' - 1) (Ai(a) — i1 (a)) } / alul?
Q

< Ma), (2.11)

which leads to a contradiction. Thus, (2.10) follows.

+
$,L,80

the manifold S(a). Since the assumption in the theorem implies that, for ¢ € (0, 1;(a) —

The inequality (2.10) is crucial in proving the existence of critical value of () on

Ai1(a) — sp), we have

¢/ (s,t,80) = Ayla) —s

> Aii(a) +e+sg—s
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> max/J(u) +sg—s
Al-2

= 123(](”) + mlag([/g soa(u’)’ +soa(u”)’ —sa(u®)” —sa(u)p]

A Al=

> 1111123(](1/{) +I;11a§(|:/;2s0u(u’)p—sfsza(u+)p —(so +t)/;2b(u_)p]

> maxJg, o (u). (2.12)
Al-2

By Lemma 2.1, we know that J{,  satisfies the (2S.) condition on S(a). Then it follows

from Theorem 3.2 of Ghoussoub [26] that cj (s, ,s¢) is a critical value of 1.5 (1), that is,

according to the Lagrange multiple rule, there is some u € Wé’p (€2), such that
—Apu —sa(u*)p_l + (so + t)b(u_)p_1 —soa(u_)p_l =cf (s, t,so)[a(u*)p_l - a(u‘)p_l].

The min-max value ¢] (s, £, so) is also a function of s, and from Lemma 2.2, we know that

¢ (s,t,80) is continuous on so. Set
Ipl(SO) = C;(S’ t,So) —So.
Next we claim that
¥ (8(ri(a) —1m(@)) =0 and ¥ (Ai(a) - A (a)) <O.
In fact, for every A, € F/(a), since A=A, U(-A,) € Fi(a), on A, we have
1= [ 1960 = 0@ [ alul
Q Q
Hence, we can estimate the maximum of J;; 5(:,()-1,_,(a)) (#) on A, as follows:
MAX /5 5000) 41 () ()
= n}&x{/g |VulP —sa(u*)p - (t + S(A;(a) - Al_l(a)))b(u_)p
+ 8(A1(a) — kl_l(a))/ a(u_)p}
Q
> n}‘ax{kl(a)/ alulf - Sa(zf)p - (t + S(Al(a) - )\H(a)))b(u_)p
+ Q
+8(Mi(a) - kl_l(a))/ a(u)p}
Q
> max{kl(a)/ alul?
At Q
- max{s, k’(t + 5(Al(a) - A;_l(a))) - 8()»;(51) - Al_l(a))} / a|ulp}
Q

=Ala) - max{s, k/(t + S(Al(a) - )»H(a))) - S(Al(a) - )\H(a))}.
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By the conditions (2.5) and (2.6), we have

M(a) = s+ 8(\i(a) — i1 (a)),
Ai(a) = K (t +8(Mi(a) — Az (a))).

Then we see that ¥ (§(A;(a) — A;_1(a))) > 0.
Moreover, for any ¢ > 0, we pick up an A € F(a), such that

A=h(s"(a), g2y = hi-a,
and

Tgi(](u) <Ma) +e.
Denote A, = h(S"1(a)), and then A, € F} (). For every u € A,,
Totsar-sa 1(0(8)
_ fg Vaul? = sa(u) = (@) = hia(@) + £)b( Y + (@) - hs(@))a(u )
< Al(a)/;2a|u|1’ +e
. /Q [=sa(u?)’ = (@) = 2 (@) + () + (M) - hpr(@) ()]

< (u@)-s) [ aluw) +e
Q
+ [Z)Ll(a) - (Al(a) —A1(a) + t)k - Al_l(a)] /Q a(u‘)p
< max{A/(a) - s,2x(a) - (M(a) - Aia(a) + £)k = A (@)} +e.

We can deduce that ¥ (A;(a) — A;_1(a)) < 0. Hence there exists some sy € [§(A;(a) —
ri-1(a)), Mia) — A1 (a)), such that

V(s0) =0,
which means that if we take so in J¢4, (1) as above, then
So = Czr(sr t, SO)~ O

We see that there exists some u which is also the solution, in the weak sense, to the
following equation:

—Apu = (s +cf (s t, so))a(bﬁ)p_l - (t +c (s, t,so))b(u_)p_l.

Clearly,
Cr={(s+cj(s,t,50),t + ¢} (5,£,50)) :50 = ¢} (8,1,50) } C p(a,b), (2.13)

where s, t, so and ¢j (s, ¢, so) are as in Theorem 2.1.
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In a similar way, suppose A;_1(b) < A;(b) for some fix [ > 2, and then we can get a corre-
sponding conclusion as follows.

Theorem 2.2 Suppose that the weights a(x) and b(x) are nonnegative and, for some fixed
constants k' >1> k>0,

0 < kb(x) <a(x) <k'bx), aexeQ, (2.14)

where k and k' satisfy

1

(% . %)Mb) < (b) = 1a(B) (1 - 5),

where § € (0,1). Suppose that s and t are in some intervals as follows:

Ai(b)

b
c (T — (0alB) = i ®), 12

k'

~5(hi(b) - m(b))} (2.15)

s € (max{r_1(b), (k — 1) (A(b) — A1 (D)) + K't},
min{k (8 (x/(b) — 1i_1(b)) + £), y(b) — 8 (A (b) — A1 (B)) }]. (2.16)

Then, for any so in [8(A(b) — X1_1(D)), Li(b) — Ai21(D)), ¢ (s, t,50) is a critical value of/'sjt,s0 (u)
on S(b). In particular, the set of the Fucik spectrum of — A, with weights a(x) and b(x) greater
than c(a(x), b(x)) includes (t + c; (s, t,50), 5+ ¢] (5, £, 50)) for s and t in the above intervals, and
some well-defined sy € [§(Ai(b) — Li_1(D)), Ai(D) — Xi1(D)) satisfies

c; (s,t,50) = So.
Hence,
C; = {(t +¢;(8,£,80),8+ ¢/ (s, L, so)) 150 = ¢/ (s, so)} C Xy(a,b), (2.17)
where s, £, so and ¢; (s, £, o) are as in Theorem 2.2.

Remark 2.1 Theorem 2.1 and Theorem 2.2 contain the results in [16], in which a(x) =
b(x) = 1; so our results must be much more generic than those in [16].

Remark 2.2 Theorem 2.1 and Theorem 2.2 answer partly the open question raised in [13]:
whether there exists any other Fucik spectrum for (1.2) besides A1(a) x R, R x A1(b) and
C:={(a(s),scx(s)) : a(s) = c(a,sb),s > 0}.

3 Resonance problems with respect to the Fucik spectrum

As an application, we consider the resonance problems for the Dirichlet boundary prob-
lem (1.1) of the Fucik spectrum type. The first case: (A, u) is in the part of the two lines
A1(a) x Rand R x A1(b), which has been defined in [13]. The second case: (A, 1) € Cli, which
is defined in Section 2; see equations (2.13) and (2.17). Similar to Section 2, we always as-
sumed that a(x), b(x) € L” with r as in the introduction. We assume thatg: Q x R —> Risa
Caratheodory function. In order to state our main results, we assume that g(x, «) satisfies
the following conditions:
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f) glx,u) e C(Q x R,R) with g(x,0) = 0 and limys— 00 ]gs(\;% = 0 uniformly;
f,) pGx,s) —gx,s)s>0ae xeQ,Vs#0;
) limgg- o0 (g, 8)s — pGlx, s)) = —00;
fy) for some v € (1,p), there are constants m, a,, > 0 s.t. G(x, u) > a,,|u|" for |u| < m;
F1) lglx, u)| < V()P u|7 + W(x)P~! with g < p and nonnegative V, W € L#(RQ);

)
F;) 30 €(0,1) and M > 0 such that G(x, u) - 07G(x, ) < M, for |u| > M.

(
(
(fs
(
(
(

As is well known, the weak solution to the problem (1.1) is a critical point of
®(u) = / |Vulf — )»a(x)(zf)p - ,ub(x)(u_)p -pG(x,u), Vue Wé'p(Q), (3.1)
Q

where G(x, ) = fot g(x,5) ds, and then we have the following.

Theorem 3.1 Suppose that conditions (f;)-(f4) hold, a(x),b(x) > €y > 0, a.e. in Q. Then
(1.1) has at least one nontrivial weak solution in WS’” (2) if one of the following conditions
holds:

(f5) A =i(a); and u satisfies

cla,a)a(x) > ub(x) and p /Q b(x)el (x) dx > 1;
(fs) = A1(b); and X satisfies

c(b,b)b(x) > ra(x) and fQ a(x)é(x) dx > 1.

Theorem 3.2 Suppose that (Fy), (fs) and (f5) hold, a(x), b(x) > € > 0, a.e. in Q and satisfy
the conditions mentioned in Theorem 2.1 (or in Theorem 2.2), and then the problem (1.1)
has a nontrivial solution if (A, 1) € C; (or (A, 1) € Cy).

In order to prove Theorem 3.1, we need to state the following conclusions about critical
groups. Firstly, we introduce some notations. Let E := Wé’p (2), E* represent the dual space
to E, and J be a C}(E, R). Then the critical set of J on E is defined as

K= {u €EJ (u)= 9}.
For c € RU {+00}, we use
J={ueEJw)<c}, J'={uckEJu)<c}

standing for the closed and open sublevel sets of functional / on E. Recall that the critical
groups of ] at its isolated point u with a critical value ¢ = /() are defined by

CU,w)=H,(J°NU,(J°NU) \ {u}), forallg>0,

where U is an isolated neighborhood of u, and H,(, -) is the gth singular relative homology
groups with the integer coefficients Z. Moreover, it is well known that C,(/, #) is indepen-
dent of the choice of U and due to the excision property of singular homology theory.
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Suppose that —co < infJ(K), and we choose ¢ < inf J(K). The critical groups of J at infinity
are defined by

Cy(J,00) = Hq(E,]C), forallg > 0.

From the deformation lemma, we see that C,(J,00) is independent of the choice of ¢ <
inf J(K) while ] satisfies the (PS.) condition. For details of the topological notation men-
tioned here and throughout this paper refer to [27].

Lemma 3.1 Suppose that conditions (f1)-(f3) hold and ) = A(a) (or ju = L1(D)); then the
functional ® satisfies (C,) condition for all c € R.

Proof We just give the proof of the case when A = 1;(a), and the other case of u = A,(b)
can be treated similarly.
Suppose that {x,} € Wé’p is a sequence such that

d(u,) = ¢, (3.2)

(1 + ”un ||l,p) H (D/(un)

" (3.3)

It is sufficient to obtain that {u,} is bounded. Assume the contrary, that is, ||u,| — oo.

Let v, = —22—. Then, up to a subsequence, we still denote the subsequence by {v,}. There

Tanllnp
is a vy such that {v,} converges weakly to v, in Wé’p (2), vy = vp strongly in L?(£2), and
vu(x) = vo(x) almost everywhere in Q. In (3.3) divided by ||u,,|{;1, and then for every

1,
w e W,”, we have

L —M}dx—)O. (3.4)

/ |:|Vv,, P2V, Vw — La(x) (v;)p_lw + ,ub(x)(v;)p w =
Q ”u}’llll,p

In (3.4), first we claim that ||z, ||};7p fQ g(x, u,)wdx — 0. Indeed, it follows from (f;) that,
for any € > 0, there exists C¢ > 0 such that

lge, )| < Ce +elul’™,  Yxu)e QxR

By Holder’s inequality and Sobolev’s inequality, we get

(%, 1 )W C. +€|u, Pt C
/%dx < %ledxf > +€Cy ||w|| = 0, n— oco.
Q |lually, Q  lunll, 2. ||

Lp

Hence from (3.4) we have
/ [len P2Vv, Vw — Mz(x)(v;)p_lw + ub(x)(v;)p_lw] dx— 0, n— oo. (3.5)
Q
Putting w = v,, — vy, it is sufficient to obtain

/ Vv P2V, V (v, — vo)dx — 0, n— o0.
Q
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And consequently
(99290, 19902 900) V0, - ) ds > 0, o
Q

Using the inequality
- _ 2 1-5/2
& 0t < c[(1E1%€ ~ 1" 2n) & -] (1€ + ]
where &,n € RN, c=c(p) >0,and s =2 if p > 2,5 = p if 1 < p < 2, one easily obtains v, — vg

in W with |[vo[ly, = 1.

Hence from (3.5) we see that
/ Vo P2V Vw = / [ra(x) (Vg)p_lw + ub(x)(va)p_lw] dx, VYwe W,”. (3.6)
Q Q
Taking w = 1%, respectively, we get

/Q|VV5|P:)L1(¢1)‘/Qa(x)|v$|p (3.7)

and

/Q|Vva|p :,u/gzb(x)|v6|p, (3.8)

respectively. From the above equality (3.7), we know either v{ = 0 or vy = e,, where ¢,
is the eigenfunction corresponding to A = A1(a). If vy = e,, then u,(x) = llu,|1pe. — +00
for almost everywhere in Q. If v{ = 0, then we must have vy = —e; < 0 where ¢, is the
eigenfunction corresponding to w = A1(b), since vy # 0 and equality (3.8), then u,(x) =
—llu,ll1,pep — —00 for almost everywhere in Q.

From assumption (f3), we have

lim (g(x, un)un — pG(x, u,)) = —00, a.e.x € Q,as n—> o0. (3.9)
n—0oQ
However, by (3.2) and (3.3), one has
pP(u,) - (CD/(u,,), u,,) — pc, n— 00,

which implies that

/ (g(x, uy)u, — pG(x, un)) dx — pc, asn— oo.
Q

This contradicts (3.9). Thus {u,} is bounded, and the proof completed. O

Lemma 3.2 Suppose that conditions (f,)-(f3) and (f5) (or (fs)) hold, a(x), b(x) > €9 > 0, a.e.
in Q. Then we have

Cl(q), OO) 5/0
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Proof We just give the proof of the case (f5), and the other case (fs) can be treated in a
similar way.

By (f1), we know that @ is of class C! in Wé'p(Q). We consider the decomposition of
Wé’p =V @& W, where V = span{e,} is the one-dimensional eigenspace associated with
Mi(a), with e, > 0 in Q and [lesl1, =1, and W := {w € WoP(Q) : Jo a(x)wel " dx = 0} is a
complementary subspace of V' in Wé’p (). Therefore (see [28]), there exists A > A1 (@) such
that

/ |Vul dx > )_L/ aX)|\ul’ dx, YueW.
Q Q
We claim that A = ¢(a, a), if it is not the case, that is, there exists # € W, such that

Al(a)/ga(x)mV’</Q|Vu|p<c(a,a)fga(x)|u|p.

Hence there exist A1(a) < 0 < ¢(a,a) and u € W, such that

/Q|Vu|p:9/ﬂa(x)|u|p.

Hence, 0 is the eigenvalue of problem (1.3), which contradicts Theorem 11 in [13] stating
that problem (1.3) does not admit any eigenvalue in the open interval (A(a), c(a, a)). Then
we have

/ |Vul? dx > c(a,a)/ aX)|\ul’dx, YueW. (3.10)
Q Q

On the other hand, (f;) implies that

pG(x,s)

|s|— o0 |S|P

And from (f5), we obtain: for any M > 0, there is some R > 0 such that
g(x,8)s — pG(x,s) < -M, |s|>R,a.e.x€ Q.

Integrating the equality

’

d [ G(x,s) ~ g(x,8)s — pG(x,s)
d_x[ sI? }‘ s[P+1

over the interval [, T] C [R, +00), we have

G T) _Gxt) M (i _ 1) (3.1)
| TP t|P p \1T? t*

Noting that lim7_, o, T?G(x, T) = 0, and letting T — o0 in (3.11), we have

M
G(x,t)> —, Vt>Rae.xeQ. (3.12)
p
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Similarly, it is shown that G(x, ) > 4, V¥t < —R, a.e. x € Q. Hence
lim G(x,t) =+00, a.e.x€Q.

|t]— o0

Now, letting v =&e, € V (§ € R), from the assumption (f5) we have

- 1 p _l +\P -\’ _
d(v) p/Q|VV| dx p/;z[kl(a)a(x)(v) +,ub(x)(v ) ]dx /G(x,v)dx

Q

) { SE [oIVeal? dx— Sh(@)§? [ a(x)ehdx - [ Gx,€eq), § =0,
B 1|§|pfg|vea|pdx——ﬂ|§|pfg x)ehdx — [, G(x,Ee,), £<0

_[ fQ x!‘i:ea SZO;
| 21EPI - 1 [y b dx] - [ Glxgel), & <O

- ‘/Q G(x,&e,).

It follows from Lebesgue’s theorem that
&) - —oo, forveV and ||, — oo.
Now we turn to proving
i‘r)lyfcb =m>—00. (3.13)
Indeed, by (f;),we obtain that, for any € > 0, there exists C, > 0 such that
|G(x, u)| <C.+e€luf’, Vixu) e QxR (3.14)
By (3.10) and (3.14), we have, for any w € W,
d(w) = /Q [Vw|P dx — /Q[Al(a)a(x)(w+)17 + ub(x)(w_)p +pG(x, w)] dx
> c(a,a) /Q a(x)|w|? dx — /Q[)q(a)a(ac)(w+)'7 + ,ub(ac)(w‘)'J + pG(x, w)] dx
= (cla,a) - 11(a)) /Q a(x)(w)’ dx
+ /Q[c(a,a)a(x) — ub() (W)’ dx —p/ﬂ G(x, w)dx
> /;Z[(c(a, a) — Mi(a))a(x) - pe](w*)’ dx
+ /Q(c(a, a)a(x) — uwb(x) —pe) (w_)p dx — pCc|Q|.
With the condition (fs), we can choose € small enough such that (c(a, a) — A1 (a))a(x) — pe >

0, c(a,a)a(x) — ub(x) — pe > 0. Then fix €, and we have ®(w) > —pC,|Q2| where —pC, || is
a constant. Obviously (3.13) holds true.
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We suppose that ® has only a finite number of critical points. Then, for sufficiently small

number ¢, we have by [24], that

Ci(®,00) = Hy (E, @) #0. O
Lemma 3.3 (Theorem 2.1 in [21]) Suppose that conditions (f,)-(f4) hold, and let zero be
an isolated critical point of . Then the Morse critical groups for ® at zero are trivial, that
is,

Cy(®,0)=0, forallg.
Proof of Theorem 3.1 In view of Lemma 3.1 and Lemma 3.2, we have C;(®, 00) # 0, and
according to the Morse equality, the functional ® has at least one critical point # such
that C;(®, u) # 0. Since C;(P,0) = 0 by Lemma 3.3, we conclude that # # 0. The proof is
complete. g
Proof of Theorem 3.2 Here we only consider the case (A, 1) € C}, since the case (A, 1) € Cy

can be done similarly. Let (X, 1) = (s + ¢} (s,£,50), £ + ¢ (s, ¢,50)), Where sg = ¢ (s, £,50). We

introduce a new functional as follows:
1
&)= 0w+ [ alup
] Ja
= / \VulP —sa(u®)’ (£ + ¢} (s,,50))b(u”)" + cf (s, £, s0)a(u”)’
Q

- <c;(s, t,80) — ;)mulp - pGx, u). (3.15)

First we will show that, for sufficiently large j, there is some u; € Wé'p (€2) such that
Nl || dD;(uj)|| — 0, inf ®; (1) > —o0. (3.16)
Let A2 € F} |(a) be as in Section 2. By (2.12), there exists jo, for any j > jo, and we have

2
max Jo, o (u) < cj(s,t,50) — -
ucAl-2 ]

For such j,u € A”2 and R > 0, by (F;) and a(x) > €, (a.e. in 2) we will have
| 7+ + 1
Q;(Ru) = R\ Jg, 5, — \ €/ (s:t,50) —; -p | G(x, Ru)
Q

R r—q qp4 -1

< =PIV NllZR W e R)
R _ 1

< —— + C(IVIERI + | W|ER)
]

%
< —Ij—, + C(R? +1).
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Then we see that

max ®;(Ru) - —00, asR— oo. (3.17)
-
Let
F= {u e WP (Q): s 2 €1 (S t,so)/ a|u|1’}. (3.18)
Q

For u € F, by (3.18) and (F;), we can deduce the following from (3.15):

alul? _ _
D;(u) > '[97 =p(IVIE Nalld + W15 uell)
j p p P

Jo alul? 3 »
>=2_ _c(|VIg alul’ | + WLt alul?’
p »
] Q Q

() )

1
Denoter:= (fQ alulP)?, k(r) := '}—I,y —C(r?1+1).Itis sufficient to deduce that k(r) (r € [0, +o0))
. 1
takes its minimum at point r,, = (%)!’Tq , and its minimum is
9

max k(r) :k((%)w) = (q—j>p_qcp€q (i _1> _C.
rz0 p p p

Thus, we have

oL
inf ®;(1) > Cj := mink(r) = (ﬂ)p " cia (Z - 1) —C>-c0. (3.19)
ueF r>0 p p

Now using (3.17), for any j > j;, we can choose sufficiently high R; > 0, thus
max ®;(B) < C; (3.20)

where B = {Rju : u € A"} In fact, (3.20) holds only if R; is larger than the positive solution
of the following equation:

q
R A
-—+C(R1+1)=C;= <ﬂ)pqcppq (c—]—1>—C.
J p p

1
It is sufficient to find that (3.20) holds as R; > Cj7=7. As a matter of convenience, and

without loss of generality, we suppose Rj, is large enough and satisfies

1
—Rj j=j0,jo +1,.... (321)

Rj = 7

Then we will consider the homotopy-stable family of compact subsets of Wé'p (2) with
boundary B given by

Fi= {Ac Wé‘p : there is a continuous surjection / : S’ — A

such that s|g-2 = Rl },
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where ;_5 : 52 — A2 is as in Section 2. We claim that the set F is dual to the class Fi

ie.,
FNB=9y, FNA#Y, VAe]-';'. (3.22)

It is clear from (3.19) and (3.20) that FNB=@. Let A € Fi. If 0 € A, then we are done.
Otherwise, we denote by 7 the radial projection onto S, 7 (4) € F;', and we have

max J.

() > (s,t,80).
max [, 00 = (5, 650)

So FNw(A) #@, and we obtain FN A # .
Now let us define a minimax sequence on the class F*:

¢;:= inf max ®;(u). (3.23)
Ae]—'j* ucA

Noting the truth that the set F is dual to the class F", and by (3.19), we have

R:A2

¢>Ci> max @;(u). (3.24)
ue %
Hence it follows from a deformation argument of Cerami [22] that, for the above j, there
exists a sequence u; such that

llul ” CD}(u,-)H < }, |<1>j(uj) —cj| < } (3.25)

It is easy to prove that {cj};z:’ is a non-decreasing sequence. According to (3.24) and (3.25),
for j > jo we can get

Cj0+l2C/+l
Jo J

> ;(u))

- 1
_Cj—;

J

_ (ﬂ)""’cp’-’q (i _ 1) _c (3.26)
V4 V4

We claim that the sequence {cj}]%o is bounded. Assume the contrary, that is, ¢; — —00 as
j — 00, and then we will prove that {cj}]%o has some fixed growth rate, which contradicts
(3.26).

In fact, for a fixed number j > j, and Ve > 0, there exists A € ]-7' and a continuous sur-
jection A, such that A = h(Si‘l) and

;23?1 CD,»(h(u)) <g+e.
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Noting that H(-) := %h(~) =071h() e F1- Therefore, for all u S, we have

ci+e> d>j(h(u)) = dJ(h(u)) + lf a|h(u)|p
] Ja
= ‘/;2|Vh(u) |p - (S +cf (s, t,so)) (h(u)*)p - (t +¢f (s, t,so)) (h(u)_)p

1 ?
—pG(x,h(u)) + ; /Qa|h(u)|

R \?
= < / ) </Q|VH(u)|p—(s+c[(s,t,s0))(H(u)*)p—(t+cl+(s,t,so))(H(u)_)p

Rj+1
1
_pG(x,H(u))+m/Qﬂ|H(u)|p>
R\’ 1 p
' (Rm) /g‘” Gl H) - /QPG(’C’h(u)) T+ fg"|h(u)|

h(u) 1 »
Yy » /) _ -
O @1 (H(u)) + 60 Lp(}’(x, 5 ) /QpG(x,h(u)) + ) /Qa|h(u)|
> 07®,1(H(w)) - Cu,

where Cy; is a constant and only related to the condition (F;). Noting the arbitrariness of

u € Si71, we have

Ct+e= 6” max q)]‘+1 (H(u)) - Cu
ueSfjl

> 9p6j+1 -Cuy.
According to the arbitrariness of €, we have
(o QPCI‘H - Cuy.

From the assumption that ¢; — —00 as j — o0, there will exist j; > jo, such that ¢, <0, and
then we can get

|Cj|§9p|cj+l|+CMr j=juLha+1,....

Suppose that |¢;| is large enough, and then we can translate the last formula into the fol-

lowing:

Il <0lcjsal, j=jujap+1....
Then we have

il =007 ey |, j=juji+1...,

contradicting (3.26). Thus, {c,-}]%O is bounded. According to (3.25), we obtain (3.16).
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We complete the proof by showing that a subsequence of {#;} mentioned in (3.16) con-
verges to a solution to (1.1). It is sufficient to prove that {x;} is bounded. Assume the con-
trary, that is, ||z;|| — oo. Setting v; := IIZ_;H’ then up to a subsequence, we still denote the
subsequence by {v;}. There is a vy such that v; = v, weakly in Wé’p (€2), strongly in LP(£2),

and almost everywhere in Q. We have

/ |VVj|p_2VV1'V(Vj _ VO) — M +/ |:()\, — l)ﬂ(l}]‘,")]’l
Q Q

Pl j
1 — , Uj
+ (ub— —_a) (v}-‘)p '_ g(x—:li)l}(v,' —19) = 0.
j 117,

It is sufficient to obtain

IVviIP 2V, V(v —vo)dx — 0, j— oo.
j IARNY/ J
Q

. 1, 1,
Hence, we can deduce that v; — vy strongly in W,”, and |lvo|| = 1. For each w € W,”, we

have

(®;(), w) 1 .
A =/ |Vv4|p_2VV4Vw—/|:<)»——,>a(vf')p !
p-1 ] ] ]

pllujly, Q Q J

+ (/Lb - }u) (V;)IF1 - M]w

1
e 117,

Going to the limit as j — oo, we get
/Q Vol 2VvoVw — [)wz(v(’,)p_1 - ;Lb(va)p_l]w =0.
So vy € Eygup- Thus,
W - ®i(uy) = /Q[pG(x, u;j) — g(x, u/)uj] — +00,

contradicting (3.16). Hence, {1;} is bounded. There exists a subsequence of {1;} converging

to a weak solution to (1.1). O
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