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Abstract
In this paper, we study the following quasilinear Schrédinger equation:

“Au+VXU- AWHu=Kxgw) inRY,

where N > 3,V is a nonnegative continuous function, which can vanish at infinity,
and g is a continuous function with a quasicritical growth. Under some appropriate
conditions, we get the existence of a positive solution by combining the variational
method with a Hardy-type inequality.
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1 Introduction and main results
In this paper, we consider the existence of positive solutions for the following class of

quasilinear Schrodinger equations:

—Au+ V(x)u—- A@W?)u=K(x)gu) inRV, w1
u € D(RVN), '
for N > 3 and assuming that V,K : RN — R and g : R — R are continuous functions with
V, K being nonnegative functions and g having a quasicritical growth.
The solutions of equation (1.1) are related to the existence of standing wave solutions

for the following Schrodinger equations:
iz = -Az + W(x)z - K(x)p(|21*)z - kA (I(I2*)) 0 (121*) 2 (1.2)

where z: Rx RN - C, W:RN »> Risa given potential; p,/: R* — R are real functions.
Equations like (1.2) appear more naturally in mathematical physics and have been derived
as models of several physical phenomena corresponding to various types of /. The case
[(s) = s was used for the superfluid film equation in plasma physics [1]. In the case I(s) =
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(1 + 5)'2, equation (1.2) models the self-channeling of a high-power ultra short laser in
matter [2]. Equation (1.2) also appears in plasma physics and fluid mechanics [3] and in
dissipative quantum mechanics [4]. While this paper deals with the model where I(s) = s
and we put z(¢, x) = exp(—iEtf)u(x) into (1.2), we get the equation (1.1) with V(x) = W(x) —E.

Recently, there has appeared a broad literature treating the existence of solutions about
a variety of Schrodinger equations [5-14]. But here we just introduce some different as-
sumptions on V(x) for the quasilinear Schrédinger equations. Alves, Wang, and Shen [15]
investigated the following quasilinear Schrodinger equation:

—Au+ Vx)u+ /2—<[A(u2)]u =), xeRY,

where N > 3, /: R — R are continuous function, k is a parameter. They assume that the
potential V : RN — R is continuous and satisfies:

(V1) V(x) > V(0) >0, for all x € RN,

(Vo) limpy— 00 V(%) = Vi and V(x) < Vi, for all x € RN,

Under these two conditions, they combined the variational method with perturbation
arguments to get a solution.

In [16], Fang and Szulkin obtained the multiplicity of solutions and made an assumption
on V(x) as follows:

(V3) V is continuous, 1-periodic in x;, 1 < i < N, and there exists a constant gy > 0 such
that V(x) > a, for all x € RN.

In [17], the authors assumed V'(x) to satisfy

(Va) V € C(RN,R),0 < V(x) < Vi := limpy— 00 V(%) < 00, Voo > 0, and V(x) < Vi, some-
where.

(V5) There are positive constants M, A and m such that, for |x| > M, V(x) < Vi, — o™
and under these conditions, they obtained a ground state positive solution and a ground
state sign-changing solution by the Nehari method. For more interesting results [18—22,
26].

But in this paper, what we are interested in is the zero mass case, which occurs with the
potential V' vanishing at infinity, that is,

|x|lij+loo Vix)=0 (shortly V(o0) = O).
In [23], Aires and Souto studied the zero mass case and the potential V satisfies the fol-
lowing assumptions:
(Vo) V(x) >0, for all x € RN,
(Vo) V(%) < Vs, for all x € RN,
(Va) There are A >0 and R > 1 such that

71 0 l|*V(x) > A.

Under these conditions, they obtained the existence of solutions for the following equa-
tions:

“Au+VxX)u-AW)u=gu) inRY,

1.3
u € DV2(RN). (-3
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To the best of our knowledge, except for [23, 24] there is no paper dealing with the quasi-
linear Schrodinger equations (1.1) with vanishing potentials.

We are motivated by the above articles and especially by the work of Alves and
Souto [25]. In the present paper, we consider the hypotheses on the potential V:

(V]) V(x),K(x) >0,Vx € RN and K € L™ (RN).

(V3) If A, C RN is a sequence of Borel sets such that |4,| <R, for all # and some R > 0,
then

r—+00

lim / K(x)dx =0, uniformlyinneN.
AnNBE(0)
(V3) One of the following conditions occurs:
K
(K1) € L>(RN)
or there is p € (2,2*) such that

K(x)
ey 0 as|x| — +o0.

[V(x)]>=

(K3)

In order to obtain our result, we also need to assume the following conditions on g(x)

(&):
lim sup @ =0 if (K7) holds,
s—0 N
or
lim sup 5 < +00 if (K3) holds.
s—>0* sp1

(g2): g has a quasicritical growth, that is,

. g(s)
1m sup 1 < +00,
s—>+00 S

(g3): there exists 6 > 2 such that
20G(s) <sg(s), VYs>O0,

(ga): there exists v > such that

1
1-2||K]| o0

1
Z—g(s)s —G(s) > -V(x)|s|?>, Vs>O0.
v

Remark 1.1 The condition (g4) is the key to prove the boundedness of the Cerami se-

quence.
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Remark 1.2 When N = 3, a typical example that verifies (g1)-(gs) is given by
g(s) = cusls| ™,
where k + 1> max{26,2v} and p <k +1 <2*.
Now, we are able to state our main theorem.

Theorem 1.3 Suppose that V,K satisfy (V{)-(V}) and g satisfies (g1)-(ga). Then problem
(1.1) possesses a positive solution.

The remainder of this paper is organized as follows. In Section 2, some preliminary
results are presented. In Section 3, we prove the boundedness of the Cerami sequences.
In Section 4, we give the proof of our main result.

2 Preliminaries
First, in this paper, we consider the Sobolev space

E:{ueDl’z(RN):/ V(x)|u|2dx<oo} (2.1)
RN

endowed with the norm

1/2
|||l = (AN(|VM|2+V(x)|M|2)dx) )

It is well known that the embedding D' < L¥ (RN) is continuous, i.e. there exists C > 0
such that

lullax < Cllullpr2, Yue DY

Next, we establish the variational structure of problem (1.1). We observe that the natural
energy functional associated with (1.1) is

_1 2 2 1/
](u)_szN(uzu )|Vl dx+2

V(x)uzdx—/ K(x)G(u) dx, (2.2)
RN RN

and it is obvious that the functional J is not well defined in general, because fRN u?|\Vu|? dx
is not finite, for all # € D*?(RN). In order to overcome this difficulty, we adopt the following
method: a change of variables as introduced by Colin and Jeanjean in [27]: v = f (), where
f is defined by

JHOE on [0,+00) and f(¢) = —f(-£) on (-o0,0] (2.3)

1
V1+2f%(¢t)
and has the following properties.

Lemma 2.1 The function f possesses the following properties:
(1) f is uniquely defined, is C*, and is invertible;
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@ 'O <LVteR;
BG) IfF@I < e, Vt e R;
@1 145t 0

(5)%—)2% ast — +00;

()15 <o) <fw), v = 0;
(7) f @) <27%[t]2,VE € R;
2
®) L2 <tf (0f (1) <f2(1), Ve € R;
(9) there exists a positive constant C such that

Clel  ifltl <1

Bl >
fol= Clelr  if |t = 1;

10) If ()" (D) < %,Vt eR.

After the change of variables, the functional /() can be rewritten as follows:
1
1(v) :](f(v)) = —/ Vv + V(x)[f(v)|2dx - / K(x)G(f(v)) dx, (2.4)
2 RN RN
which is well defined on E and is of C! class, and, for all w € E, we have

(Iv),w)= / VvWVwdx + / V(x)f 0)f vV)wdx - / K@) Wwdx.  (2.5)
RN RN RN

Remark 2.2 Note that the functional ¥ : E — R, given by

Y(v) = / (IVV]* + V(@) (v)) dx,

RN

is a C! function and

W) <|v|?, forallveL.
Moreover, there is a constant 8 > 0 such that

)2*/2

BlIvIP < W)+ (V)" ', forallveE.

We note that the critical points of I are weak solutions of the problem

—Av+ V)W (v) = Kx)g(f(»)f'(v) inRN,

(2.6)
v e DY2(RN), v> 0.

We also note that if v € C2(RN) N DY?(RY) is a critical point of the functional I, then
u = f(v) is a classical solution of (1.1).

Remark 2.3 Since we intend to prove the existence of positive solutions of the problem

(1.1), we can consider

g®)=0, Vr<0.
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3 The boundedness of the Cerami sequences
We say that a sequence (v,) € E is called a Cerami sequence of I at level ¢ if

Iv))—>c and 1+ [valg) [I'vw)| = 0 asn— oo. (3.1)

The functional I satisfies the Cerami condition if any Cerami sequence possesses a con-
vergent subsequence in E.

Lemma 3.1 (Hardy-type inequality (see [25])) Assume that V,K satisfy (V})-(V3), then E
is compactly embedded in LT(RN) for all q € (2,2%) if (Ky) holds. If (K3) holds, E is compactly
embedded in LY (RN), where

LZ(RN) = {V:RN — R:vis measurable and / K(x)|v|" < oo}.
RN

Lemma 3.2 Suppose that V,K satisfy (V])-(V3) and g satisfies (g1), (g2). Let (v,) be a se-
quence such that v, — v in E. Then

lim I((x)G(v,,)dx:/ Kx)G(v)dx
N RN

n—+00 Jp,

and

lim K(x)g(v,,)vndxzf K(x)g(v)vdx.

n—>+00 JpN RN
The proof follows from the idea of Lemma 2.2 in [25].

Lemma 3.3 Suppose V, K satisfy (V)-(V}) and g satisfies (g1)-(¢a), if (vn) C E is a Cerami
sequence of I, then (v,,) is bounded in E.

Proof Let (v,,) be a Cerami sequence of I, then
I(v,) > ¢ and (1 + ||v,,||5) ”I/(V,,)” — 0 asn— oo,

that is,
1
I(v,) = = / (IVVal* + V(x)f*(vs)) d —f K®)G(f(vn)) dx = ¢+ 0,4(1). (3.2)
2 RN RN
For w € E, we have
(I'va),w) = / Vv, Vo dx + / Vx)f vo)f Vi) dx — f K@)g(f (va))f (v dx.
RN RN RN

Taking = w, = ;(V”)) , by property (6) of Lemma 2.1, we have

"(vn

loal <2|vu|l and  [Vo,| 2|V,

and thus w, € E and ||, || < 2||v,]|.
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From (3.1), we obtain

(1/(Vn)» a)n> =0,(1),

that is,

22(1,)
W) + /R ) %wwm— /R K@) ) dx = 0,01

It follows from (3.2) and (3.3) that
1 !
I(v,) - EU (V) wn) =c+0,(1),

and thus

1 1
2 2y

(— - —)w(vn) . /R N[%K(x)g(f(m)f(vn) —K(x)G(f(vn))} dx < c+o0,(1).

Combining (3.4) with (g4), we get

(l B i)‘an) - / K@)V 0)|f ()] dx < e+ 0,(0),
RN

2 2v
that is,
(% - ;—U)m) <c+ /R K@V dx+ 0,(1)
<c+ | K@, / V@)|f )] dx + 0,(1)
]RN
<+ [K@) oo W) + 04(D).
So, we have

(% - - KW ||Loo)\lf(vy,) < c+o0,(D).

Page 7 of 11

(3.3)

(3.4)

(3.5)

Therefore, ¥(v,) is bounded, and consequently from Remark 2.2, the sequence (v,) is

bounded in E.

O

Since the sequence (v,) given by Lemma 3.3 is bounded in E, there exist a constant M > 0

and v € E, and a subsequence of (v,), still denoted by (v,,), such that ||v,||g <M, v <M

and

v, — v, weaklyinE, v, —>v inl? (]RN),p € [1,2%),

loc

Vu(x) = v(x), a.e. inRN.

For concluding also the proof of Theorem 1.3, we need one more lemma.

(3.6)
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Lemma 3.4 Assume V,K satisfy (V])-(V3), if the sequence (v,,) satisfies (C) sequence, then
the following statements hold:

(i) For each € > 0, there exists ro > 1 such that, for r > ry,

lim sup/ (|Vv,,|2 + V(x) [f(v,,)’z) dx <€, (3.7)
n—00 Bgr

lim supf (IVVal® + V@f Wn)f (va)va) dx < €, (3.8)
n—00 Bir

and

lim [ V@) dx= / VE)|fov)| dx, (3.9)

n—00 JpN RN

lim / V@) n)f Vi)v,dx = / V(x)f v)f (v)vdx. (3.10)

n—0o0 JpN RN

(ii) The weak limit v € E is a critical point of the functional I.
(ili) v, — vin E, i.e. the functional I satisfies the Cerami condition in E.

Proof The proof is almost similar to the one of Lemma 3.4 in [26], so we omit it here. [J

4 Proof of main results
In this section, we will give the proof of Theorem 1.3, which mainly relies on the following

mountain-pass theorem.

Theorem 4.1 (see [28, 29]) Let X be a real Banach space and let I € C'(X,R). Let X be
a closed subset of X which disconnects (archwise) X into distinct connected components X,
and X,. Suppose further that 1(0) = 0 and

(I) 0 € Xy and there is a > 0 such that I |s> o > 0,

(L) there is e € X, such that I(e) < 0.

Then I possesses a (c), sequence with ¢ > a > 0 given by

= inf max I(y (), 4.1
¢ = inf max (r@®) (4.1)

where
I'={y e C([0,1],X);¥(0) =0 and I(y (1)) < 0}.
Proof of Theorem 1.3 Clearly, by Lemmas 3.1-3.3 in Section 3, the functional [ satisfies the

Cerami condition. Next, we prove that [ satisfies (/1) and (;) of Theorem 4.1.

First of all, we note that 1(0) = 0. Now, for every p > 0, define
¥, = {V €E;W¥(v) = ,02},

where W was defined as before. Since the functional W is continuous, it follows that X,
is a closed subset which disconnects the space E. Using (V]), (¢1), (g2), and the Sobolev
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embedding inequality, we have

f K@®G(f(v) < ||K(x)||LOO/ G(f(v)) dx
RN RN

< K@) 1 /R V) O+ Clf )| dx

¥

2

< |[K@)| e (¥ W) + || K (%) ||LOOC€S(]RN |Vv|2dx)
< K@ e ¥ ) + [ K@), CS(W0)) %,
from which it follows that
10)2 30~ e|KG) ? - CS[K)
Since 2* > 2, it implies that, for p > 0 sufficiently small, there exists « > 0 such that

Iv)=a>0, VYveXx,.

Thus, condition (17) is satisfied.

Now, let us show that there is ¢ € E such that
I(tp) > —00 ast— +00.

Next we consider ¢ € C3°(RN) satisfying supp(¢) = B; and 0 < ¢(x) < 1,Vx € By.
Indeed

1e9) =5 [ IVeof s volreo - [ keG(riee) d

by hypothesis (g3), there exist positive constants C; and C, such that
G(t)= Gt -Gy, VEeR,

hence, it follows from the above inequality and property (3) of Lemma 2.1 that

2

i 2 2 dx
1) = 5 [ 1VoP s velpPas— [ Keo(sien) ds

2

t
<= | Vo +Vx)e*dx— / CK@|f ()| +Cy f K(x) dx.
2 RN By By

Since the function f(Tt) is decreasing for ¢ > 0 and
0<tpx)<t, VxeByandt>0,

we have

f(Oox) Ef(tga(x)), VxeByandt>0,

Page 9 of 11

(4.2)

(4.3)
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which together with (4.3) implies

1 26
60 =25 [ (V6 + v sl [ o ds
G K(x)d (4.4)
+ t_2 " X x] .

By properties (9) of Lemma 2.1 and provided that 6 > 2, we conclude that

)
lim f2 ® =+00

t—>+00  f2

and hence (1) is satisfied.

Therefore, the existence of positive solution in E for problem (2.6) follows from The-
orem 4.1 and so u = f(v) is a solution of problem (1.1). We finished the proof of Theo-
rem 1.3. 0
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