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Abstract
In this paper, we consider the following p-Kirchhoff equation:

@) - [MUuIP) Apu=fiu) inQ

with Dirichlet boundary conditions, where £ is a bounded domain in R". Under
proper assumptions on M and f, we obtain three existence theorems of infinitely
many solutions for problem (P) by the fountain theorem. Moreover, for a special
nonlinearity f(x,u) = A|u|9?u + |u|~%u (1 < g < p < r < p*), we prove that problem (P)
has at least two nonnegative solutions via the Nehari manifold method and a
sequence of solutions with negative energy by the dual fountain theorem.
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1 Introduction
In this paper, we consider the following p-Kirchhoff equation:

—[M(||u||p)]p_lApu =f(xu) in%, u=0 onag, (1.1)

where M, f are continuous functions, 2 is a bounded domain in RN with smooth bound-
ary, lull? = [, [VulP dx (1< p <N).Let X be the Sobolev space Wé'p(Q) endowed with the
norm |u«|.

Problem (1.1) began to attract the attention of researchers mainly after the work of Li-
ons [1], where a functional analysis approach was proposed to attack it. Since then, much
attention has been paid to the existence of nontrivial solutions, sign-changing solutions,
ground state solutions, multiplicity of solutions and concentration of solutions for the fol-

lowing case:
—<a+b/ |Vu|pdx)Apu =f(x,u) inQ, u=0 ondf. 1.2)
Q

See [2—-8] and the references therein.
For example, Wu [2] showed that problem (1.2) has a nontrivial solution and a se-
quence of high energy solutions by using the mountain pass theorem and symmetric
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mountain pass theorem. Similar consideration can be found in Nie and Wu [3], where
radial potentials were considered. Chen et al. [4] treated equation (1.2) when f(x,t) =
ra(x)|u|?2u + b(x)|u|2u (1 < g < p = 2 < r < 2*). Using the Nehari manifold and fibering
maps, they established the existence of multiple positive solutions for (1.2).

However, the study of problem (1.1) becomes more difficult since M is a general func-
tion. Alves et al. [9] and Corréa and Figueiredo [10] showed that the problem has a positive
solution by the mountain pass theorem, where M is supposed to satisfy the following con-
ditions:

(M;) M(t) > mg forall t > 0.
(M) M() > [M(&)}P~t for all £ > 0, where M(¢) = [, [M(s)1?" ds.

In [11], Liu established the existence of infinite solutions to a Kirchhoft-type equation
like (1.1). By the fountain theorem and dual fountain theorem, they investigated the prob-
lem with M satisfying (M;) and

(Mj) M(t) <m, forallt>0.

Very recently, Figueiredo and Nascimento [12] and Santos Jr. [13] considered solutions
of (1.1) by the minimization argument and the minimax method, respectively, where p = 2
and M satisfies (M;) and

M(t)

(M}) the function ¢ > M(¢) is increasing, and the function £ — == is decreasing.

Note that M(z) = a + bt does not satisfy (M)) for p = 2 and (M3). Moreover, M(t) = a+ bk
does not satisfy (M), (Mj3) for all k > 0 and (M) for all k > 1.

Motivated mainly by [4, 5, 14], we shall establish conditions on M and f under which
problem (1.1) possesses infinitely many solutions in the present paper.

Instead of (M})-(M}), we make the following assumptions on M:

(M5) There exists o > 0 such that
M) = o [MO] 't

holds for all £ > 0, where M(¢t) = fot [M(s)]P' ds.
(M3) There exist > 0,0 >0 and s > p~! such that for all £ > 0

M(e) = o [MO} 't + ut',

We also suppose that f satisfies the following conditions:

(f1) There are constants 1 <p<g<p* = NN—i and C > 0 such that
[f(x,6)] < C(1+2)77)

forallx € @, t e R.
(f2) f(x, ) = o(|t]P7L) as t — O uniformly for any x € Q.
(f3) f(x,—t) = =f(x,2) forallx € Q, £ e R.
(f4) There exists £ < a < p* such that 0 < aF(x,£) < #f(x,¢) for all x € Q, £ € R, where

o

F(x,t) = [; f(x,5)ds.
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(fs) There exist max{f;’,p} <a <p*and r > 0 such that

inf  F(x,u)>0

x€Q,|ul=r

and
0 <aF(xt) <tf(xt)

forallx € Q and [t]| > r.
(fe) 0<ZF(x,t) <tf(x,t) holds forallx € Q, £ € R.

(f7) % — +00 as |¢| = oo uniformly in x € Q.

The associated energy functional to equation (1.1) is
1.
)= 81(1a?) - [ Fos)d 13)
p Q
For any ¢ € C3°(R2), we have

(I' (), ¢) = [1\4(||u||ﬁ)]1”’1 /Q IVulP2Vu - Vo dx— /Q f(x, ) dx. (1.4)

We have the following results by the fountain theorem.

Theorem 1.1 Assume (f1)-(fa) and (M1)-(My). Then problem (1.1) has a sequence {u,} of

solutions in X with J(u,) — 00 as n — o0.

Theorem 1.2 Assume (f;)-(f3), (f5) and (My)-(My). Then problem (1.1) has a sequence {u,,}

of solutions in X with J(u,) — 00 as n — oo.

Theorem 1.3 Assume (f})-(f3), (fs)-(f;) and (M), (M3). Then problem (1.1) has a sequence

{u,} of solutions in X with J(u,) — 0o as n — oo.

Furthermore, we also consider a special nonlinearity f (x, 2) = Alu|92u + |u| 2u (1< q <
p <r<p*). In this case, the associated energy functional is J; defined by
1. 1 1 .
J(w) = =M(||ul?) - = | Muldx— - | |ul"dx, (1.5)
p qJa rJa

where M(s) = [5[M(t)1P~ dt.

Note that this nonlinearity does not satisfy conditions (f,), (fs)-(f7). For this case, we will
prove that problem (1.1) has at least two nonnegative solutions by extracting a minimizing
sequence from the Nehari manifold, and we will obtain a sequence of weak solutions with

negative energy by the dual fountain theorem.

Theorem 1.4 Let f(x,u) = Mul?>u+ |u|">u, where1 < q < min{p, £} < max{p, £} <r < p*.
Suppose that M satisfies (M), (M) and
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(My) M is differentiable for all t > 0 and there exist some d > 1 such that
(r—p)M(t) > dp(p - 1)M'(£)t > 0.

Then there exists Ao > 0 such that problem (1.1) has at least two nonnegative solutions for
all 0 < X < A.

Theorem 1.5 Let f(x,u) = A|u|72u + |u|""2u, where 1 < q < min{p, §} < max{p, 57—7} <r<p*.
Suppose that M satisfies (My) and (My). Then problem (1.1) has a sequence of solutions uy
such that J;, (ux) < 0 and J;, (ux) — 0 as k — oo.

Remark 1.1 Set M(t) = a + bt* (a, b,k > 0). Then we can easily deduce that
(i) M satisfies (M) forallp>1land0<o < m;
(i) M satisfies (M3) for one of the following cases:
(1) s=1,p>2,1-0-0(p-1)k>0,and 0 <spu < (1 —o)a’};
(2 s=k+1,p>2,0<0<l,and 0 <su < ((1-0)b—-o(p —1)bk)a?>;
(iii) M satisfies (My) for r — p > dpk.

Remark 1.2 Let M(¢t) =a + bIn(1 +¢) (a,b > 0, t > 0). By direct calculation, one has

L h(p - 1)M(t)P2 gt
1+¢

= (M) - /0 tb(p—l)(M(t))p_z dt + /0

> (M) - b(p - DM (£y>

> t(M@)" (1 b 1)).

- a

Hence M satisfies (M) forp>1,b(p-1)<a,0<o <1- @.
Moreover, M satisfies (M3) forp=2,s=1,0<0 <lando + u <a-b.

The rest of the paper is organized as follows. In Section 2, we present some properties of
(PS). sequences. The proofs of Theorems 1.1-1.3 are given in Section 3. Then we establish
some properties of the Nehari manifold and give the proofs of Theorems 1.4 and 1.5 in the

last section.

2 Properties of (PS), sequences
We say that {u,} is a (PS). sequence for the functional J if

J(u,)—c and J'(4,) — 0 inX*,

where X* denotes the dual space of X. If every (PS). sequence of ] has a strong convergent
subsequence, then we say that J satisfies the (PS) condition.
In this section, we derive some results related to the (PS), sequence.

Lemma 2.1 Assume (f;) and (M,). Then any bounded (PS), sequence of ] has a strong

convergent subsequence.
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Proof The proof is almost the same as Lemma 2.1 in [10], though it was supposed (f;)
|f(x,£)| < C|t|77! instead of (f;) there. O

By Lemma 2.1, in order to get a strong convergent subsequence from any (PS), sequence
of ], it suffices to verify the boundedness of the (PS), sequence. In the following, we present
three lemmas about the boundedness of the (PS). sequence of J under different assump-
tions on the functions M and f.

Lemma 2.2 Assume that M satisfies (M1)-(My) and f satisfies (fs). Then any (PS). se-
quence of the functional ] is bounded in X.

Proof Let {u,} be a (PS), sequence of the functional J. Then by (M;)-(M;) and (fs), one
has

1
c+ 1+ luyll = J(u) - E(]/(un)r un)
1. 1 _
= i) - / Flt ) — [ Mt 17) ] 27
V4 Q o
+ l/f(x, Uy, Uy, dx
o Jo

> (% - é) [l 1) e /Q (F(x, ) = éf(x, un)un) dx

o 1 _
> (— - —)mﬁ .
p o

Therefore, {u,} is bounded in X. O

Lemma 2.3 If assumptions (My), (My), (f1), (f2) and (£5) are satisfied, then any (PS), se-
quence of the functional ] is bounded in X.

Proof Set h(t) = F(x,t'2)t%, t € [1,00). For |z| > rand 1 < ¢ < r!|z|, we deduce from (f5)
that

W(t)=f(x t_lz) (—zt_z)to‘ +F(x, t’lz)outo‘_1

=1 [aF(x, t’lz) - t’lzf(x, t’lz)] <0.
Hence k(1) > h(r7!|z|). Therefore,
F(x,2) > r*F(x,rlz|"2)|z|* = Ciz|%

where C; = r™¥infyeq uj=r F(%, ) > 0. Then there exists 8 such that max{gi,p} < B <aand

F(x,u)
=+00
lul—oco  |ul|P

Let {u,} be a (PS). sequence of the functional J. In the following, we prove that {u,} is
bounded in X. Suppose, on the contrary, that {x,} is unbounded. Then we can assume,
without loss of generality, that ||u,| — oo as n — oc.
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By integrating (M,), we obtain

. . ¢ 1/o

M(t) SM(L‘O)<%> , (2.1)
and so

M) < (Mt(ﬁ‘f,)>_lt i (22)

holds for all £ > £, > 0. Consequently,

M( M(to) ple 14
— u “ Uy
[M(”un”p)]p lllun”p < tl/a ” n” ” ”

Nl 117 - ll4,, |1
Mt
= ( )Ilunll_‘ﬂ—>0 as n — oQ0.
tl/a
0

Note that

')y ) (MU )Pt P f G, )t
llun 1P ol o llual?

)

we deduce that

S un)uy,

lim 5 dx=0.
n=o0 Jo o [l
Setv, = H . Since X is a Banach space and ||v,|| =1, passing to a subsequence if neces-

sary, there is a pomt v € X such that
v, —~v weaklyinX, v, — v stronglyin L#(), and v,—v ae. inQ.

Denote 2 := {x € Q|v(x) #0}. Then |u,(x)| — oo for a.e. x € Q. By assumptions (f1), (f2)
and (f5), we know that there exist constants C,, C;3 > 0 such that

flx,u)u > Colul? — CslulP  forall (x,u) € Q x R.

Therefore
X, Up)U 1214
f — 2 3C2/|vn|ﬁdx—c3/ il
I 117 Q o lluallP»
Consequently,

/fx’”” U zczf |v|ﬁdx:c2/ Iv|® dx.
'H°° ll2, 112 Q oS

If meas(2) > 0, then

X, Ut
0= lim fi( )it
n—>o0 Jo o llullP

dx > C2/ [v|? dx > 0.
Qo
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This is a contradiction. Hence meas(£2p) = 0. So, v(x) = 0 a.e. in 2. Moreover, by (f;), (f2)

and (f5) we know that there is a constant C4 > 0 such that
1
—uf(x,u) — F(x,u) > —Cyl|ulP forall (x,u) € Q x R.
o

Consequently,

1
ll24, 117

[](un) - é(]/(un, un>]

1

- <% ) &)[M(Hunup)]p—l

—/ (F(x, Mn) - lf(x» M,,)M,,) ; dx
Q o e 1P
(2Dt [ s

p o Q

This implies 0 > (% - é)mg_l. But this is again impossible. Therefore {u,} is bounded
in X. (]

Note that « > ff—’ in assumptions (f4) and (f5). Now, we consider the case @ = §. In this

case, we should strengthen our assumption on M. Then, we have the following result.

Lemma 2.4 Assume that conditions (M;), (M3) and (fs) are satisfied. Then any (PS), se-
quence of the functional ] is bounded.

Proof 1t follows from the assumptions that

c+1+ ”un” zj(un) - %(]/(Mn), un)

> B g, —/ (F(x, ) - Zf (x, Mn)”n) dx
p Q V4
M s
> —|lu, P
V4
Since ps > 1, ||u,|| is bounded in X. O

3 Proofs of Theorems 1.1-1.3

In this section, we use the following fountain theorem to prove Theorems 1.1-1.3.

Lemma 3.1 (Fountain theorem [15]) Let X be a Banach space with the norm | - ||, and let
X; be a sequence of subspace of X with dim X; < oo for each i € N. Further, set

o0 k o0
X:@Xv Yk:@Xi, Zk_EBXl
i=1 i=1 i=k

Consider an even functional ® € C'(X,R). Assume that for each k € N, there exist py > yx >
0 such that
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(@1) ay = maxyey juj=p P() <0,
(cbz) bk = inquzk,HuH:Vk CI)(M) — +00, k — +00,
(®3) D satisfies the (PS). condition for every ¢ > 0.

Then ® has an unbounded sequence of critical values.

Proof of Theorem 1.1 Since X = Wé’p (€2) is a reflexive and separable Banach space, it is well
known that there exist ¢; € X and ef € X* (j=1,2,...) such that

1) (ei,e]’-‘) =3, where 8;; =1 for i = jand §;; = 0 for i #}.

(2) X =span{e,ey,...}, X* = span{e], e}, .. .}.

Set X; = span{e;}, Yi = B, Xi, Zx = B X

In the following, we verify that / satisfies all the conditions of the fountain theorem.

1. By (f3), the energy functional ] is even.

2. In view of (f;) and (fy), there exist positive constants Cs and Cg such that
F(x,u) > Cs|u|®* — Cs forall (x,u) € 2 x R.
Moreover, inequality (2.1) implies that there exist constants C;, Cg > 0 such that
M(t) < Gt + Gy (3.1)
for all £t > 0. Hence

ﬂms(awﬁ+@%lfMW—me

1
p
Since all norms are equivalent on the finite dimensional space Y and o > £, we have

ag:= max J(u)<O0
u€ Yy, lull=p

for ||u|| = pi sufficiently large.

3. Set By = SuPueZk,uuH:l(fQ |u|? dx)"4. From the fact Zy,1 C Z, it is clear that 0 < By,; <
Pi. Hence B — Po > 0 as k — +00. By the definition of B, there exists u; € Z; with
|lu]| = 1 such that

1/q
—l/kfﬁk—<f |Mk|qu> <0
Q

for all k > 1. Then there exists a subsequence of {u;} (not relabeled) such that uy — u in
X and (u, e;‘) = limkﬁoo(uk,e;‘) =0 for allj > 1. Thus u = 0. This shows u; — 0 in X and so
ur — 0in L1(2). Thus By = 0.

For any € > 0, (f;) and (f,) imply

|F(x, )| < €lul? + C(e)|ul?
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for some C(¢) > 0. Therefore, for any u € Z, there holds
1 _
7 = S [ (lel) P ul? - | Fosd
4 Q
> Tl = [ 1l da-cte) [ puttas
p Q Q
o p _
> (;mﬁ l—espl)nunp - C)BNulf,
where S, is the best Sobolev constant for the embedding of X into L7(2), i.e.,

-1
letllzr) < S, P llull.

Select € so small that %mf;_l —€S,'>0and let

o 1

N
yk‘( 2C(e) 7 ) ’

we obtain

1 .
J(w) = E(%mﬁ ! —eS;l)y,f.

by = inf
ueZp,llull=yx

Since Bx — 0, we have by — +00 as kK — +00.
4. By Lemmas 2.1 and 2.2, / satisfies the (PS), condition. Consequently, the conclusion
follows from the fountain theorem. O

Proofof Theorem 1.2 It follows from Lemmas 2.1 and 2.3 that J satisfies the (PS), condition.
Similar to the proof of Theorem 1.1, we have that all the conditions of Lemma 3.1 are

fulfilled. 0

Proofof Theorem 1.3 By Lemmas 2.1 and 2.4, ] satisfies the (PS), condition. From the proof
of Theorem 1.1, it is sufficient to show that condition (®;) in Lemma 3.1 is satisfied.
By (f1), (f2) and (f;), we deduce that for any M > 0, there exists a constant C(M) > 0 such
that
F(x,u) > Mlu|7 — C(M).
Since (M3) implies (M,), it follows that (3.1) still holds. Therefore

J) < ;(anun? £ Gy) - /Q (Mul¥ = C(D) dx.

Note that all norms are equivalent on the finite dimensional space Y, there exists a con-
stant 1 > 0 such that

1
J(u) < ;(Qnuu? +Cg) — uM|u)|* + C(M)|Q|

C C
- <—7 —mM)Hunfr—’ + = conQl.
p p

Page 9 of 16
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Fix M > 1%, then there exists large px > 0 such that

ar:= max J(u)<O.
u€Yp,llull=px
This completes the proof. O

4 Proofs of Theorems 1.4and 1.5
In this section, we consider a special case f(x, 1) = AM|u|92u + |u|2u (1< g <p <r<p*).In
this case, the associated energy functional is

1A 1 1
Jo) = SRr(ap) - 1 / Ml dx - / ul” d, (4.1)
p qJa rJo

where M(s) = fos [M(t)]PL dt. 1t is well known that the energy functional J, (u) is of class
C! in X = H}(2) and the solutions of problem (1.1) are the critical points of the energy
functional. Since J; is not bounded below on X it is useful to consider the problem on the
Nehari manifold

N = {u € X\{0}{J} (u), u) = 0},

where (-,-) denotes the usual duality. Clearly, u € A if and only if

[t ()P = [ wtt s+ [ Jut a

Since V' is a much smaller set than X, it is easier to study /; () on the Nehari manifold.
Moreover, we have the following result.

Lemma 4.1 Assume or > p and M satisfies (M), (My). Then the energy functional ], is
coercive and bounded below on N

Proof We denote by C; the best Sobolev constant for the embedding of X in L*(Q2) with
1< s < p*. In particular,

el sy < CTYP|lu||  for all u € X\{0}.
Let uz € N. Then we have

1. 1 1
]A(u)=—M(IIuII”)——/klul"dx——/ |u|" dx
V4 qJa rJjo

;o[M(nun”)]”‘lnunp— %/ﬂxmwx— %{[M(Ilull”)]p_lllullp—/Q)\Iul"dx}

- (% - %)[M(Huuf’)]”1||u||ﬂ—x(é - 1) [ utas

1 _ 1 1\ -4
> (2= )l - = - = ) .
0 q
p r q T

Since % > % and g < p <1, ], is coercive and bounded below on V. d

>
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The Nehari manifold AV is closely linked to the behavior of the fibering map K, : t —
J;.(tu). For u € X, we have

1. 1 1
K,(t) = —M(tp||u||p)——t"/ A|u|qu——t’/ |u|” dx;
p q Ja rJa

K(0) = [M(& ull?) P 7 alf? = 20! / ul?dx — ¢! / lul” dx;
Q Q

K1) = [M(&1ul?) P~ o - D2 ul?

+p(p = D2l [M (e ) [P (¢ 1))

—A(q—l)tq‘Z/ |u|qu—(r—1)tr_2/ |u|" dx.
Q Q

Clearly, tu € NV if and only if K/ (¢) = 0. It is natural to split A into three parts correspond-

ing to local minima, local maxima and points of inflection, i.e.,

N* ={ue NK}(1) >0},
N° ={ue NIK](1) =0},
N~ ={ueNIK](1) <0}.

Then we have the following lemmas.

Lemma 4.2 Suppose that ug is a local minimizer of J,, on N and uy ¢ N°. Then uy is a
critical point of J;..

Proof Our proof is almost the same as that of Binding et al. [16] and Brown and
Zhang [17]. O

Lemma 4.3 Suppose that M satisfies (M) and (My). Then there exists Lo > O such that
N =0 forall 0 < i < Ag.

Proof For each u € N/, we have
K1) = - p[MIel?) P uall? + plo - Dl 2 [M(1al?) [P~ M (1all?)
—(r— "d 4.2
r-q) /Q " dx 4.2)
= —(r=p)[MIl?) P 1ll? + plo = Dlluel  [M(1|all?) P> M (11]P)
+A(r—q)/ |u|? dx. (4.3)
Q

Furthermore, if u € N9, then

-y ul? < (o - D[M(1ul?) P el + plo = Dl [M(ull?) P> M (11]1?)

=<r—q)/ ul" dx < (r = )C, |l
Q
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and

—-p)d- _ —-p)d- _

r=pld-1) ’”); Dty < TZPED ”); D () Pl

< (r=p)[MIlu?) P luall?
—p(p =Dl [M(1|ull?) > M ()17
Ar—q)Cy” llu .

Consequently,

(L | )G )

r-qC"" “\r-pd-1m’ '
Therefore,

A>Aoi=

( (p—qmy )WW) (r—p)d -1y
r-qC"" dir-qC; "

Hence N° =@ forall 0 < A < Aq.

Page 12 of 16

O

Lemma 4.4 Suppose that conditions (M), (My) hold. Assume also 0 < A < )\0% and q <
B < r. Then, for each u € X\{0}, there exist t* and t~ such that t'u e N* and t - ue N~.

Proof Fix u € X\{0}. Then it follows from condition (M;) that

K6 = [ 1) e = [ it [y ds
Q Q
ng_ltp"lllullp—ktq‘lf |u|qu—t’—1/ |ul” dx
Q Q
:tp’l(mp lull” - h(t)),

where h(t) = A1 [ |u|Tdx + ¢ [, |u|” dx. Since

H(t)=rg —p)t‘”"lf |ul|?dx + (r —p)t”p_lf |u|” dx,
Q Q
we obtain /' (1) = 0 for

, :(A(p—q)fgmwdx)%z
N -p) fylulrax )

Moreover,

h(tM)—( q ) /|u| dx

r

()‘(P—Q) Jo |”|qu>r$ / lul” dx
Q

(r=p) Jq lul" dx
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rp P

_r-4 M)ﬁ( qd):;];( rd)”’
p_q( r—p /S;'M' * /Q|u| x
—q

r-p
—q (r-p) (r-q)
<Mp_q))r iy

C P ull.
r-=p

b

r

< C,
p-q 1

Hence m€71||u||" > h(tp) and so K] (¢yr) > O for all

r—q
1)/ =gy —q\ ™ d
0<A<m(§ ng/pC,”('”)u(p q) = Ao .
p-qg\r—q d-1

On the other hand, it follows from (2.2) that

K(6) = [ 1) e e = [ it [y as
Q Q

Mt
e ”Tl/
oty? Q

|u|? dx — tH/ lu|” dx.
Q
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Since g < f <r,thereexist 0 < f < fa1 < £ such that K/, (#) < 0, K/,(£2) < 0. Note that N =,
we deduce that there exist t*, £~ such that K] (") = K/(¢7) = 0 and K]/(¢*) > 0 > K/(¢7).

Hencettu e N*and tue N~.

Proof of Theorem 1.4 By Lemma 4.3, we write N’ = A'* U N~ and define

oy = uiefjl\% I (w), o, = uiefjl\;_])\(u)‘

O

In view of Lemma 4.1 and the Ekeland variational principle [18], there exist minimizing

sequences {u;} and {u} for J, on N'* and N/~ such that
A (u;) =a; +0(1), I (u;) =a; +0(1)
and

J () =0Q),  Ji () = o(1).

Furthermore, Lemma 2.1 implies that there exist #§ and u; such that u;, — uj and u;, — u;

strongly in X. Note that «} € N'* implies K. (1) =0 and K’ (1) > 0. Letting n — oo, we
deduce that K. (1) = 0 and K/, (1) > 0, and so u* € N* UN?. By Lemma 4.3, we obtain
u* € N*. Similarly, u= € N~ Since J; () = J,(|u|), we may assume u, and u; are non-

negative. Moreover, it can be deduced from Lemma 4.2 that #§ and u; are nonnegative

solutions of equation (1.1). Finally, since N* N N~ = @4, we infer that u§ and ug; are two

distinct solutions.

Finally, we prove Theorem 1.5 by the following dual fountain theorem.

O

Theorem 4.1 (Dual fountain theorem [19]) Assume that] € C1(X,R) satisfies J](—u) = ] (u).

Iffor every k € N there exist py > ry > 0 such that

(B1) ax :=infuez, juj=p, J () = 0 as k — oo,
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(B2) by := maxyey,, juj=r, J (1) <0,

(Bg) dk = infuezk’”,,,uspk ](u) —0ask— oo,

(Ba) J satisfies the (PS)} condition for every c € [dk,,0), that is, any sequence {uy} CX such
that

up € Yoy J(n) = ¢, ]|/Yn]' — 0, asn— o0

has a convergent subsequence.

Then ] has a sequence of negative critical points {ur} with J(ui) — 0.

Proof of Theorem 1.5 1. Let

1/q
Br:= sup (/ |u|qu> .
ueZp,lull=1 \J @

Then by (M;)-(M,), for all u € Zy, there holds

1A 1 1
A(u>=—M(||u||p)——/ Alulqu——/ ul” dx
p qJa rJo

—

A 1 -z
-1
> —om IIHII”—;ﬂZIIMII”—;Crpllu||’~

]

Since p < r, we have

1 _ 1 -z orCP I\ VP
—omf ul? = =C, 7 lu|” forall ||u||sR=<’—°) :
r

2p 2p
Therefore,
1 . Ao .
() > 2—0m€ lull? = =B llull?  forall u € Z; with |lu]| <R. (4.4)
4 q
Choose
< 2}9)»,3,? >1/(19—q)
Pk = g .
qom '

It follows from B; — 0 that pr — 0. Hence there exists ky > 0 such that p; < R for all
k > ko. Consequently, /; () > 0 for all k > ko, u € Zy and |u| = px. This gives (By).
2. Since in the finite dimensional space Y} all norms are equivalent, there exist positive

constants Cy, Cjg such that
/ lul?dx > Collul|? and / lul"dx > Ciollull".
Q Q

Then, by (2.1), we obtain for all u € Y}

M(to)

pi°

p A C .
J(u) < el e = = Colluell® — == [lu])".
q r
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Notice that f > g and r > g, we deduce that J; (#) < O for ||u|| = r¢ sufficiently small and (B5)
is proved.
3. It follows from (4.4) that, for all 4 € Z; with ||u| < pr and k > ko,

A
/A(M)Z—;.BZ/)Z'

Since B¢ — 0 and px — 0 as k — oo, relation (B3) is satisfied.
4. Finally, we prove that J, satisfies the (PS)} condition. Let {vtn;} be a sequence such that
{un} C Y,,j,],\(u,,j) — cand J|} — 0as #n; — oo. Then by (M;)-(M,) we have
"y

1
c+1+ ”unj || zjk(unj) - ;(])/L(unl): unj>

1. 1 -1 1 1
i, ) = Ml ) (3= [0

o 1 _ 1 1\
> (— - —)mﬁ i, 17 —A(— - —)qu/ﬂmn,nq.
p r q r

This implies Nl |l is bounded. Obviously, f satisfies (f;). Hence, by Lemma 2.1, J; satisfies
the (PS)} condition.
We complete the proof by applying the dual fountain theorem. d
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