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Abstract

We consider the non-classical heat conduction equation, in the domain

D=R"" x R*, for which the internal energy supply depends on an integral function
in the time variable of the heat flux on the boundary S = dD, with homogeneous
Dirichlet boundary condition and an initial condition. The problem is motivated by
the modeling of temperature regulation in the medium. The solution to the problem
is found using a Volterra integral equation of second kind in the time variable ¢t

with a parameter in R"". The solution to this Volterra equation is the heat flux (y, s) —
V(y,t) = u,(0,y,t) on S, which is an additional unknown of the considered problem.
We show that a unique local solution, which can be extended globally in time,

exists. Finally a one-dimensional case is studied with some simplifications. We obtain
the solution explicitly by using the Adomian method, and we derive its properties.
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Keywords: non-classical n-dimensional heat equation; nonlocal sources; Volterra
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1 Introduction
Let us consider the domain D and its boundary S defined by

D=R"'xR'={(xy) eR":x6=%,>0,y = (x2,...,%,) e R"}, (L1)
S:BD:R”_Ix{0}:{(x,y)eR”:x:O,yeR”_l}. (1.2)

The aim of this paper is to study the following Problem 1.1 with a non-classical heat-flow
feedback problem in the domain D with nonlocal source, for which the internal energy
supply depends on the integral fot ux(0,y,s)ds on the boundary S.

Problem 1.1 Find the temperature u at (x, y,£) such that it satisfies the following condi-
tions:

t
ut—Auz—F</ ux(O,y,s)ds>, x=x >O,ye]R"’1,t>0,
0

u(0,9,¢)=0, yeR"t>0,

u(x,5,0) = h(x,y), x>0,yeR",
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where A denotes the Laplacian in R”. This problem is motivated by the modeling of tem-
perature regulation in an isotropic medium, with non-uniform and nonlocal sources that
provide cooling or heating system; this could represent a feedback air-conditioning sys-
tem in a macro scale installation. According to the properties of the function F with
respect to the heat flow, V(y,s) = u,(0,y,s) at the boundary S. For example, assuming
that

VF(V)>0, VYV #0,F7(0)=0, (1.3)

with
F(V(ye) = F( / t V(y,s) ds) (1.4)
0

then, see [1, 2], the cooling source occurs when V(y,t) > 0 and the heating source occurs
when V(y,£) < 0.

Some references on the subjectare [3] where (V) = F(V) and [4—7] where the following
semi-one-dimension of this nonlinear problem was considered. The non-classical one-
dimensional heat equation in a slab with fixed or moving boundaries was studied in [8—
11]. More references on the subject can be found in [12-16]. To our knowledge, it is the
first time that the solution to a non-classical heat conduction of the type of Problem 1.1 is
given. Other non-classical problems can be found in [17].

The goal of this paper is to obtain in Section 2 the existence and uniqueness of the
global solution of the non-classical heat conduction Problem 1.1, which is given through
a Volterra integral equation. In Section 3 we obtain the explicit solution of the one-
dimensional case of Problem 1.1, with some simplifications, which is obtained by using
the Adomian method through a double induction principle.

We recall here the Green’s function for the #-dimensional heat equation with homoge-

neous Dirichlet’s boundary conditions, given the following expression [18, 19]

2
expl- 28

@vm(t-T)"!

Gl(x>y’ t;E,U,T) = G(x’ t,é,l’), (15)

where G is the Green’s function for the one-dimensional case given by

68?2 _@e)?
e 4t-1) — g 4(t-7)
G t,§,1)=————, >T.
2w (t—1)

2 Existence results

In this section, we give first in Theorem 2.1 the integral representation (2.1) of the solution
of considered Problem 1.1, but it depends on the heat flow Von the boundary S, which
satisfies Volterra integral equation (2.3) with initial condition (2.4). Then we prove, in
Theorem 2.3, under some assumptions on the data, that there exists a unique solution of

Problem 1.1 locally in times which can be extended globally in times.
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Theorem 2.1 The integral representation of a solution of considered Problem 1.1 is given
by the following expression:

M(x,)’, t) =Uo (xryr t)

v erf(;7=) lly —nll>
_fo m[/WI exp[— 2 0) ]f(V(n,r)) dn] dr, (2.1)

where

erf(¢) (2 / ‘ -dex)
= —= e
77 Jo
is the error function, with
o5, = [ Galw, 56,0, A&, ) i (22)
D

and the heat flux V(y,t) = u.(0,,t) on the surface x = 0 satisfies the following Volterra
integral equation:

V(y,t) = Voy, )

t 1 ly —nll?
— 2/0 7(2 =) |:/R”-1 exp[— 2—1) ]f(V(n,r)) dr]] dr (2.3)

in the variable t > 0, with y € R"! is a parameter and

Vo0,0) = [ Gua(0,3,6,1,0)i(e, ) s (2.4)
where the function (y,t) — F(V(y,t)) is defined by (1.4) for y e R and t > 0.
Proof As the boundary condition in Problem 1.1 is homogeneous, we have from [18]
e 0) = [ Gyt 1, 0E, )
+ /Ol /D Gy, 58,0, 7)[-F(V(n,1))] d§ dndx, (2.5)
and therefore
e ,0) = [ Grate 16,0, 0Vh(E, ) e
+ /Ot /,; G386, m,7)[-F(V(n, 7)) | dé dndr. (2.6)

From (1.5) (the definition of G;) by derivation with respect to x, then taking x = 0, we
obtain

/DG1,x(0:y:t;§»77yf)]:(v(n,T)) dé dn
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lly=nl12
_ }_(V(n,f))e‘w—r)< oo ui—2ﬂd>d
A”‘l (t—‘[)y‘Zﬂ(Zﬁ)n /0 Ee & )dn

2
V-0

lly=n1®

/ F(Vn)e & dn, @7)
Rn—l

as
+00 52
/ e W dE =2(t-1).
0

Thus, taking x = 0 in (2.6) with (2.7), we get (2.3).
Also by (1.5) we obtain

/D Gy, 36,1, T)F (V0 7)) d dy

1 / S [ 525 _ s 1F (V1) d d

=—— | 4T | 4D —g 4T ,T
evat-o0r Jo " 1
- / [ St IE5G dp F(Vin1)d

— e -1) —e T e T » T )
(2/\/ ﬂ(t - '[))n R+ Rr-1 i g

and by using
+0O (4 )2 0 %
f e -7 dE =24/t -1 (f X dX + /ZF X dX)
0 —00 0

:\/n(t—r)(1+erf( i ))
2Jt—-1
and

TOO _(xrg)? +00 =
/ e W) d& =2vt—t</ e’deX—/2 ‘ e‘deX>
0 0 0

x
= 7'[(1,‘—T)<1—erf<2 t—‘L’>)’

we get

Crf(zjz_—r 7”‘3/7_?”2
/];Gl(x,y,t,é,n,r)f(\/(n,t)) dédn= W/Rn—le a7 F(V(n,1))dn.

Taking this formula in (2.5), we obtain (2.1). O
To solve Volterra integral equation (2.3), we rewrite it in a suitable form.

Lemma 2.2 Volterra integral equation (2.3) can be rewritten in the following form:

1 _% —”y?fl”z
V()’:t)zmﬂvge </Rn—le h(E,’?)d’?>d5

- (2;?)}1 fo (t—lt)"/2 fR - f(V(n,z))e‘% dndr. (2.8)
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Proof Using the derivative, with respect to x, of (1.5), then taking x = 0 and t = 0, then
taking the new expression of Vj(y, t) in Volterra integral equation (2.3), we obtain (2.8). [J

Theorem 2.3 Assume that h € C(D), F € C(R) and locally Lipschitz in R, then there exists
a unique solution of Problem 1.1 locally in times which can be extended globally in times.

Proof We know from Theorem 2.1 that, to prove the existence and uniqueness of the so-
lution (2.1) of Problem 1.1, it is enough to solve Volterra integral equation (2.8). So we
rewrite it again as follows:

Vy,t) =f(y,t) + /0 gt Vy1)dr (2.9)
with
1 _% o=
f(y,t)sz+§e </Rn1€ )dé (2.10)
and
_ )12 y-nl?
gtT VoD - —2(("‘2 \/}))n f F(V(n, e 40T dn (2.11)

We have to check conditions H1 to H4 in Theorem 1.1 page 87, and H5 and H6 in The-
orem 1.2 page 91 in [20].
« The function f is defined and continuous for all (y,£) € R""! x R*, so H1 holds.
+ The function g is measurable in (¢, 7,y,%) for 0 < T <t < +00,x € R,y € R", and
continuous in x for all (y,z,7) € R"! x R* x R*, g(y,£,7,%) = 0 if T > £, so here we
need the continuity of

V(n, ) F(V(n, 1)) :F</0 V(n,s)ds),

which follows from the hypothesis that F € C(R). So H2 holds.
« Forall k>0 and all bounded sets B in R, we have

2
g 6,7, X)| < sup!f(X |t - 7)™ /RH eI ™D g

Zf )" x

sup|]-'(X)| -7)™2(2 7r(t—t))"_l

2\/_

T lF0 s,

thus there exists a measurable function m given by

m(t,T) = Lsup’]:(X)‘ !

= Sup 0 (2.12)

such that

lgt, T, X)| <m(t,r) YO<t<t<kX€eB, (2.13)
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and it satisfies

t
1
L, 1)dt = — F(X d
g, et~ T ool e [ e
1
= —sup’]—'(X‘ sup (=2v/(£-1)[5)
te[0,k]
= —sup’}'(X)‘ sup vt < isup‘}' | < 00,
te[0,k] T
so H3 holds.

« Moreover, we have also

1
hm m(t T)dt = —sup|.7-" X)| lim
0

todr
T xe =0t Jo t—T1

1
=— sup|.7-'(X)| lim (2v/%) = 0, (2.14)
T XeB t—0*
and
T+t 1
lim m(t,t)dt = — sup|}'(X)| lim (2+/%) = 0. (2.15)
=07 J1 VT XeB t—0%

+ For each compact subinterval / of R*, each bounded set B in R""}, and each ¢, € R*,

we set

A(t,y, V(n) = |g(t, T, V(n, 1)) - g(to, T3, V(n, 7)),

") 2
./ e l‘ﬂcy(tj% _41)) —e f%on"r —]-"(V(n,r)) dn|d
Ri-1 (t—1)™? (to —1)"2

A(t,y, V() =

(2«/_)” f

as the function 7 — V/(n, t) is continuous, then

‘L'I—)/ V(n,s)ds
0

is C!(R) and is in the compact B C R for all n € R”"1, so by the continuity of F we get
F(V(n,t)) C F(B). That is, there exists M > 0 such that | F(V(n, t))| < M for all
(n,7) e R x R*. So

sup A(t,y, V(n)

V(n)eC(,B)
_ly-nl® _ly-ni?
2M e 4t-1) e -1
L [
2Vm)" viecy .l Jrt E=7) ri-1 \/(to — 7)
Using that

ly—nl? _ -1
A;{n_lexp[—ll(t_ﬂ]dn—@ n(t-1)",
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we obtain

@VrE-t)"t  2Vrlto-1)" "

Alt,y, V -
B L T e W =
thus
N
Alt,y, V .
(q)sscp(ls) (63, V(D) = \/_V eC(/B (t—1)to— 1)

Thus we deduce that

lim sup A(t,y, V(n)) dr =0.
=t Jy vinecy.n)

So H4 holds.
« For all compact I C R*, for all functions ¢ € C({,R”), and all £, > 0,

lg(t, T 9(1) - g(to, T, ¥ ()|

_ \Ly(—nu? _ AIL\%Z—WHZ)
e t-t e 0-T
- d
/]Rn—l Fr@) <(t )2 (o - 1,')"/2) ‘

as F € C(R) and ¢ € C(I,IR"), then there exists a constant M > 0 such that
| F(¥(t))] <M for all T € I. Then we obtain, as for H4, that

_ 2
CNE

lim /|g(t’f$1/f(f)) -g(to, T, ¥ (1)) |dr =0

t—ty

So H5 holds.
+ Now, for each constant K > 0 and each bounded set B C R}, there exists a

measurable function ¢ such that

gt 7,%) - (0,8, T, X)| < 9(t, D)l - X

whenever 0 < v <t <K and both x and X are in B. Indeed, as F is assumed to be a

locally Lipschitz function in R, there exists a constant L > 0 such that
| F(x) - FX)| <L(x)lx - X| ¥(xX) € B>

with L(t) = Lt. Then we have

|g(ytrx) g(ytrX|

gl - - Fo

< 2 (/ "i/tUHZ d )( )—n/2L | X|
< e 7 dn T T|x—
Q)" \Jrm
Lt

= St —-1)

|x_X|r
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then ¢(t,t) = J% We have also for each ¢ € [0, k] the function ¢ € L'(0,¢) as a

function of T and

t+l L t+l Tdt L 0
t+l,Ttdt:—f —:—/ W —t-1)du
/t l ) VTt Vivl-t T 1( )

L 1
=—l<l+t——)—>0 with [ — 0,

JT 3
where u=+/t+1-r1.

So H6 holds. All the conditions H1 to H6 are satisfied with (2.14) and (2.15).

Thus from [20] (Theorem 1.1 p.87, Theorem 1.2 p.91 and Theorem 2.3 p.97) there
exists a unique local times solution of Volterra integral equation (2.3) which can be
extended globally in times. Then the proof of this theorem is complete. O

3 The one-dimensional case of Problem 1.1
Let us consider now the one-dimensional case of Problem 1.1 for the temperature defined
by

Problem 3.1 Find the temperature u at (x, £) such that it satisfies the following conditions:

t
Up — Uyy = —F(/ ux(O,s)ds>, x>0,t>0,
0

u(0,t)=0, >0,

u(x,0) = h(x), x>0.

Taking into account that

¢ x
AG(x,t,S,r)dé:erf(zm), (3.1)

thus the solution of Problem 3.1 is given by

u(x, t) = ug(x, t) — /:erf<2\/j:TT)F(/Or W(a)dc) dt (3.2)

with

o, 2) = /0 Gl 1,€, 0)h(&) d, (3.3)

and W (t) = u,(0, ¢) is the solution of the following Volterra integral equation:

B B LF(f, W(o)do)
W(t) = Vo(t) /o—n(t—t) T, (3.4)
where
_ 1 +00 752/43 ~ 2 +00 ,,]2
Volt) = 5= fo g Mn(e) ds = —— /0 ne™" h(2/en) dn. (3.5)
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For the particular case
h(x) = hy >0 pour x>0, and F(W) =AW for 1 € R,

we have

uo(t,x) = ]’10 erf(zi\/z),

and integral equation (3.4) becomes

Wiy = o /‘ fo W(a)dcr

t—r

Lemma 3.1 Assume (3.6) holds. The solution of Problem 3.1 is given by

x ¢ x
u(x, t) = ho erf<2—ﬁ> —A/O erf(ﬁ>l,[(r)dt,

where U is given by

ho ¢ g(7)

N Nk

u) =
and g is the solution of the Volterra integral equation

1——/ (t)Vt-tdr.

Moreover, the heat flux on x = 0 is given by

t
u(0,t) = U'(¢t) = % - hOA/ g(t)dr, t>0.
0

Proof We set

U(t) = /t Wi(t)dr,
0

thus the function U satisfies the following new Volterra integral equation:

u) = 2h0\/7 \/_/ / «/?

t 21
=2ho,| — - —= U(t)\/t—rdr, t>0
T ﬁ 0

by using the following equality:

t
dr
/{;F—%/t o, O<o«<t.

Page 9 of 14

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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From [21], p.229, the solution ¢ — U(t) of integral equation (3.14) is given by (3.10), where
g is the solution of Volterra equation (3.11).
From (3.11) we obtain that

Lelr) !
/o mdt—2\/z—kﬁ£ g(t)Vt-1dr, (3.16)

using the following equality:

t 1
/ 'T_Gdr:(t—o)/ i ds:(t-a)3<§,l)
o 0

N= 1-¢ 2’2
o rerd)
—(t—O’)W—E(t—O’), (3.17)

where B and I" are the classical beta and gamma functions defined below.

Therefore, we have that

t t
U) =2ho,/ — — 1hg / glr)(t-r1)dr, (3.18)
4 0
and then the heat flux on x = 0 is given by u,(0,£) = W(t) = U'(¢), that is, (3.12) holds. O

We recall here the well-known beta and gamma functions defined respectively by

1
B(x,y):/ £ a-eytdt, x>0,9>0,
0

+00
I(x) =/ tletdt, x>0.
0

We will use in the next theorem the well-known relations

B(x,y):w, 'x+1)=xI'(x) Vx>0,
C(x+y)
F(%):\/_, F'n+1)=n' VneN,

and in particular the following one.

Lemma 3.2 For all integers n > 1, we have

F(n+ %) _ (2n—1)!!ﬁ’

214
and we use the definition
Cun-)'=2n-1)2n-3)2n-5)---5-3-1

for compactness expression.
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Proof Forn=1,wegetI'(3) = ‘zf, which is true. By induction we obtain that

o))

= (n + %) (2"_1)!!ﬁ _(@n+ 1)!!«/;,

on 2n+1

thus the lemma is true. O

Corollary 3.3 For all integers n > 0, we have also

1 6 )l
F<3n+5+§> =ﬂﬁ,

23n+5

’

B<§,3n+4> _ rérem+ 1)1+ 1) _ (3(n + 1))1230D41
2 I'Bn+5+3) (6m+9)!!

3 5\ TGIrEn+?) m(6m+3)!!

Bl -,3n+—- )= = ,
2 2 FBr+1)+1) (3(n+1))123+D)

which will be useful in the next lemma.

First, we need some preliminary simple results in order to obtain the solution of integral

equation (2.1).

t 2 t
f Vt-tdt = gtm, / 2t —tdr = ;1—4153, (3.19)
0

9N
/ SVi-tdr = t9/2 / 2/t 7dr = ;—6‘ , (3.20)
0
0t —tdr = =——¢"? 15/2«/ tdt = 7115” (3.21)
15" ’ o 299' ’ ’
which can be generalized by the following ones.
Lemma 3.4 For all integers n > 0, we have
t 3n+4
3 ST T dr = 2°%(3(n + 1))! 3ne3)2 (3.22)
0 (6m +9)!!
£ sen) w(6n+3)
S —_ _ (n+1)
/0 T 2 At-tdr= —23(”“)(3(1/1 1)1 (3.23)

Proof Taking the change of variable t = t£ in (3.22) and using Corollary 3.3, we get

t
2n+3
23t —tdr =

0

/ (1) de

2n+3

/ %.3n+4 1(1 é)i—ldé

32n+3) 3 B(n+ 1))!23("1+1)+1
=t 2 B|-,3n+4)|=——"F_——
2 (6(m +9))!
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and
A \/t—l’dt—t 1q- E)“ld“;‘
0
3en) (3 5 w(6n+3)! o,
=t 2 B —,3 - ]=—°¢F nt )’
(2 " 2) (30 + 1))12301+D)
thus (3.22)-(3.23) hold. O

Now, we will obtain the explicit solution of the integral equation

y(t) = 1——/y(r)Vt— dr, t>0, (3.24)

by using the Adomian decomposition method [22-24] through a series expansion.

Theorem 3.5 The solution of integral equation (3.24) is given by the following expression:

y(t)=1(t)—\/g/(t), t>0, (3.25)
with
2/3 431
I(¢) = Z A(gnt)), (3.26)
and
+00 (A2/3 ) (2g+1)
J(t) = ;W (3.27)

are series with infinite radii of convergence.

Proof Following the idea of [25-33], we propose, for the solution of integral equation
(3.24), the series of expansion functions given by

=D (o), (3.28)
n=0

and we obtain the following recurrence expressions:

yo(t) =1, yu(t) = _T yn 1(D)VEt-tdr, Vn>1 (3.29)
Then we get
~ (2)\’2/31, 3/2
O / Ji—tdr- ﬁ _ -\f (3.30)
2243
7ot = j’\_ ( ‘i/k_ )«/t Tdt 5/ 2 i 7 dr = —t. (3.31)
0



Boukrouche and Tarzia Boundary Value Problems (2017) 2017:51 Page 13 of 14

The first step of the double induction principle is just verified by (3.25) taking into ac-
count (3.30), (3.31). For the second step, we suppose by induction hypothesis that we have

)\2;1 23n+2 )\2n+1

_ 3n _ 3(2n+1)
Jan(t) = —(Sn)!t , Jona(t) = Benr ) v t (3.32)
Therefore, we obtain
2n+2 23n+3 t 2n+1
Jons2(t) = \/— )’2n+1(f)\/t Tdr = m Vt-tdr
Az 30D g (6n+3)! g
(61 + 3)11 2301+ (3(y1 + 1))!
)L2n+2 3
_ (n+1)
=——¢ 3.33
B(n+1))! ( )
and
2)\’2n+3 t 3e3
Yo,.3(8) = — w(tVt—1d —_— meJt—td
2n+3(8) f yz w2(T)V T= "Bz Jo Y T
2)\2%3 23“4(3(1’1 + 1))! 3(2143)
= — 2
Bm+1)/m (6n+9)!
23(n+1)+2k2(n+1)+1 tg(mzl)ﬂ (3 34)
T /mBRr+1)+ ! ’ ’
This ends the proof. d

Remark 3.6 Taking t — 0% in (3.14), (3.12), and (3.11), we obtain

W (0%) = +oo, W' (0%) = —oo0,
u@©*)=0, U (0%)=+oo,

¢0) -1 ¢(0)-0.

So we deduce that the heat flux W and the total heat flux U, and also g, are positive func-
tions in a neighborhood of £ = 0

4 Conclusion

We have obtained the global solution of a non-classical heat conduction problem in a
semi-n-dimensional space. Moreover, for the one-dimensional case, we have obtained the
explicit solution by using the Adomian method with a double induction principle.
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