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Abstract
In this paper, we investigate how the initial value belonging to spacesWσ (RN)
(0 < σ < N) affects the complicated asymptotic behavior of solutions for the Cauchy
problem of the evolution p-Laplacian equation with absorption. In fact, we reveal the
fact that σ = p

q–p+1 is the critical exponent for the complicated asymptotic behavior of
the solutions.
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1 Introduction
In this paper, we study the complicated asymptotic behavior of solutions for the Cauchy
problem of the evolution p-Laplacian equation with absorption

∂u
∂t

– div
(|∇u|p–∇u

)
+ λuq =  in (,∞) ×R

N , (.)

u(x, ) = u(x) in R
N , (.)

where p > , q > p–+ p
N , N ≥ , λ >  and ϕ(x) ∈ W +

σ (RN ), i.e., ϕ(x) ≥  and ϕ ∈ Wσ (RN ) ≡
{φ ∈ L

loc(RN ); |x|σ φ(x) ∈ L∞(RN )} with the norm ‖ϕ‖Wσ (RN ) = ‖| · |σ ϕ(·)‖L∞(RN ).
For solutions of some evolution equations, different initial values may cause different

asymptotic behaviors, see [–]. Consider Problem (.)-(.). If λ =  and the nonneg-
ative initial value u ∈ L(RN ), it is well known that the solutions u(x, t) converge to the
Barenblatt solution UM in L(RN ) as t → ∞ []. If q > p –  + p

N ,  < σ < N and λ = , the
initial value u(x) ∈ W +

σ (RN ) and lim|x|→∞ |x|σ u(x) = A, then the solutions satisfy

t
σ

σ (p–)+p
∣∣u(x, t) – w(x, t)

∣∣ → 

uniformly on the cone {x ∈ R
N ; |x| ≤ Ctβ} as t → +∞, where β = q–p+

p(q–) and w(x, t) =
( 

q– )


q– if  < σ < p
q–p+ , or β = 

σ (p–)+p and w(x, t) is the solution of the Cauchy problem

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

http://dx.doi.org/10.1186/s13661-017-0806-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0806-9&domain=pdf
mailto:wanglw08@163.com


Wang et al. Boundary Value Problems  (2017) 2017:73 Page 2 of 14

of the evolution p-Laplacian equation without absorption

∂w
∂t

– div
(|∇w|p–∇w

)
=  in (,∞) ×R

N , (.)

w(x, ) = w(x) = A|x|–σ in R
N (.)

if σ = p
q–p+ , or β = 

σ (p–)+p and w(x, t) is the solution of Problem (.) with the initial value
w(x, ) = A|x|–σ if p

q–p+ < σ < N , see details in []. If λ =  and the initial value belongs
to the bounded function space, it was first founded by Vázquez and Zuazua [] that there
exists an initial value u ∈ L∞(RN ) such that the rescaled solutions u(t


p
n x, tn) converge to

different functions in the weak-star topology of L∞(RN ) along different sequences tn →
∞. This result means that the bounded function space L∞(RN ) provides the work space
where complicated asymptotic behavior of solutions takes place.

Since then, much attention has been paid to studying the complicated asymptotic be-
havior of solutions for evolution equations [–]. For example, Cazenave et al. considered
the Cauchy problem of the heat equation and got a series of important results about the
complicated asymptotic behavior of the rescaled solutions tμ(tβx, t) (μ,β > ) in papers
[–]. In our previous papers [–], we investigated the complicated asymptotic be-
havior of solutions for the porous medium equation. One can find some other interesting
results of the partial differential equations in [–].

Inspired by the above papers, in this paper, we try to find out how the initial value be-
longing to Wσ (RN ) with different σ affects the complicated asymptotic behavior for the
solutions of Problem (.)-(.) with λ = . In fact, we find that if  < σ < p

q–p+ , the compli-
cated asymptotic behavior for the solutions of Problem (.)-(.) with the initial value u ∈
W +

σ (RN ) cannot happen. While if p
q–p+ ≤ σ < N , then the complicated asymptotic behav-

ior for the solutions of Problem (.)-(.) with the initial value u ∈ W +
σ (RN ) may happen.

In fact, if σ = p
q–p+ , there exists an initial value u ∈ Bσ ,+

M ≡ {f ∈ W +
σ (RN );‖f ‖W +

σ (RN ) ≤ M}
such that for every φ ∈ Bσ ,+

M , there exists a sequence {tn} such that

lim
tn→∞ t

σ
σ (p–)+p
n u

(
t


σ (p–)+p
n x, tn

)
= v(x, )

uniformly onR
N , where v(x, t) is the solution of Problem (.) with the initial value v(x, ) =

φ; or if p
q–p+ < σ < N , then there exists an initial value u ∈ Bσ ,+

M such that for every ϕ ∈
Bσ ,+

M , there exists a sequence {tn} such that

lim
tn→∞ t

σ
σ (p–)+p
n u

(
t


σ (p–)+p
n x, tn

)
= w(x, )

uniformly on R
N , where w(x, t) is the solution of Problem (.)-(.) with the initial value

w(x, ) = ϕ. So, the complexity of asymptotic behavior of the solutions for p
q–p+ ≤ σ < N

occurs, according to Vázquez and Zuazua []. Therefore, we get that σ = p
q–p+ is the critical

exponent for the complexity of asymptotic behavior of solutions. For convenience, in the
rest of this paper, we define γ = 

σ (p–)+p and put λ =  in (.).
The rest of this paper is organized as follows. In the next section, we give some concepts

and lemmas. Section  is devoted to the study of the nonexistence of complexity for the
asymptotic behavior of solutions. The complexity of asymptotic behavior for the solutions
is considered for σ = p

q–p+ in Section  and for p
q–p+ < σ < N in Section , respectively.
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2 Preliminaries
In this section, we first give some concepts as [–]. For f ∈ L

loc(RN ) and r > , we
define

‖|f |‖r = sup
R≥r

R– N(p–)+p
p–

∫

{|x|≤R}

∣∣f (x)
∣∣dx.

The space X is given by

X ≡
{
ϕ ∈ L

loc
(
R

N)
;‖|ϕ|‖ < ∞ and lim

r→+∞‖|ϕ|‖r = 
}

with the norm ‖| · |‖. The existence and uniqueness of global weak solution for Problem
(.)-(.) with the initial value ϕ(x) ∈ X has been shown in [, ] and this solution
satisfies

u(x, t) ∈ C
α
 ,α(

(,∞) ×R
N)

(.)

for some α > . Note that for  < σ < N ,

Wσ

(
R

N) ⊂ X.

So we can define an operator T(t) : Wσ (RN ) → C(RN ) as

T(t)u(x) = u(x, t), (.)

where u(x, t) is the solution of Problem (.)-(.) with the initial value u(x).

Lemma . ([, ]) For w ∈ X, there exists a unique global weak solution w(x, t) of
Problem (.)-(.). Moreover, the evolution p-Laplacian equation generates a bounded
semigroup in X given by

S(t) : w → w(x, t).

If  ≤ q ≤ ∞ and w ∈ Lq(RN ) ⊂ X, then S(t) is a contraction bounded semigroup in
Lq(RN ).

The following two lemmas appeared in [] to study the chaotic dynamic systems in the
evolution p-Laplacian equation. Let us write 
(t) = {x ∈R

N ; w(x, t) > }, and let d(x,
(t))
be the distance from x to 
(t).

Lemma . (Propagation speed estimate []) Suppose  < σ < N . If w(x, t) is the weak
solution of Problem (.)-(.) with the initial value w ∈ W +

σ (RN ), then for  ≤ t < t < ∞,
we have


(t) ⊂ 
ρ(t–t)(t),

where 
ρ(t–t)(t) ≡ {x ∈ R
N ; d(x,
(t)) < ρ(t – t)} and ρ(t – t) = C(t – t)


σ (p–)+p ×

‖u‖
p–
γ

Wσ (RN ).
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The following lemma concerns the decay estimate of the solutions.

Lemma . (Space-time decay estimate []) Let  < σ < N . If u ∈ W +
σ (RN ), then for t > 

and x ∈R
N ,

S(t)u(x) ≤ C
(
t


γ + |x|)–σ . (.)

3 Nonexistence of complexity: 0 < σ < p
q–p+1

In this section, we consider the nonexistence of complicated asymptotic behavior for the
solutions of Problem (.)-(.) with the initial value u ∈ W +

σ (RN ). The ideas of the proof
of the following lemma come from [, , ], we give it here for completeness.

Lemma . Let

q > p –  +
p
N

,  < σ <
p

q – p + 
,

and let

ϕ ∈ W +
σ

(
R

N)
.

If u(x, t) is the solution of Problem (.)-(.) with the initial value u(x) = ϕ(x), then

lim
t→∞ sup

|x|≤Ct
q–p+
p(q–)

t


q– u(x, t) ≤
(


q – 

) 
q–

. (.)

Proof Let

uk(x, t) = k
p

q–p+ u
(
kx, k

p(q–)
q–p+ t

)
, k > .

So, for every k > , uk(x, t) is a solution of Problem (.)-(.) with the initial value

uk(x, ) = ϕk(x) = k
p

q–p+ ϕ(kx), k > .

Since u(x, t) = ( 
q– )


q– t– 

q– is a solution of equation (.), it follows from the comparison
principle that for every (x, t) ∈ (, +∞) ×R

N ,

uk(x, t) ≤ u(x, t).

This uniform upper bound implies that the sequence {uk} is equicontinuous on compact
subsets of (, +∞) ×R

N . So we can extract a convergent subsequence {uk′ } such that

uk′ (x, t)
k′→∞−→ U(x, t) ≤ u(x, t)
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on compact subsets of (, +∞) ×R
N . Therefore, for every C > , putting t = , kx = x′ and

k
p(q–)
q–p+ = t′, we obtain, omitting the primes,

lim
t→∞ t


q– sup

{|x|≤Ct
q–p+
p(q–) }

u(x, t) ≤
(


q – 

) 
q–

.

The proof of this lemma is complete. �

Theorem . Suppose

q > p –  +
p
N

and  < σ <
p

q – p + 
.

Let u(x, t) be the solutions of Problem (.)-(.) with the initial value u ∈ W +
σ (RN ). Then

the complexity cannot occur in the asymptotic behavior of the rescaled solutions t
σ
γ u(t


γ x, t)

in L∞(RN ). In other words, if there exists a function φ ∈ Wσ (RN ) and a sequence tn → ∞
such that

lim
tn→∞ t

σ
γ
n u

(
t


γ
n x, tn

)
= ϕ(x) (.)

uniformly on R
N , then

ϕ(x) ≡ .

Proof Suppose that (.) holds for some ϕ(x) �≡ . And, without loss of generality, we as-
sume that for some x ∈R

N ,

ϕ(x) > . (.)

It follows from (.) that there exists an integer n such that if n ≥ n, then

t
σ
γ
n u

(
t


γ
n x, tn

) ≥ 

ϕ(x). (.)

Note that u ∈ W +
σ (RN ). By using Lemma ., we obtain that

lim
t→∞ t


q– u(x, t) ≤

(


q – 

) 
q–

(.)

uniformly on the sets {x ∈ R
N ; |x| ≤ Ct

q–p+
p(q–) } for C > . It follows from (.) and the fact

σ
γ

– 
q– <  that there exists an integer n such that if n ≥ n, then

t
σ
γ – 

q–
n

(


q – 

) 
q–

<


ϕ(x).

So, from (.), we have

t
σ
γ
n u(x, tn) = t

σ
γ – 

q–
n t


q– u(x, tn) <



ϕ(x) for x ∈ {

y; |y| ≤ Ct
q–p+
p(q–)
n

}
. (.)



Wang et al. Boundary Value Problems  (2017) 2017:73 Page 6 of 14

Taking n = max(n, n), and then letting C = |x|t

γ – q–p+

p(q–)
n and x = t


γ
n x, we have

x ∈ {
y; |y| ≤ Ct

q–p+
p(q–)
n

}
.

Thus we deduce from (.) and (.) that



ϕ(x) ≤ t

σ
γ
n u

(
t


γ
n x, tn

)
<



ϕ(x).

So we get a contradiction. Therefore, (.) cannot hold for ϕ(x) �≡ . This means that if
(.) holds with  < σ < p

q–p+ , then

ϕ(x) ≡  for x ∈ R
N ,

and the proof is complete. �

4 Complexity: σ = p
q–p+1

To give the result about the complicated asymptotic behavior of solutions, we need in-
troduce some concepts. For  < σ < N and M > , the convex closed set Bσ ,+

M is defined
as

Bσ ,+
M ≡ {

ϕ ∈ W +
σ

(
R

N) ∩ C
(
R

N)
;‖ϕ‖W +

σ (RN ) ≤ M
}

.

For λ > ,  < σ < N , ϕ(x) ∈ L(RN ), we define

Dσ
λϕ(x) = λ

σ
γ ϕ

(
λ


γ x

)
.

For σ = p
q–p+ , it follows from this definition and (.) that the following commutative

relation holds []:

Dσ
λ

[
T

(
λt

)
u

]
= T(t)

[
Dσ

λ u
]
. (.)

Now we give the result that for σ = p
q–p+ , the complicated asymptotic behavior for the

solutions of Problem (.)-(.) with the initial value u ∈ W +
σ (RN ) can happen.

Theorem . Suppose q > p + p
N and M > . Let

σ =
p

q – p + 
.

Then there exists a function u ∈ Bσ ,+
M such that for every ϕ ∈ Bσ ,+

M , there exists a sequence
tn → ∞ satisfying

lim
n→∞ t

σ
γ
n u

(
t


γ
n x, tn

)
= T()ϕ(x) (.)

uniformly on R
N , where u(x, t) is the solution of Problem (.)-(.) with the initial value

u(x).
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Proof By the definition of Bσ ,+
M , there exists a countable set F = {φi;φi ∈ Bσ ,+

M
⋂

L(RN ), i =
, , . . .} such that for every ε >  and ϕ ∈ Bσ ,+

M , there exists a function φε ∈ F satisfying

‖φε – ϕ‖L∞(RN ) < ε. (.)

Therefore, there exists a sequence {ϕj}j≥ ⊂ F such that
I. For every φi ∈ F , there exists a subsequence {ϕik }k≥ of the sequence {ϕj}j≥ such that

ϕjk (x) = φj for all k ≥ ; (.)

II. There exists a constant C >  such that

max
(‖ϕj‖L∞(RN ),‖ϕj‖L(RN )

) ≤ Cj for j ≥ . (.)

Note that p
q–p+ = σ < N . So the following inequality holds:

Nγ – σ
(
N(p – ) + p

)
> .

Let

λj =

⎧
⎨

⎩

, j = ,

max(j
γ

Nγ –σ [N(p–)+p] λj–, (jλ

γ

j– + CjM
p–
γ )

γ
 ), j > .

(.)

Now we can follow the methods given in [, , ] to construct an initial value by

u(x) ==
∞∑

j=

Dσ

λ–
j

[
χj(x)ϕj(x)

]
= un + vn + wn, (.)

where

un =
n–∑

j=

Dσ

λ–
j

[
χj(x)ϕj(x)

]
, vn = Dσ

λ–
n

[
χn(x)ϕn(x)

]
,

wn =
∞∑

j=n+

Dσ

λ–
j

[
χj(x)ϕj(x)

]
,

(.)

and χj(x) is the cut-off function defined on {x ∈ R
N ; –j < |x| < j} relatively to {x ∈

R
N ; –j+ < |x| < j–}. Note first that if ϕ ∈ Bσ ,+

M , then

‖ϕ‖Wσ (RN ) ≤ M

and

 ≤ ϕ ∈ C
(
R

N)
.

By (.) and (.), we have

‖u‖L∞(RN ) ≤ ‖u‖Wσ (RN ) ≤ sup
j≥

∥
∥λj

– σ
γ χj

(
x/λ


γ

j
)
ϕj

(
x/λ


γ

j
)∥∥

Wσ (RN ) ≤ M,
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so

u ∈ Bσ ,+
M .

It follows from (.) that

Dσ
λn

[
T

(
λ

nt
)
u

]
= T(t)

[
Dσ

λn u
]

= T(t)
[
Dσ

λn un + Dσ
λn vn + Dσ

λn wn
]
.

We thus conclude from the definition of λj, comparison principle [] and Lemma . that

supp
(
T()

[
Dσ

n (wn)
]) ⊂ {

x ∈R
N ; |x| > n + CM

p–
γ

}

and

supp
(
T()

[
Dσ

n (vn + un)
]) ⊂ {

x ∈ R
N ; |x| < n + CM

p–
γ

}
,

so

supp
(
T()

[
Dσ

n (wn)
]) ∩ supp

(
T()

[
Dσ

n (vn + un)
])

= ∅,

hence

T()
[
Dσ

λn un + Dσ
λn vn + Dσ

λn wn
]

= T()
[
Dσ

λn un + Dσ
λn vn

]
+ T()

[
Dσ

λn wn
]
.

The same result holds for  < t < ,

T(t)
[
Dσ

λn un + Dσ
λn vn + Dσ

λn wn
]

= T(t)
[
Dσ

λn un + Dσ
λn vn

]
+ T(t)

[
Dσ

λn wn
]
.

From the comparison principle [, ], Lemma ., (.) and (.), we have

∥
∥T()

[
Dσ

λn wn
]∥∥

L∞(RN ) ≤ ∥
∥S()

[
Dσ

λn wn
]∥∥

L∞(RN ) ≤ C
∥
∥Dσ

λn wn
∥
∥

L∞(RN )

≤ Cλ
σ
γ

n λ
– σ

γ

n+

∞∑

i=n+

–ii ≤ C–n →  (.)

as n → ∞. For every φ ∈ F , it follows from (.) and (.) that there exists a sequence
{ϕnk }k≥ such that if

x ∈ Ek ≡ {
y ∈R

N ; –nk + < |y| < nk –},

then

Dσ
λnk

unk (x) = Dσ
λnk

[
Dσ

λ–
nk

χnk ϕnk

]
(x) = χnk (x)ϕnk (x) = φ(x). (.)



Wang et al. Boundary Value Problems  (2017) 2017:73 Page 9 of 14

By the L-contraction principle [, ], we conclude from (.) and (.) that

∥∥
∥∥T(/)

[
Dσ

λn (unk + vnk )
]

– T
(




)
φ

∥∥
∥∥

L(RN )

≤ ∥
∥[

Dσ
λnk

(unk + vnk )
]

– φ
∥
∥

L(RN )

= C
∥∥Dσ

λnk
unk

∥∥
L(RN ) + C‖φ‖L(RN \Enk )

≤ Cnk

(
λnk –

λnk

) σ
γ (N(q–p+)+p)

+ C‖φ‖L(RN \Enk )

≤ Cnk
– + C‖φ‖L(RN \Enk ) →  (.)

as k → ∞. Note that
∥∥
∥∥T

(



)[
Dσ

λn (unk + vnk )
]
∥∥
∥∥

L∞(RN )

≤
∥∥
∥∥S

(



)
D

σ
γ ,β

λnk
[unk – + vnk ]

∥∥
∥∥

L∞

≤ C
∥∥Dσ

λnk
[unk – + vnk ]

∥∥


N(m–)+
L(RN ) ≤ C

(‖φ‖L
)
. (.)

Thus we deduce from (.) and (.) that there exists a subsequence, which we still de-
note as T( 

 )Dσ
λnk

[unk – + vnk ], which satisfies

T
(




)
Dσ

λnk
[unk – + vnk ]

w∗−→ T
(




)
φ in L∞(

R
N)

as k → ∞.

Therefore, the regularity of the solutions (see (.)) indicates that

T()Dσ
λnk

[unk – + vnk ] k→∞−−−→ T()φ in L∞
loc

(
R

N)
. (.)

Note that

Dσ
λnk

[unk + vnk ], φ ∈ Bσ ,+
M .

So, for every ε > , we obtain from Lemma . and the comparison principle that there
exists k >  such that if |x| ≥ nk , then

T()
[
Dσ

λnk
unk + vnk

]
(x) ≤ S()

[
Dσ

λnk
unk + vnk

]
(x) <

ε


(.)

and

T()φ(x) ≤ S()φ(x) <
ε


. (.)

Therefore, from (.), (.) and (.), we get

T()
[
Dσ

λnk
unk + vnk

]
(x) k→∞−−−→ T()φ(x)
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uniformly on R
N . Combining this with (.), we get that for every φ ∈ F , there exists a

sequence nk → ∞ as k → ∞ such that

Dσ
λnk

[
T

(
λ

nk

)
u

] k→∞−−−→ T()φ (.)

uniformly on R
N . Taking tk = λ



nk in (.), we can conclude from (.) that (.) holds,

and the proof is complete. �

5 Complexity: p
q–p+1 < σ < N

In this section, we investigate the complicated asymptotic behavior of solutions for Prob-
lem (.)-(.) with the initial value u ∈ Wσ (RN ) ( p

q–p+ < σ < N ).

Theorem . Suppose q > p + p
N and M > . Let

p
q – p + 

< σ < N .

Then there exists a function u ∈ Bσ ,+
M such that for every φ ∈ Bσ ,+

M , there exists a sequence
tn → ∞ satisfying

lim
n→∞ t

σ
γ
n u

(
t


γ
n x, tn

)
= S()φ(x) (.)

uniformly on R
N , where u(x, t) is the solution of Problem (.)-(.) with the initial value

u.

Proof In our previous paper [], we have obtained the result that there exists a function
u ∈ Bσ ,+

M such that for every φ ∈ Bσ ,+
M , there exists a sequence tn → ∞ satisfying

lim
n→∞ t

σ
γ
n w

(
t


γ
n x, tn

)
= S()φ(x) (.)

uniformly on R
N , where w(x, t) is the solution of Problem (.)-(.) with the initial value

w(x) = u(x). To get Theorem ., we only need to prove that if u(x) = ϕ(x) ∈ W +
σ (RN ),

then for every sequence tn → ∞, the following limit holds:

lim
tn→∞ tn

σ
p+σ (p–)

∣∣u
(
tn


p+σ (p–) x, tn

)
– w

(
tn


p+σ (p–) x, tn

)∣∣ =  (.)

uniformly on R
N . The ideas of the following proof come from [, , ].

Without loss of generality, assuming that ‖ϕ‖Wσ (RN ) ≤ M, we consider the following
problem:

∂V
∂t

– div
(|∇V |p–∇V

)
=  in R

N × (, T),

V (x, ) = M|x|–σ in R
N \ {}.

Then we define the functions

wk(x, t) = kσ w
(
kx, kγ t

)
, uk(x, t) = kσ u

(
kx, kγ t

)
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and

Vk(x, t) = kσ V
(
kx, kγ t

)
.

It follows from the comparison principle that

V (x, t) = Vk(x, t) ≥ wk(x, t) ≥ uk(x, t).

Therefore

uk(x, t) ≤ wk(x, t) ≤ CVk

(
x, t +


kγ

)
, k > .

It is well known that

V (x, t) = t– σ
γ f

( |x|
t


γ

)
,

where f (x) is the positive solution of the equation

f ′′(η) +
(

n – 
η

+
η

γ

)
f ′(η) +

σ

γ
f (η) = .

As in [], there exists a constant C >  such that if k > , x ∈R
N , t ≥ τ > , then

Vk(x, t) ≤ Cτ
– σ

γ ,

and

lim
η→∞η

σ
γ f (η) = M.

From these, we can get that

∫ τ



∫

B

V (x, t) dx dt ≤ Cτ (.)

and

∫ τ



∫

B

V q(x, t) dx dt ≤ Cτ + C

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

τ
N–σq+γ

γ if N – σq + γ > , N �= σq,

τ log 
τ

if N = σq,

log ( + kγ τ ) if N – σq + γ = ,

k–N+σq–γ if N – σq + γ < ,

(.)

where kγ τ ≥ . Let ξ ∈ C∞(QT ) which vanishes at large x and at t = T , then uk and wk

satisfy the integral identity

∫∫

QT

[
ξt(wk – uk) –


γ

k–αξuq
k

]
dx dt +

∫∫

QT

aij ∂(wk – uk)
∂xi

∂ξ

∂xj
dx dt = , (.)
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where

α = σ (q – p + ) – p >
p

q – p + 
(q – p + ) – p = 

and

ai,j
k (x, t) = δij ·

∫ 



∣∣s∇uk + ( – s)∇wk
∣∣p– ds

+ (p – )
∫ 



∣
∣s∇uk + ( – s)∇wk

∣
∣p–(suk + ( – s)wk

)
xi

(
suk + ( – s)wk

)
xj

ds.

Note that {wk}, {uk} are uniformly bounded on any compact subsets of QT \ {(, )}, and
that {∇wk}, {∇uk} are Hölder continuous on any compact subsets of QT , see []. Then
there exist subsequences {vk�

} of {wk} and {uk�
} of {uk}, and two functions w′(x, t), u′(x, t) ∈

C(QT ) ∩ L
loc(, T ; W 

loc(RN )) such that

wk�
(x, t) → w′(x, t), uk�

(x, t) → u′(x, t),

∇wk�
(x, t) → ∇w′(x, t), ∇uk�

(x, t) → ∇u′(x, t),

in C(K) as k� → ∞, where K is a compact subset of ST . So, letting k = k� → +∞ in (.)
and applying (.), (.), we have

∫∫

QT

ξt
(
w′ – u′)dx dt +

∫∫

QT

aij ∂(w′ – u′)
∂xi

∂ξ

∂xj
dx dt = , (.)

where

ai,j(x, t) = δij ·
∫ 



∣
∣s∇u′ + ( – s)∇w′∣∣p– ds

= (p – )
∫ 



∣∣s∇u′ + ( – s)∇w′∣∣p–(suk + ( – s)w′)
xi

(
su′ + ( – s)w′)

xj
ds.

Applying the existence and uniqueness theorem [, ] to (.), we obtain that

u′(x, t) – w′(x, t) =  a.e. on QT ,

hence the entire sequence

uk(·, t) – wk(·, t) →  (.)

uniformly on any compact subset of RN as k → ∞. Put t =  and k = t

γ
n in (.), then

t
σ
γ
n

∣∣u
(
t


γ
n ·, tn

)
– w

(
t


γ
n ·, tn

)∣∣ →  (.)

uniformly on any compact subset of RN as tn → ∞. Note that  < p
q–p+ < σ < N . It now

follows from Lemma . that

t
σ
γ
n V

(
t


γ
n x, tn

) ≤ C
(
 + |x|)– σ





Wang et al. Boundary Value Problems  (2017) 2017:73 Page 13 of 14

for all tn >  and all x ∈R
N . Then, for every ε > , there exists R >  such that

∥∥t
σ
γ
n V

(
t


γ
n ·, t

)∥∥
L∞(RN \BR) < ε.

Using the comparison principle, we obtain that

∥
∥t

σ
γ
n u

(
t


γ
n ·, t

)∥∥
L∞(RN \BR) ≤ ∥

∥t
σ
γ
n w

(
t


γ
n ·, t

)∥∥
L∞(RN \BR)

≤ ∥
∥t

σ
γ
n V

(
t


γ
n ·, t

)∥∥
L∞(RN \BR) < ε. (.)

Therefore, (.) and (.) indicate that (.) holds. Combining this with (.), we can get
(.), and the proof is complete. �
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