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Abstract

In this article, the existence of positive solutions is considered for nonlinear four-point
Caputo fractional differential equation with p-Laplacian operator. We use the
monotone iterative technique to acquire the existence of positive solutions for the
boundary value problem and get iterative schemes for approximating the solutions.
An example is also presented to illustrate the effectiveness of the main results.
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1 Introduction
The differential equation arises in the modeling of different physical and natural phe-
nomena, control system, nonlinear flow laws and many other branches of engineering.
Fractional calculus is the extension of integer order calculus to arbitrary order calculus.
With the development of fractional calculus, fractional differential equations have wide
applications. In these years, there are many papers concerning integer order differential
equations with p-Laplacian [1-7] and fractional differential equations with p-Laplacian
[8-18].

By means of the monotone iterative technique, Sun et al. [1] investigated positive solu-
tions for the following problems for the p-Laplacian operator:

(6p(# () +qO)f (£, ut),u'(t)) =0, t€(0,1),
u(0) —au'(§) =0, u()+ Bu'(n)=0.

Here &£,7 € (0,1),x > 0,8 > 0.
In [16], Liu et al. discussed the four-point problem for a class of fractional differential

equation with mixed fractional derivatives and with p-Laplacian operator

% (0p ("Dl ult))) = f (&, u(®)C Dfu(p)), te(0,1),
Dl u(0)=u/(0)=0, wu(l)=ruly),  °Dbul)=riDE uE).
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Based on the method of upper and lower solutions, they study the existence of positive
solutions of the above boundary problem.
Motivated by the aforementioned work, this work discusses the existence of positive

solutions for the following fractional differential equation:

D}, [¢,(D§. u(0)] +f(t,u(1)) = 0, £ €(0,1),

[¢p (D u(0))]? =0, i=1,2,...,m-1,
u(0) — aD§, u(£) = 0, (L1)
(D& u(0)¥ =0, j=12,...,n-1,

u(1) + bD§, u(n) = 0,

whereO<n-l<a<nmO0<m-l<p<mandm+n-l<a+B <m+nd,(u)= |u|P~2u,
p>1.Dg and Dg+ are the Caputo fractional derivatives. We use the monotone iterative
technique to obtain the existence of positive solutions for the boundary value problem
and get iterative schemes for approximating the solutions. A function u(¢) is a positive
solution of the boundary value problem (1.1) if and only if u(¢) satisfies the boundary value
problem (1.1), and u(¢) > 0 for ¢ € [0,1]. We will always suppose the following conditions
are satisfied:

(Hp) a,b € (0,+00) are constants, 0 <& <n<1;
(Ha) f(t,u):[0,1] x [0,00) — [0,00) is continuous, and f(¢, %) # 0 on any subinterval of
t € (0,1) for fixed u € [0, 00).

2 Preliminaries

To show the main result of this work, we give the following some basic definitions, which
can be found in [19, 20].

Definition 2.1 The fractional integral of order « > 0 of a function y : (0, +00) — R is given
by

I5.(0) = %a) /0 (£ - )" y(s)ds,

provided that the right side is pointwise defined on (0, +00), where
INa) = / e x* 1 dx.
0

Definition 2.2 For a continuous function y : (0, +00) — R, the Caputo derivative of frac-

tional order « > 0 is defined as
1 ' 1,,(n)
D2 y(t) = t—8)"" "y (s)ds,
0+y( ) F(n _a) ,/O‘ ( S) y (S) *

where 7 = [«] + 1, provided that the right side is pointwise defined on (0, +00).
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3 Main result
Lemma 3.1 The boundary value problem (1.1) is equivalent to the following equation:

() = a¢ <f5 (0 - (mu()dr  [5E -0, u(x) dr)
! r'(B) r'(8)

S o =) (r,u(r))de
_ ool 0
" Ta )/(t 9 ¢"< )

fo (s = 1) (z,u(z)) dr)
- ds
()

or

~ fo - )Y (r,u(r))dr f;(o —t)ﬂlf(t,bt(f))dt)
“t) = b"’”’( r(6) )

1 [t w1 [ Jos=0P Y (r, u(x))de
v 0 (U

[0 = 0)F Y (z,ulx)) df)
- ds
'(B)

Lt (=D Y (@ u(n)de
F(a>/o(t g d’q( )

foa(a - ) (z,u(t)) dr) 4
_ S,
')

where o is the unique solution of the equation

” <f0t(t -0 (z,u(zr))dr ~ foS (& =) Y (r,u(r)) dr)
! r(p) r'(p)

[t =) (r, u(x))de
_ _ a-1 0
" T )/(1 ) ¢q( ()

~ Jols =) (T, u( ‘L’))d‘L’) &
L'(B)

[t =) Y (r,u@)dr [ - 1) (r, u(r))de
-oon ) - r) ) G

Proof From D}y, [¢,(D%.u(t))] + h(O)f (¢, u(t)) = 0, we get
1 t
Gp(Dgu(t)) =co+crt+ -+ Cpgt™ ' = —— / -1 f(r,u(r))de
r'B) Jo
In view of [¢, (D%, u(0))]) = 0,i=1,2,...,m — 1, we obtain
ca=c=-=¢p1=0,
that is,

¢p (D u(8)) = co — %ﬂ) /Ot(t -0 (v, u(r)) dr. (3.2)
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By (3.2), we have

D, u(t) = ¢ <co - %,3) /(; (t- t)ﬂ_lf(t,u(t)) dr).

For ¢t € [0,1], integrating from O to ¢, we get

u(t) = d() + dlt + -0+ dn_ltn_l

1 ¢ 1 §
+ @) /0 (t—s)“1¢q<co - Tﬂ)/o (s— r)ﬂlf(r,u(t))dr> ds.

In view of (D% u(0))? = 0,j=1,2,...,n -1, we obtain

d=dy=---=d,1=0,
that is,
o) =do+ s | (t—s)ald),,(cO - | 6= (o) df) .

By the use of #(0) — aD{, u(¢) = 0, we obtain

1 &
do = ag, (co e /0 & - 1) (v, u(x)) dr).
By u(1) + bDjj. u(n) = 0, we obtain

I 1 r
do = T /0 1-9"¢, (Co "t /0 (=) (v, u(r)) dr) ds

1 n
- bg, <c0 - Fﬁ) /0 (n- r)ﬂ_lf(t, M(‘L’)) dr).
By (3.3) and (3.4), we get
3
ad, (co - %ﬂ)/(; & - 7)Y (v, u(x)) dr)

1 1 1 s
= _—F(oz) /o 1- S)a_1¢>q (co - Tﬁ) /0 (s— T)ﬁ_lf(l', u(r)) d‘[) ds
1 n 61
‘bd)q(CO—m/O (n =07 f (v, u(r)) dr).

Let

Jot =P (@ u)dr  f5E - 1) (e u(r) dr)

o = “d’q( 7 7

Jit = 0P (r, u(r))dr
I"'(B)

L[ g

Page 4 of 15

(3.3)

(3.4)

(3.5)
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Jols =) f (r,u(r)) d‘L’)
- ds
')

+ bdm(fot(t ~ 0 u@)dr [0 -0 (@ () de )

r'(B) T(8) (3.6)

obviously, F(¢) is continuous and nondecreasing for ¢ € [0,1]. From a direct calculation,

we get
_ JEE -1 Y (2, ur) dr
FO - - r(p) )
1 ' a-1 foS(S—"—')ﬁ_lf(T,u(t))dr)
' F(Ol)/o (1=3) ¢q<_ T'(8) ds
fon(’? -0/ Y (z,u(r))dr
' b¢q(_ 7)) )
JEE = )P Yo u(n)) dr
= (_ r(6) )
fon(n - )/ Y (z,u(r))dr
e <_ r(8) )
<0
and
fol(l_f)ﬁ_lf(f,u(l’))dr fos(%‘ _ T)ﬂ_lf(l',u(‘[)) dT)
F = p—
(1) d¢q< F(,B) 1"(’3)
1 ' a-1 fol(l - 1) (r,u(r))dr
+m/o (1=3) ¢q( T(8)
B Jols =P (r,u(r)) dr) 4
I'(B)
+ b <f01(1 - T)ﬁ_lf(f, u(t))dr B fon(r’ — ‘L')ﬂ_lf(‘[, u(z)) d‘L’)
! r'(B) T(8)
> ag (féﬂ - r)ﬂ-lﬂr,u(r»df)
- r'(p)
S =) de
' b¢q< r(6) )
> 0,

so we see that the equation F(¢) = 0 has a unique solution for ¢ € (0,1). Let o be the unique
solution of the equation F(¢) = 0, then by (3.5) and (3.6), we obtain

_ Jo (o = 0)Ff(z,u(z))dr
) r'(B) '

Co
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Consequently, we get

(e =P u)de G —r)“‘lf(r,u(t))dr>
0= r(p) r(p)

1 e Jo (o =) (z,u(r))dr
P @ o [ "’q< r(6)
~ Jols =) (r,u(x)) d‘L’) &
rg)
or
T =) Y (ru)dr [y (0 - 1) (r,u(r)) d‘L’)
=b 0 _Jo
) =i r(p) r(p)
1 S(e _ +\B-1 , d
(e
7)p-1
Lo f (. u(r))d >¢
r'B)
Jols =P (r,u(r))dr
a—1 0
T >/(t‘ g "’q< NP
oo =0 (r u(x) dr) 4
r'(g)
The proof is complete. 0

Let the Banach space E = C[0, 1] be endowed with the norm ||| = maxeo |u(£)|. De-
fine the cone P by P = {u € E, u(t) > 0}. Then define the operator T: P — E,If0 <t <o,

o \p-1 £ g

Tu(t) = d¢q<fo (o t)F(J;()r,u(r)) dr  fjE-1) F(J/;()r,u(r))df)
. /t (t—s)*1 <f0<7 (o - t)ﬂ—lf(t, u(t))dr ~ fos(s _ T)ﬂ"lf(‘r, u(z)) d‘r) N
0 IMa) 1 F(ﬁ) F(,B) f

andifo <t <1,

T -0 (ru)dr [y (0 - 1) (r,u(r)) dr)
— b 0 _ 0
fu®) d’q< r(p) )

La-s)t (fos(s—r)ﬁlf(r,u(t))dr Jo o =) (r,u(x)) dr )
d
+/o Fw) % TP N0 g
_/t (t—S)‘“¢ <f§(s—r)’3‘1f(r,u(f))dr B fg’(a—f)ﬁ'lf(f,u(r))dr>ds
o L 1 r'(B) r'(B) '

Here o is defined by (3.1). Obviously, «(¢) is a solution of problem (1.1) if and only if u(¢)
is a fixed point of T.

The following theorem is the main result in this paper.
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Theorem 3.1 Assume there exists r > 0 such that:

(C1) f(tbw) <f(t,up) foramy0<t=<1,0=<u;<uy=<r;

p-1
) f(t,r)g(br(;”)) (n;ﬁé)ﬂ min £(6,0),
max f(¢,r) < [al (@ + D} (- ) min (2,0);
©3) r p-1 r p-1
max fltr) <M= mln{<L1+1) ’(L2+1) }
where

PN g nf o\
Ll:“(rom)) +F(a+l)(1“(/3+l)) :

A\ 1 1\
Lz:b(wm) +F(fx+1)(1“(ﬁ+l)> '

Then the problem (1.1) has two positive solutions w* and v* such that

0<w'<r, 0<v*<r,

w' = lim wy, vi= lim v,
k—+00 k—+00
wi = Twi_q, ve=Tve, k=12,...,
VLl VL2
Wo = max , , vo=0.
L1 +1 Lz +1

Proof We take four steps to prove the theorem.
Step 1. We prove & <o < 1.
If 0 <o <&, then

il r'(p) B T (B)

a6 (f(;f(o - 0)f Y (z,u(z))dr f(f(é -0/ (z,u(z))dr
1

L[ et (Jo (0 =D (r,u(r)de
*mfo (@=3) d’q( T(p)

ol = 0P Yz u(n) df) N
I'(B)

_ozl fO ﬁlf ()
a)/ ) ( r'(p)

o= (ru() dt) &
I'(B)

r'(B)

.8 <E’3 max,eqoe f (£ r))"‘1
T T(ax+1) rp+1)

1 ¢ a-1 foa(a - ) (r,u(r))dr
Em/()(é—s) ¢q< )ds

Page 7 of 15
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and

(=P u)de ) (o -1 (e, u(f))df>
fu(@) _b¢q< r(p) - r'g)

1ot (Jos =0 u(n)de
i 0 ""1< T ()

EVG—TVVhamr»dr)
- ds
r'(p)

f )8 (¢, u(r))dr
Ot 1 0
“wa ], e n (g

B fo o -1)f" lf(t,u(r))d-,;> &
'(B)
fo (n—r1) ﬁ lf(‘L' u(t))d
” ¢"< r(g)
oo =P (@ u(r)) dt)
'(B)
S0 =P (r, u(r) dr
- b¢"< r'(8) )

. b( (n — &)P minyefe ) f (£, 0) )q‘l
- rp+1)

In view of (C2), we get a contradiction. So we can obtain o > £.

If1>0 >n,then

Tu(o) = (‘[0 (0 -0 f (z,u(r)) dv fo - 0)Pf(z,ulc ))df)
I'(B) r'(B)
1 (oo =D (L u(r)dr
+IYa)K;(0 9 ¢q< ')
 Jols =0, u(r) dz) 0
r'(B)
> ag (f!(n — 0)F U (z, u(x)) dr)
! T (B)
> a<(n —&)F minfe[é,n]f(fr()))ql
- r(B+1)
and
- Jo (=) f (2, u(r)) dr fo -0 (v, ut ))dr)
Tu(o) = b¢q< rB) )
a-1 fos(S—T)ﬂ_lf(T,u(T))dt
T >/ =9 ¢,,< r'(g)

fo (o0 — 1) (r,u(r)) d‘L’)
- ds
')

Page 8 of 15
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J5s = )Y (r,u(r))dr
a-1 0
r()/( g ¢q( )

e - lf(f,u(r))df>ds

r'(g)
1 S(o p-1
L)/ (l_s)a1¢q<fo(s T) F{;;,M(T))dt
ﬁ“a—rﬁVQ;mr»df>
- ds
r'(B)
Jo =) (x,u(e >)dr)
r(a)/ ( r(B) ds
-1 (maxreloa]f (t,7) )q‘l
T o +1) rB+1)

In view of (C2), we get a contradiction. So we can obtain o < 7.
Therefore we have & <o <.
Step 2. We prove that 7' : P — P is completely continuous.
ForanyueP,if0 <t <o,

Jo@ =) f(ru@)dr  f5(E - )Pz, u()de
r'(p) - r'(B) >
/ (t- s)"‘ -1 ( [0 =) (v, u(r))de f(f(s—t)ﬂlf(t,u(r))dt>ds
r'(B) ()

Tu(t) = ag, (

ft- S)O"1 <f(;f (0 -0 f(r,u@)de  [5(s—1)f(r,u(r)) dT)
> (,bq - ds
o Tl I'(B) r'(B)
> 0.

Ifo<t<l,

Tu(t) = b¢q<f0”(n - ) (zr,u(r))dr fog (0 — )PV (z,u(r)) dr)

r'(p) B r'(p)
t-9t (fé(s— O @ u@)de  [§ o —r)ﬂwr,u(r»dr) @
o Tl ™ () r(B)
/ (t- s)°’ 1 ( (s =) Y (z,u(r))dr fo - )Y (7, u(x)) dt)ds
r'(B) I'(p)
(1-s)*t (s — )PV (r,u(r))dr 7(o —t)P Y (r,u(r))dr
Z/o ) ¢q(f0 r(B) = r(B) o
_/ (¢ —s)*? (fo(s )P (7, u(r))de f(;f(o - 0)f Y (z, u(z)) d‘L’) &
o Tl ™ () r'(B)
La-s)t (s — )P (T u(r))dr o — 1) Y (r,u(r))dr
= [ ""’(IO( e e T )

> 0.

So we get T': P — P. Obviously, T is continuous for the continuity of f(¢, ).



Li and Yang Boundary Value Problems (2017) 2017:75 Page 10 of 15

Let 2 C P be bounded, that is, there exists a positive constant / for any u € €, and letting

=t=lL,V=u=

Tu(t) - q(fo (0 -7 f(r,u(x)) de fi(s—fwwf,u(r»df)

I'(B) r'(B)
t(t—S)‘“(ﬁ <f(f(0—r)5'lf(f,u(r))dr B fé(s—f)ﬂ‘V(f,u(r))dt>
o D ™ r(B) r(8)
Jo (o =) (z,u(r)) dr
- q( r'(g) )
(t-s)*! Jo (o =) (z,u(r))dr
+/0 [(a) q( r(e) >d‘g
saqsq( Mio? >+ o ¢q( Mio” )
FrB+1)) T(a+1) \T(B+1)

ifo<t<l,

_ fon(’? -0/ Y (z,u(zr))dr
Tu(t) = b¢q< 5)

~ Jo o =) (r,u(x)) dr)
r'(B)

O (fg(s — o)z, u(r))dr
%

o Tl I'(B)

[T (o = 0P f(r, u(v)) dt)
- ds
I'(B)

E(t—s)*t Jols =) f(r,u(r))de
[ e I(B)
~ Iy (o = 0)Ff(z,u(x)) d‘L’> &
I'(B)
(fon('? - )P (r, u(r)) df)
r'(B)

La-s)t [ fols—1)Y(z, u(r))dr)
d
+fo ) ¢q< () g

Mlﬁﬁ 1 M
= b¢q<1"(ﬂ +1)) T +1)¢q(1“(ﬁ +1))'

Hence, T(£2) is uniformly bounded.

< b¢,

Now, we will prove that T(2) is equicontinuous.
Foreachu e Q,if0 <t <t <1,

[(Tu)(t2) — (Tu)(t,)|

/tz (tr —5)*! <f(f(<7 — 0P Y (ru()dr  [fis— )P (r, u(r)) dt)

= q - ds
o T r'(B) r'(B)

/ (& = s)® (fo (0 —)f Y (r,u(zr))dr fos(s -0 (z, u(z)) d‘L’) ‘
- ” ds
o T(o) r'(B) r'(B)
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2 (g, —5)! fo"<a—r)ﬂ-1f(r,u(r)>dr) ‘
</t1 r@ ’f( () ds

M- (-9 f(f(o—r)‘-‘“lf(r,u(r))dr>
+fo|: fa) @ ]¢q< r() ds

(lfz—tl)a ]\/[1(7/S lfg—t(lx Mlaﬂ
= T@+D) ¢q<F(ﬂ+1)) ¥ F(a+1)¢q<f‘(ﬂ+1)>

therefore, T'(S2) is equicontinuous. Applying the Arzeld-Ascoli theorem, we conclude that
T is a completely continuous operator.

Step 3. Let P.={ueP:0<|u| <r}, then we prove T : P, — P,.

Foranyueﬁ,,ifo <t<o,

Tult) = a(pq(/g’ - r)ﬁp_gg()r,uﬁ)) dr [y~ f)ﬂr‘zg()r, (7)) dT>
+ /0 t “;(2“)"1 ¢q<f(§’ (0 - f)ﬁr‘ (IJ; ()r, wr)dr  fols - z)ﬂ:{ﬂ()z, u(t)) d‘L’) N
< a¢q(fo” (0 - r)f"r-zj;()r,u(f)) df>
. /Oa (01:(2;_1 ¢q(foa(o - r)f;(llfg()r’u(r))dt) @

oM \T1 o oM \T1
<a +
(F(ﬂ+1)) F(a+1)(F(ﬂ+1))

(M N e M\
=\ +1>> T+ (rw +1>)
=ML <7
Ift<o<l,
Jo =) (ru)de [ (0 - 1) (T, ulr)) dr)
T =b _
)= b 0 N0
L(-s)e! (fos(s — )P (z,u(r))dr ~ Jo (o = 1) (z, u(r)) dr) &
o I r'(B) r'(B)
~ t (t—s)"“ld) (fos(s - )/ Y (z,u(r))dr ~ Jo (o =) (7, u(x)) dt> d&
o Tl ™ T'(B) r'(B)
Jo =) f (r,u(r))de
= b¢q( r®) )
La-s)t [ [o1- r)ﬂlf(r,u(f))dr>
ds
+/0 (@) "’”’( r ()
() )
<b +
— \I'(B+1) Fa+1)\I'(B+1)
=ML, <.

Consequently, we get T : P, — P,.
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Step 4. We prove w* and v* are two positive solutions of the problem (1.1).
Sincelzvo(t)j max{Lrlel, erLfl},i)bviously, wo(t) € P,. Since w1 (£) = Twi(t),k =0,1,2,...
and T: P, — P,, we get wi(t) € P,.

Ifo<t<o,

Tiwol) = a¢q(f°6(" ~0 @ wo)dr [ - r)ﬂlf(r,w()(r»dr)

r'(B) I'(p)
. / (£ — )1 (f(f(o—r)ﬂV(r,wO(r))dr
o Tl ™ T'(B)
 Jos =0 (@ wo(0) dr) i
r(p)
M N\ e M\
Ea(l“(ﬁ+1)> ! F(a+1)(F(ﬂ+1))
- ML < L:L - < wo(t)

Ift<o<l,

Tiwo (1) = b¢q<f°n(” — O we)dr o - r)f‘-lf(r,wO(r))dz)

r'(B) I'(B)

. /1 1-s)*t <fos(5 - )P (z, wo(1)) dr
o Tl ™ r'(B)
~ Jo (o = )P (z, wo (7)) dr) d&s
r'(B)
_ /t (t—s)"“1¢ (f;(s— )P (2, wo(r)) dr
o Tl ™ (g)
~ INCE t)ﬁlf(t,wo(r))dr> &
r'(B)
Jo =) f (r, wo(2)) dr
<o r(B) )

(1 - )t < Jo @ =P (7, wp(7)) dr)
. ds
o Tl r'(B)

n*M q-1 1 M q-1
<b +
(F(ﬁ+1)> 1“(Ot+1)(1"(/3+1)>

- MTL, < Lor
- L2+1

< wo(2).

So we get w;(t) < wy(£), and on the basis of the definition of T, we obtain

wo(t) = Twi(t) < Two(t) = wi(t).

Hence by induction we obtain

wis1(8) < wie(8), k=0,1,2,....
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Thus, we get w* € P, such that wy — w*. Applying the continuity of 7 and wy,, () = Twi(¢),
we get w*(t) = Tw*(¢), hence w*(¢) is a positive solution of problem (1.1).

Since vy (t) = 0, obviously, vo(£) € P,. Since vy, (t) = Tvi(t),k = 0,1,2,...and T : P, — P,,
we get vi(t) € P,.

Ifo<t<o,

Tvo(t) = a¢>q(f°a (0 =0 fw()dr - r)f“-lf(r,w))dr)

r'(B) - r'(B)
¢ (t—s)"“1¢ ( Jo (o =) (z,vo(r)) dr
o T ™ T(B)
_Jols =Y (T, vo(r)) dr )ds
I'(B)
(fé’ (0 = 1) (,vo(1)) dr ff(é - r)“f(r,vO(r))dr)
> agy -
I'(B) r'(B)
>0 =vo(t).

Ift<o<l,

Joln = )P (z,vo(r)) dr ~ NG —T)'S_lf(f,Vo(T))dT)
r'(B) r'(g)
La-s)et [ fols=1)Ff(r,v0(r))dT
| e ¢q( r(6)
fo (0 =)z, wo(z ))dt)ds
r'(B)
_/‘ (s <f05(3_7)ﬁ_1f(7:v0(f))df
o T ™ r'(B)
NG r)ﬁ'lf(r,v()(f))dt)
r'(g)

Tvo(2) = b¢q<

> bqsq(fo"(n - f)‘*;{ﬁ()r,vo(r)) dr
Sy lo- r)ﬁ-wr,vO(z))dr)
r'(8)

>0 =vo(t).
So we get v1(t) > vo(£), and on the basis of the definition of T, we obtain
vo() = Tvi () = Tvo(2) = v(2).
Hence by induction we obtain
Vie1(®) > (), k=0,1,2,....

Thus, we get v* € P, such that vx — v*. Applying the continuity of T and vj,,(£) = Tvi(¢),
we get v*(¢) = Tv*(£), hence v*(¢) is a positive solution of problem (1.1). O
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Remark 3.1 The positive solutions w*(¢) and v*(¢) of problem (1.1) in Theorem 3.1 may
coincide, and in this case the problem (1.1) has a positive solution in P,.

4 Example
In this section, we give a simple example to explain the main theorem.

Example 4.1 For the problem (1.1), let « =1.6,8 =1.5,a =12,b=3,p = 3,§ = 0.6, =
0.9,r = 80. f(¢t,u) = 5¢ + sint + 0.5u.
From a direct calculation, we get g = 1.5,

n%ax]f(t, r)=5x 0.6 +sin0.6 + 0.5 x 80 =43 +sin 0.6 < 44,
te[0,€

n}ax]f(t,r) =5x1+sinl+0.5x 80=285+sinl < 86,
te(0,1

(br(a + 1))”‘1 (n-§)7°
é:a
[aT(« + 1)) (9 - &) min f(z,0) ~ 48.3603 min f(t,0) > 48 x 3 = 144,
telgn] telé.n]

min f(¢,0) ~ 33.3471 min f(£,0) >33 x 3 =99,
gp re[smf (&.0) :e[smf (©.0)

PNt g nf o\t
Ll:”’(r(ﬂn)) +F(a+1)(l“(/3+1)) ~10.0908,

n? A\ 1 1\
Lz:b(F(ﬂn)) +F(a+1)<1“(ﬁ+1)> ~ 30109,

M =~ 52.0366.
So we get
loF(<>t+1))"’1(77—’§)‘3 .
ma t,r) < min f(¢,0),
te[o,?lf (&) < g gp te[s,nlf (&.0)
t,r) < [al(a+ 1]’ (i - £)* min £(£0),
max f( r) < [al(@+1)]" " (n-§) nin f(¢,0)

max f(¢,r) < M.
te[0,1]
Then all the conditions of Theorem 3.1 are satisfied. Hence, by Theorem 3.1, we see that

the aforementioned problem has two positive solutions w* and v*.

5 Conclusions

The monotone iterative technique is used to solve the problem of a kind of nonlinear
four-point Caputo fractional differential equation with p-Laplacian operator. Under cer-
tain nonlinear growth conditions of the nonlinearity, we acquire the existence of positive
solutions for the boundary value problem and get iterative schemes for approximating the

solutions.
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