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Abstract
Considered here is the stability problem of solitary traveling waves with non-zero
boundary of an equation describing the free surface waves of moderate amplitude in
the shallow water regime. We employ a transform to convert the stability problem of
solitary waves with non-zero boundary to the same one of solitary waves vanishing at
infinity for a new equation, such that the abstract stability theorem proposed by
Grillakis et al. can work on it. We then show that the solitary traveling waves with
non-zero boundary are orbitally stable under certain parameter conditions.
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1 Introduction
Constantin and Lannes [] derived an equation to describe surface waves of moderate
amplitude in the shallow water regime,

ut + ux + uux – uux + uux + uxxx – uxxt + uuxxx + uxuxx = , (.)

which is based on an earlier equation proposed by Johnson [] and arises as an approx-
imation of the Euler equations. On the explanation of moderate amplitude, we refer to
Refs. [] and []. The equations (e.g., Camassa-Holm equation) describing moderate am-
plitude water waves capture a wider range of nonlinear phenomena than those (e.g., KdV
equation) with small amplitude. Firstly, we state some results on the well-posedness of
equation (.). In [], the local well-posedness of (.) with initial data in Hs(R) (s > 

 ) was
proved. Using the pseudoparabolic regularization technique, Lai and Wu [] established
its local well-posedness in the Sobolev space Hs(R) with s > 

 via a limiting procedure.
As well by applying Kato’s [] semigroup approach to quasi-linear equations, Duruk and
Geyer [] improved the result on the local well-posedness to Hs(R) with s > 

 . By the same
method, Duruk [] proved that this result also holds true for the corresponding spatially
periodic Cauchy problem. In [], Zhou and Mu obtained a semigroup of global conser-
vative solutions, which depend continuously on the initial data. Furthermore, by employ-
ing Littlewood-Paley decomposition and transport equation theorem, Mi and Mu [] ex-
tended the local well-posedness of (.) in Sobolev spaces Hs(R) (s > 

 ) to Besov spaces
Bs

p,r(R) with p, r ∈ [,∞), s > max{ 
 ,  + 

p } and critical case with s = 
 , p =  and r = .
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The following are some results on the existence and stability of solitary waves for (.).
Geyer [] showed the existence of solitary traveling wave solutions for (.) and captured
some qualitative features of the solitary waves. Duruk and Geyer [] proved that the soli-
tary traveling waves are orbitally stable by using an approach relying on the method pro-
posed by Grillakis et al. [] and Constantin []. In [], Gausull and Geyer further studied
traveling waves of equation (.) and established the existence of periodic waves, com-
pactons and solitary waves under some parameter conditions. Here we need to point out
that they proved the existence of solitary waves tending to a non-zero constant at infinity.
However, the orbital stability of such solitary waves with non-zero boundary for (.) has
not been studied yet.

In this paper, we investigate the stability problem of solitary waves with non-zero bound-
ary for (.). Since the method proposed by Grillakis et al. [] cannot be directly used to
deal with it, we make a translation transformation to reduce the stability problem of such
solitary waves to the same problem of solitary waves vanishing at infinity for a new equa-
tion, such that the method in [, ] and [] can work on it. The rest of this paper is orga-
nized as follows. In the next section, we study the solitary waves with non-zero boundary,
give the definition of orbital stability and establish local well-posedness of the associated
equation. In Section  we give the Hamiltonian structure and conservation laws. Finally,
we prove the stability of solitary waves with non-zero boundary in Section .

2 Solitary waves and local well-posedness
2.1 Solitary waves with nonvanishing boundary
This subsection is mainly concerned with a solitary wave solution tending to a non-zero
constant at infinity of (.). Recalling Proposition . and Proposition . in [], we see
that, under some parameter conditions, there exist both positive and negative solitary
waves with nonvanishing boundary, whose amplitude is strictly increasing or decreasing
with wave speed c. But the main goal of this paper is to prove that a solitary wave solution
with non-zero boundary could be orbitally stable. Therefore, throughout this paper, we
only consider the case in which the solitary wave solutions are positive, tend to a non-zero
constant at infinity, and their amplitude is strictly increasing with wave speed c.

Let u(x, t) = ϕ(x – ct) be such a solitary traveling wave solution with non-zero boundary
of (.) (see Figure ), whose existence was proved in [], the solitary wave ϕ(x – ct) tends
to a constant k at infinity. When k = , the stability problem of solitary waves was solved
in []. In the case of k �= , we introduce the transformation ϕ(x – ct) = φ(x – ct) + k.
Substituting it into (.), we have that φ(x – ct) is a solitary wave solution vanishing at
infinity of the following equation:

vt +p(k)vx +p(k)vvx +p(k)vvx +vvx +p(k)vxxx –vxxt +vvxxx +vxvxx = , (.)

Figure 1 Solitary traveling wave with non-zero
boundary.
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with

p(k) =  + k – k + k,

p(k) =  – k + k,

p(k) = k – ,

p(k) =  + k.

Now, via integration, we compute to find some equalities for φ, which will be used in
the later proof of the stability.

Let φ(ξ ) = φ(x – ct) and substituting it into (.) gives

–cφ′ + p(k)φ′ + p(k)φφ′ + p(k)φφ′ + φφ′ + p(k)φ′′′ + cφ′′′

+ φφ′′′ + φ′φ′′ = , (.)

where the prime denotes the derivative of φ with respect to ξ .
Integrating (.) once yields

(
p(k) – c

)
φ +

p(k)


φ +
p(k)


φ + φ +

(
p(k) + c + φ

)
φ′′ + 

(
φ′) = , (.)

where the integral constant equals zero since φ,φ′,φ′′ →  as |ξ | → ∞.
Multiplying both sides of (.) by φ′ and integrating once again can lead to

(
φ′) = φ c – p(k) – p(k)

 φ – p(k)
 φ – 

 φ

c + p(k) + φ
. (.)

Since ϕ(x – ct) = φ(x – ct) + k is a solitary traveling wave solution tending to k at infinity
of (.), then φ(x – ct) is the solitary wave approaching zero of (.). Conversely, if v(x, t) ∈
C([, T), H(R)) is a solution of (.), then u(x, t) = v(x, t) + k is the solution tending to k at
infinity to (.).

Remark . According to Proposition . and Proposition . in [], we choose the trav-
eling wave solution u(x, t) = ϕ(x–ct) → k (|x–ct| → ∞) of (.) whose amplitude is strictly
increasing with the wave speed c, to prove the associated stability problem. As in the above
analysis, via a translation transform, the solitary wave solution φ(x – ct) of (.), corre-
sponding to ϕ(x – ct), vanishes at infinity, and its amplitude is also strictly increasing with
the wave speed c. It should be noted that the monotonicity plays an important role in the
proof of orbital stability below.

2.2 Definition of orbital stability
As already observed by Benjamin and coworkers [, ], a solitary wave cannot be stable in
the strictest sense of the word. To understand this, consider two solitary waves of different
height, centered initially at the same point. Since the two waves have different amplitudes,
they have different velocities. As time passes, the two waves will apart, no matter how
small the initial difference was. However, in the situation just described, it is evident that
two solitary waves with slightly differing height will stay similar in shape during the time
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evolution. Measuring the difference in shape, therefore, will give an acceptable notion of
stability. This sense of orbital stability was introduced by Benjamin []. We say a solitary
wave is orbitally stable if a solution u of equation (.) that is initially sufficiently close to a
solitary wave will always stay close to a translation of the solitary wave during the time of
evolution. Based on the analysis above and in Section ., we give the definition of orbital
stability for the solitary wave with nonvanishing boundary.

Definition . A solitary wave ϕ(x – ct) → k (|x – ct| → ∞) of (.) is called orbitally
stable if for every ε >  there exists δ >  such that: if u(x, t) = v(x, t) + k is a solution of (.)
with v(x, t) ∈ C([, T), H(R)) ( < T ≤ ∞) satisfying ‖u(x, ) – ϕ(x)‖H < δ, then for every
t ∈ [, T) we have

inf
η∈R

∥∥u(x, t) – ϕ(x – ct – η)
∥∥

H < ε. (.)

Remark . Although u(x, t) and ϕ(x – ct) do not belong to H(R), Definition . is
meaningful since ‖u(x, ) – ϕ(x)‖H = ‖v(x, ) – φ(x)‖H and ‖u(x, t) – ϕ(x – ct – η)‖H =
‖v(x, t) – φ(x – ct – η)‖H , where v(x, t),φ(x – ct – η) ∈ H(R) for any given t. Essentially,
we only need to deal with the stability problem of φ(x – ct) for equation (.).

2.3 Local well-posedness
To prove the stability of solitary waves, the well-posedness for equation (.) is firstly re-
quired. The Cauchy problem of (.) can be rewritten as

vt = A(v)v + f (v), (.)

v(x, ) = v(x), (.)

where

A(v) =
(
p(k) + v

)
∂x,

f (v) = –
(
 – ∂

x
)–

[
(
p(k) + p(k)

)
vx +

(
 +

p(k)


)
v +

p(k)


v + v + v
x

]
.

With the same proceeding as the proof of Theorem . in [], we have the following lemma
on local existence of (.).

Lemma . ([]) Let v ∈ Hs(R) (s > /). Then there exists T > , depending on v, such
that there is a unique solution v(t, x) to (.) and (.) satisfying v(t, x) ∈ C([, T), Hs(R)) ∩
C([, T), L(R)).

Another way to prove the local well-posedness of (.) is the application of Littlewood-
Paley decomposition and transport equation theory as in []. The local well-posedness of
(.) can be established in Besov spaces.

Lemma . ([]) Let p, r ∈ [,∞] and s > max{/,  + /p}. Assume that v ∈ Bs
p,r(R). Then

there exist a time T >  and a unique solution v ∈ C([, T]; Bs
p,r(R)) ∩ C([, T]; Bs–

p,r (R)) to
the Cauchy problem (.) and (.).
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Remark . In Lemma ., when p = r = , the Besov spaces Bs
p,r(R) are namely the

Sobolev spaces Hs(R). The proof of Lemmas . and . is the same as in [] and [], we
omit the details here.

3 Hamiltonian system and conservation laws
Equation (.) can be rewritten as the following Hamiltonian system:

vt = JF ′(v), (.)

where J = –( – ∂
x )–∂x is a skew-symmetric linear operator, the prime denotes variational

derivative of F(v), and

F(v) =
∫

R

(
p(k)


v +

p(k)


v +
p(k)


v +




v –
p(k)


v

x – vv
x

)
dx (.)

is a functional of v.
Another functional of v is given by

E(v) =



∫

R

(
v + v

x
)

dx, (.)

which can be understood as the kinetic energy of the waves. Both quantities E(v) and F(v)
are critically important to the proof of stability of solitary waves, which are showed to be
conserved by the following lemma.

Lemma . The functionals E(v) and F(v) defined above are conserved quantities under
equation (.).

Proof Multiplying (.) by v and integrating over R, we have

d
dt

(



∫

R

(
v + v

x
)

dx
)

=
d
dt

E(v) = . (.)

To show F(v) is invariant with respect to t, we need to use the skew symmetry of the
operator J in equation (.). It follows from equation (.) that

d
dt

F
(
v(t)

)
=

(
F ′(v), vt

)
=

(
F ′(v), JF ′(v)

)
= –

(
JF ′(v), F ′(v)

)
. (.)

It follows that

d
dt

F
(
v(t)

)
= . (.)

�

4 Orbital stability
The method used to verify this type of stability is attributed to Grillakis, Shatah and Strauss
[], and we essentially apply a theorem presented therein to deal with it. For this purpose,
we list the following assumptions:
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(A) For every v ∈ Hs(R) (s > /), there exists a solution
v(t, x) ∈ C([, T); Hs(R)) ∩ C([, T); Hs–(R)) of (.) with v(, x) = v for some
T > . Furthermore, there exist functionals E(v) and F(v) such that they are
conserved for solutions of (.).

(A) For every c ∈ (c, c), there exists a traveling wave solution φ ∈ H(R) of (.),
where φ >  and φx �≡ . The mapping c → φ(x – ct) is C((c, c); H(R)).
Moreover, φ satisfies cE′(φ) – F ′(φ) = , where E′ and F ′ are the variational
derivatives of E and F , respectively.

(A) For every c ∈ (c, c), the linearized Hamiltonian operator around φ defined by

Hc : H(R) → H–(R), Hc = cE′′(φ) – F ′′(φ) (.)

has exactly one negative simple eigenvalue, its kernel is spanned by φx and the rest
of its spectrum is positive and bounded away from zero.

Theorem . ([]) Under assumptions (A), (A) and (A), a solitary wave solution φ(x –
ct) of (.) is stable if and only if the scalar function d(c) = cE(φ) – F(φ) is convex in a
neighborhood of c.

Firstly we verify that equation (.) satisfies assumptions (A)-(A). Assumption (A) is
guaranteed by Lemmas . and ..

To prove assumptions (A) and (A), we need to calculate the variational derivatives of
functionals E(v) and F(v).

E′(v) =
(
 – ∂

x
)
v, (.)

E′′(v) =  – ∂
x , (.)

F ′(v) = p(k)v +
p(k)


v +

p(k)


v + v + p(k)vxx + v
x + vvxx, (.)

F ′′(v) = p(k) + p(k)v + p(k)v + v + p(k)∂
x + vxx + v∂

x + vx∂x. (.)

From the above first order variational derivatives of E(v) and F(v), we know that equation
(.) can be rewritten as

cE′(φ) – F ′(φ) = . (.)

Thus assumption (A) is ensured.
By a direct calculation we obtain the following linearized operator Hc:

Hc = cE′′(φ) – F ′′(φ)

= –∂x
((

c + p(k) + φ
)
∂x

)
+ c – p(k) – p(k)φ – p(k)φ – φ – φxx. (.)

Since Hc is a second order linear differential operator, the corresponding spectrum equa-
tion Hcν = λν can be written as the Sturm-Liouville problem

–(pνx)x + (q – λ)ν = , (.)

where p = c + p(k) + φ, q = c – p(k) – p(k)φ – p(k)φ – φ – φxx.
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Review that a regular Sturm-Liouville system has an infinitely many real eigenvalues
λ < λ < λ < · · · with limn→∞ λn = ∞ (see []). The eigenfunction νn(x) corresponding
to the eigenvalue λn is uniquely determined apart from the different constant factor and
has exactly n zeros. Furthermore, via observation we know that Hc is a self-adjoint, second
order differential operator, hence its eigenvalues λ are real and simple. By Weyl’s essential
spectrum theorem, we have that its essential spectrum is expressed as [c – p(k),∞) owing
to the fact that limx→∞ q(x) = c – p(k) (see []). It can be directly checked that (.) is
equivalent to Hc(φx) = . From the properties of the solitary waves of (.), we know that
φx has exactly one zero on R, this indicates that  is the second eigenvalue of Hc. The above
analysis leads us to the conclusion that there is exactly one negative eigenvalue, and the
rest of the spectrum is positive and bounded away from zero, which shows that assumption
(A) is satisfied.

Secondly, we prove that the scalar function d(c) is convex on a neighborhood of c.
The following lemma is important in determining the sign of second order derivative
of d(c).

Lemma . ([]) Set � = R and let

Gb(x) = gn(b)xn + gn–(b)xn– + · · · + g(b)x + g(b) (.)

be a family of real polynomials depending also polynomially on a real parameter b. Assume
that there exists an open interval I ∈R such that:

(i) There is some b ∈ I such that Gb (x) >  on �.
(ii) For all b ∈ I , the discriminant of Gb with respect to x is not equal to zero.

(iii) For all b ∈ I , gn(b) �= .
Then, for all b ∈ I , Gb(x) >  on �.

Set

P(h) = h + h – h – ,h – , (.)

and

P(h) =  + h + h + h/. (.)

We give our main result as follows.

Theorem . Let h∗ be the only zero point of P(h). If k =  and  < c < P(h∗), then the
scalar function d(c) is convex in a neighborhood of c. Therefore, the solitary waves with
nonvanishing boundary are orbitally stable when wave speed c ∈ (, P(h∗)).

Proof Deriving d(c) with respect to c, we have

d′(c) =
(
cE′(φ) – F ′(φ),φc

)
+ E(φ) = E(φ). (.)
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Since φ >  and φx <  in [, +∞), it is easy to obtain from (.) that

φ = –φx

√
c + p(k) + φ

c – p(k) – p(k)
 φ – p(k)

 φ – 
 φ

for x ∈ (, +∞)

= –φx

√
f(c, k,φ)
f(c, k,φ)

, (.)

where f(c, k,φ) = c + p(k) + φ, f(c, k,φ) = c – p(k) – p(k)
 φ – p(k)

 φ – 
 φ.

Then we calculate the second derivative of d(c),

d′′(c) =
d
dc

∫

R



(
φ + φ

x
)

dx

=
d
dc

∫ ∞


φ

(
 +

f(c, k,φ)
f(c, k,φ)

)
dx

= –
d
dc

∫ ∞


φφx

√
f(c, k,φ)
f(c, k,φ)

(
 +

f(c, k,φ)
f(c, k,φ)

)
dx. (.)

Let h(c) denote the amplitude of solitary wave with wave speed c, then from (.) we
know that h is the only positive real number satisfying

c – p(k) –
p(k)


h –

p(k)


h –



h = . (.)

By using transformations φx dx = dy and y = hz, (.) can be rewritten as

d′′(c) =
d
dc

∫ h


y

√
f(c, k, y)
f(c, k, y)

(
 +

f(c, k, y)
f(c, k, y)

)
dy

=
d
dc

∫ 


hz

√
f(c, k, hz)
f(c, k, hz)

(
 +

f(c, k, hz)
f(c, k, hz)

)
dz. (.)

Further, substituting c = c(h) = p(k) + p(k)
 h + p(k)

 h + 
 h(see (.)) into the above equa-

tion, we have

d′′(c) =
d
dc

∫ 


hz

√
f(c(h), k, hz)
f(c(h), k, hz)

(
 +

f(c(h), k, hz)
f(c(h), k, hz)

)
dz

=
d
dc

∫ 


hz

f(c(h), k, hz) + f(c(h), k, hz)
√

f(c(h), k, hz)f(c(h), k, hz)
dz. (.)

Let F(h, k, z) denote the integrand in (.). For any interval [h, h] with h >  and [k, k]
with k > ,

∫ 
 F(h, k, z) dz can be regarded as an integral involving parameters. By a direct

calculation, we have

∂hF(h, k, z) =
hz( – z)P(h, k, z)

(f(c(h), k, hz)f(c(h), k, hz))/ , (.)
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where

f
(
c(h), k, hz

)
= p(k) + p(k) +

p(k)


h +
p(k)


h +




h + hz, (.)

f
(
c(h), k, hz

)
= h( – z)

(
p(k)


+

p(k)


h( + z) +



h( + z + z)
)

, (.)

and the expression of P(h, k, z) is given as

P(h, k, z) =


,
(
–,h – ,,hz – ,hz – ,,hz

– ,,hz – ,hz – ,,hz – ,,hz

+ ,hz – ,,hz + ,,hz + ,hz

+ ,,hz + ,hz + ,,hz – ,hp

– ,hzp – ,hzp – ,hzp – ,hzp

– ,hzp + ,hzp + ,hzp + ,hzp

– ,hp
 – ,hzp

 – ,hzp
 – ,hp

– ,,hzp – ,hzp – ,,hzp – ,hzp

– ,hzp – ,hzp + ,hzp + ,hzp

+ ,hzp + ,hzp – ,hpp – ,hzpp

– ,hzpp – ,hzpp + ,hzpp – ,p
 p

– ,hp
 – ,hzp

 + ,hzp
 – ,hzp



+ ,hzp
 – ,hpp

 + ,hzpp
 – ,hp

 + ,hzp


– ,hp – ,hzp – ,hzp – ,,hzp

– ,hzp – ,hzp – ,,hzp – ,hzp

+ ,hzp + ,hzp + ,hzp + ,hzp

+ ,hzp – ,hpp – ,hzpp – ,hzpp

– ,hzpp – ,hzpp + ,hzpp + ,hzpp

– ,hp
 p – ,hzp

 p – ,hpp – ,hzpp

– ,hzpp – ,hzpp + ,hzpp + ,hzpp

+ ,hzpp – ,hppp – ,hzppp + ,hzppp

– ,hp
p + ,hzp

p – ,hp
 – ,hzp



– ,hzp
 – ,hzp

 + ,hzp
 + ,hzp



+ ,hzp
 + ,hzp

 – ,hpp
 – ,hzpp



+ ,hzpp
 + ,hzpp

 – ,hpp
 – ,hzpp



+ ,hzpp
 + hzpp

 – hp
 – hzp

 + hzp


+ hzp
 – ,hp – ,hzp – ,hzp
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– ,hzp – ,hzp – ,hzp + ,hzp

+ ,hzp + ,hzp – ,hpp – ,hzpp

– ,hzpp – ,hpp – ,hzpp – ,hzpp

– ,hzpp + ,hzpp – ,ppp – ,hp
p

+ ,hzp
p – ,hpp – ,hzpp – ,hzpp

– ,hzpp – ,hzpp + ,hzpp

+ ,hzpp – ,hppp – ,hzppp – ,hppp

– ,hzppp + ,hzppp – ,hp
p – ,hzp

p

+ ,hzp
p + ,hzp

p – ,hp
 – ,hzp



– ,hzp
 – ,pp

 – ,hpp
 – ,hzpp


)
,

where pi = pi(k) (i = , , , ).
From (.) we know that there exists a positive constant K related to [h, h] and [k, k]

such that

∣
∣∂hF(h, k, z)

∣
∣ ≤ K( – z)– 

 for all (h, k, z) ∈ [h, h] × [k, k] × (, ).

Set g(z) = K( – z)–/, then g(z) ∈ L(, ). By the dominated convergence theorem, we
have

∂h

∫ 


F(h, k, z) dz =

∫ 


∂hF(h, k, z) dz

for all h ∈ [h, h] and k ∈ [k, k]. Therefore we can extend this result to all h ∈ (, +∞)
and k ∈ (, +∞), with the monotonic increase of amplitude h with wave speed c, we have

d′′(c) =
∫ 


∂hF(h, k, z) dz · h′(c), (.)

where h′(c) >  denotes the derivative of amplitude h with respect to wave speed c.
It is observed from (.) and (.) that the sign of d′′(c) is determined by P(h, k, z), but

it is difficult to judge the sign of it. So we take a step back to consider the special case k = ,
then (.) is simplified as

∂hF(h, z) =
hz( – z)P(h, z)

(f(c(h), hz)f(c(h), hz))/ , (.)

where

f
(
c(h), hz

)
=  + h + h +




h + hz, (.)

f
(
c(h), hz

)
= h( – z)

(
 + h( + z) +




h( + z + z)
)

, (.)
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and

P(h, z) =



(
,, + ,h + ,h – ,h – ,h

+ ,,hz + ,,hz + ,hz + ,hz + ,hz

+ ,,hz + ,,hz + ,hz + ,hz + ,hz

+ hz + ,,hz + ,hz + ,hz + ,hz

+ ,hz + hz + ,hz + ,hz + ,hz

+ ,hz + hz + ,hz + ,hz + ,hz

+ hz + ,hz), (.)

where (h, z) ∈ (,∞) × (, ). The transformation z = x

+x can be used to map the variable
z from (, ) to the whole real line R, then we use Lemma . to determine the sign of
polynomial P(h, z) with parameter h.

Substituting z = x

+x into (.), we have

Ph(x) =


( + x)

(
,, + ,h + ,h – ,h – ,h

+
(
,, + ,,h + ,,h + ,h – ,h)x

+
(
,, + ,,h + ,,h + ,,h + ,h

+ ,h + ,h + h)x

+
(
,, + ,,h + ,,h + ,,h

+ ,,h + ,h + ,h + ,h + h)x

+
(
,, + ,,h + ,,h + ,,h

+ ,,h + ,,h + ,h + ,h + ,h)x

+
(
,, + ,,h + ,,h + ,,h + ,,h

+ ,,h + ,h + ,h + ,h)x

+
(
,, + ,,h + ,,h + ,,h + ,,h

+ ,h + ,h + ,h + ,h)x). (.)

Set Ph(x) = Nh(x)
D(x) , obviously the denominator D(x) in Ph(x) is absolutely greater than

zero. We need to prove that the numerator Nh(x) is over zero, which can be treated as
a one-parametric family of polynomials with parameter h ∈ (,∞) and can be handled
by Lemma .. With the help of Maple or Mathematica, the discriminant of Nh(x) can be
obtained as

� = –,,,,,h(–, – ,h – h + h + h)

× (
, + ,h + ,h + ,h + ,h + h + h)

× (
,, + ,,h + ,,h + ,,h
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+ ,,h + ,h + ,h + ,h + ,h)

× (
,,,,,,,,,,,,

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,,h

+ ,,,,,,,,,,,h

+ ,,,,,,,,,,,h

+ ,,,,,,,,,,,h

+ ,,,,,,,,,,,h

+ ,,,,,,,,,,,h

+ ,,,,,,,,,,,h

+ ,,,,,,,,,,h

+ ,,,,,,,,,,h

+ ,,,,,,,,,,h

+ ,,,,,,,,,,h

+ ,,,,,,,,,,h

+ ,,,,,,,,,h

+ ,,,,,,,,,h

+ ,,,,,,,,,h

+ ,,,,,,,,h

+ ,,,,,,,,h

+ ,,,,,,,,h

+ ,,,,,,,h

+ ,,,,,,,h

+ ,,,,,,h). (.)
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We take h =  to get that

N(x) = ,, + ,,x + ,,x + ,,x + ,,x

+ ,,x + ,,x > , (.)

which ensures the assumption (i) in Lemma .. We write (.) simply as

� = –P(h)P+(h), (.)

where P(h) see (.) and P+(h) >  consists of the remainder of �. From the expression of
P(h) we know that it has only one real zero h∗ which lies in the interval (, ) and P(h) < 
as h ∈ (, h∗), namely the discriminant (.) of Nh(x) is positive, which ensures that the
assumption (ii) in Lemma . is satisfied.

Moreover, for all h ∈ (, h∗), the coefficient of the most order term x in Nh(x) is positive,
which guarantees the assumption (iii) in Lemma ..

When wave amplitude h ∈ (, h∗), the corresponding wave speed c ∈ (, P(h∗)), where
P(h) see (.). Therefore, in summary, we have d′′(c) > , this completes the proof of
Theorem .. �
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