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Abstract

This paper deals with a semilinear parabolic equation with variable source under the
case that the initial energy is less than the potential well depth. We deduce a sharp
threshold for blow-up and global existence of solutions. Furthermore, we conclude
that the global solution decays as the time goes to infinity.
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1 Introduction
In this paper, we consider an initial boundary value problem for the semilinear parabolic

equation with variable exponent:

uy = Au+ [uP9 2y, xeQ,t>0,
u(x,t) =0, x€0RQ,t>0, (1.1)

u(x,0) = uo(x), x€Q,

where Q is a bounded smooth domain of RN (N > 3), uy € H}(R2), and p(x) is a continuous

and bounded function satisfying

N 12)
xeQ N—Z' '

2<p = iggp(x) <p':=suppx) <2*=
Eq. (1.1) has been used to model a variety of important physical processes, such as elec-
trorheological fluids (where u is the velocity of moving fluids in electro-magnetic fields)
[1], thermo-rheological flows or population dynamics [2, 3]. There is a substantial amount
of work concerning the case p(x) = p, see, for example, [4-6].

To deal with the variable source, it is convenient to introduce a Lebesgue space L?")(Q),
defined as the space of measurable functions u in Q satisfying [, |ulP™) dx < co. We men-
tion that this kind of Lebesgue space or general Sobolev space with variable exponent and
their applications have got a lot of attention, see the monograph [7] and some recent work
[8—11] for instance.
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With the norm
u |P®
lullpe) = lluell o) (2) = inf{/\ >0 :/ 5 dx < 1},
Q
the space L”")(Q) is a Banach space and
inf{[lull? ), el } < /Q P dxe < max{[|ull?y ), Nulh, ), (1.3)

see [12]. Combining Corollary 3.34 in [12] and the Poincaré inequality, we have
lllpey < Bl Vatlla. (1.4)

Regarding variable sources, Pinasco [13] proved that the solution of (1.1) blows up in
finite time provided that p~ > 1 and the initial data is large enough. This result was then
extended to p* > 1 by Ferreira et al. in [14]. For some positive initial energy, Wu et al. [15]
gave a blow-up condition.

Proposition 1.1 (Theorem 1.1 in [15]) Let

1 /(pt=-2 . 28 p -2 _ o
E1=:—<p BPa2+p2 BPa12>, (15)

and

- -2 1 Lpt-2\ 7 2 _(pt-2\ P 2
E = r a_Z|pr p =23 o + B P ! o’ < Ej,
p -2 2 p p -2 p =2

where a is defined by

p** p -2

P (B”p o +Bpa? )=1 (1.6)

Assumel < 2p* —1<p~ <p* < N*z and 0 < E(ug) < E1. If || Vg 13 > o1, then the solution
of Eq. (1.1) blows up in finite tlme.

Later, another blow-up condition was derived by Wang and He [16].

Proposition 1.2 (Theorem 1 in [16]) Assume 1 < p~ < p* < M and 0 < E(ug) < Ey =
217

2~
"27_231‘” ~ with By > max{B,1}. If | Vuo |3 > ay = B, 7, then the solution of Eq. (1.1) blows
up in finite time.

Motivated by the above research, in this paper we have the main purpose to look for a
sharp threshold for blow-up and global existence of solutions of (1.1) in general case (1.2)
and (1.7) (in Section 4, we show Ey > E; and Ey > E,). We mainly use the potential well
method, which was used to study the case p(x) = p by Payne and Sattinger [17], and was
widely used to consider other parabolic models during the last years, see, for example, [18—
21]. Similar to [22], local existence and uniqueness of solutions of (1.1) can be obtained by
the Banach fixed point theorem as follows.
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Proposition 1.3 Assume that (1.2) holds. Then (1.1) admits a unique solution u €
C([0, Trmax); Hy (2)) N CY((0, Trnax); L*(2)), where Tiax > O denotes the maximal existence
time. Either Ty < +00 and lim,_, 1, ||u||f{1(m = +00 (we say that the solution blows up in

finite time), or Tmax = +00 (we say that the solution is global in time).

Denote the energy functional

1 1
E(u) = / [_ Vulx,0)|” - — |ux, t)|"(’”] dx
al2 p)

and the Nehari manifold

N = {u € Hy(Q)IN(u) = 0,u #0}
with

N(w) = (E'(u), u) = / [|Vaulw, 0)] = |G, )] .

Q

In this paper, we assume that the initial energy is less than the potential well depth, namely

E(ug) < Eo := inf E(u). 1.7)

ueN

Now, we introduce our main results as follows.

Theorem 1.1 Assume that (1.2) and (1.7) hold. Then
(1) if N(uo) <O, then the solution of Eq. (1.1) blows up in finite time;
(2) if N(uo) = 0, then the solution u of Eq. (1.1) is global in time and u(t) — O strongly in
H}(Q2) as t — oo.

Finally, we consider applications of Theorem 1.1 and derive the following results.

Corollary 1.1 Assume (1.2) and 0 < E(uo) < E;. The solution to Eq. (1.1) is global in time if

Vo ll3 < .

Corollary 1.2 Assume (1.2) and 0 < E(ug) < Ey. The solution of Eq. (1.1) is global in time if

Vo I3 < cta.

Remark 1.1 Combined with Proposition 1.1 and Proposition 1.2, the above corollaries

imply that the blow-up conditions in [15] and [16] are also sharp there.

This paper is organized as follows. In Section 2, we determine the blow-up condition
of solutions of Eq. (1.1). In Section 3, we deal with global existence condition and then
conclude that the global solution decays as the time goes to infinity. In Section 4, we prove
Corollaries 1.1 and 1.2. Finally, we summarize the main results of the current paper.

In the sequel, we use | - ||, to denote L?(2) norm, and denote the inner product in L*(2)
by the symbol (-, ).
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2 Finite time blow-up
In this section, we pay attention to studying blow-up of solutions to Eq. (1.1). To deal with

Theorem 1.1(1), we first give some preliminary lemmas.
Lemma 2.1 It holds Ey > 0.

Proof Foru € N, thatis [, |Vul*dx = [, |ul"™ dx, we have

/|Vu|2dx§/ |u|P’dx+/ lul?" dx.
Q Q Q

We then apply the Poincare inequality to find that

/|Vu|2dx§/ |u|P’dx+/ lul?" dx
Q Q Q
1%
§C((/ |Vu|2dx) +(/ |Vu|2dx)
Q Q

thereby obtaining the inequality

1£_1 Ii_l
2 2 1
</ |Vu|2dx) + </ |Vu|2dx) > .
Q Q C

This implies

) s
/|Vu|2dx>min 1) 2, 1y .
o = 2C 2C

Therefore, we deduce

vt
2

)

1 1
E(u) > —/ |Vu|2dx——/ |uP™) dx
2 Ja rJa

= (1 - i)/ |Vu|® dx + iN(u)
2 p/)le P

-2 ((1\F2 [1\i=
> min — | —= .
- 2p” 2C 2C

Due to the arbitrariness of u € A/, we conclude Ej > 0. O

Lemma 2.2 Fix u € Hy(Q), u # 0 and define u* := Ju with A > 0. Then
(1) There exists a unique positive constant Ay > 0 such that u™ e N and
E(u0) = max;o E(u);
(2) Ao <1ifand only if N(u) < 0;
(3) o =1ifand only if N(u) = 0.

Proof A direct computation yields

d 1
—E(uk) = A/ |Viu|? dx—/ AP P9 o = Z N(Au),
dx o Q )
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and
/ |Vu|? dx — / ( (x) — ))J’ 2| ulP™ dx.
Set f(A) := = E(Au). There exists a unique A1 > 0 such that
@ f (M) = rnaxbof (),
(ii) f(0)=0,
(iii) f(A) increases in (0, A1) and decreases in (A1, +00). Conclusions (1)-(3) are easy
consequences of (i)-(iii). |
Denote

E° :=inf{E(u) : N(u) = —&,u € Hy(Q)}
with € > 0.
Lemma 2.3 Let (1.2) hold. Then E* > Eo - 5.

Proof Choose a minimized sequence (#;) € Hy(S2) such that
N(u;)=—-¢ and E(u;) — E® (asi— o0).

It follows from Lemma 2.2 that there exists a positive constant u; € (0,1) such that

N(piu;) = 0.
Therefore
_ 1 1 ()
Eo < E(uims) = =N(uaw) + | | 5 — —= )| mimi(o, )| dx
2 2 P(

1 1 p(
/(2 p(x) )‘M’%x' )

1__ P(x
5/9(2 P ))‘“(’”)’

= E(u;) — - N(u)

= E(ul) + E
Let i — oo, then E, 5E8+§. O
Lemma 2.4 (Lemma 2.1 [15]) %E(u) =— [quidx <0.

Now we can prove Theorem 1.1(1) via the potential well method [17] and the Kaplan
method [23].

Proof of Theorem 1.1(1) By Lemma 2.4, we have E(u) < E(ug) < Eg. We claim that the solu-
tion u# blows up in finite time provided that N (i) < 0. Otherwise, assume that u is global
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in time. Choose ¢ = min{Eq — E(ug), =N (10)}/2. Then N(ug) < —2¢ < —¢,E(ug) < Eg —2¢ <
Ey — 5 < E° by Lemma 2.3. Consequently, N(u) < —¢ for all £ > 0. Indeed, if there exists
Zo > 0 such that N(u(ty)) = —¢, then E(u(ty)) > E° by the definition of E°. This is impossi-
ble since E(uy) < E* and Lemma 2.4.

Let M(t) = 5 [, lu(x, £)|* dx. Then by (1.1) we get that

M(t) = / u(x, t)u(x, t) dx
Q
= _/ |Vu(x, t)|2dx + / |u(x,t)|p(x) dx
Q Q
=-N(u) > ¢. (2.1)
Consequently, we have
tl_i)rgoM(t) = 400. (2.2)

Next, we derive a contradiction by showing that M(¢) blows up in finite time. We deal
with variable source as

/|u|p(")dx=f |u|p(")dx+/ |ulP® dx
Q Jul=<1 [u]=1
Z/ |ul?" dx+/ lulP” dx
lu]<1 [u]>1
= [
[u|>1
=/ dx+/ lulP” dx —|Q|
lul<1 |ul=1
z/ |ul? dx+/ lulf” dx - |Q|
lu|<1 [u|>1

z/ﬁmfdx—mn
Q

where || is the measure of Q2. By the Holder inequality, we have

P

g 2
f|u|ﬂ<x>dxz|s2|27”(/ |u|2dx) -1
Q Q

-1 F M) - 9.

Therefore, by Lemma 2.4, we rewrite M'(¢) in (2.1) as

M'(t) = —2E(u) + /Q(l - 1%) |ulP® dx

2
> —2E(ug) + <1 - —)/ |ul?® dx
v/ Ja

z@—%)m¥mmﬁ—0—%)m—%%>
p p
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It follows from (2.2) that there exists £y > 0 such that

(1 - £_>|Q|257M(t)p2 > 2[(1 - %)IQI + 25(140)]»
p p

2—

for t > ty. Thus M'(¢t) > %(1 - 1%)|S2| Tp_M(t)Ig . This immediately implies that M(¢) blows
up in finite time, a contradiction. d

3 Global existence of solutions
In this section, we consider global existence of solutions to Eq. (1.1) and study asymptotic
behavior of the global solution.

Proof of Theorem 1.1(2) We divide the proof into two cases: (i) N(uo) = 0, (ii) N(uo) > 0.
If N(uo) = 0, then ug = 0. Otherwise, if 1o # 0, then E(uo) > Ey. This is a contradiction to
the assumption condition (1.7). By uniqueness of solutions to (1.1), we have the solution
u(t) =0 for all £ > 0.

If N(uo) > 0, if u(t) = 0 for some ¢, then u(s) = 0 for s > ¢ by uniqueness, and the con-
clusion is true. Hereafter, we assume that u(£) # 0 for all £ € (0, T'). We claim that N(u) > 0
as long as the solution u exists. Otherwise, there exists y, such that N(u(tp)) = 0. By
Lemma 2.4, E(u(ty)) < E(ug) < Eg, which contradicts the definition of Ey. Therefore,

1 1
E0>E(M)Z—/ |Vu|2dx—/ —|ulP™ dx
2 Ja Qb

11 1 1 1
= <_——)/ [Vul*dx + —N(u) > <———>/ |Vul dx.
2 p)Ja p” 2 p/)le

This with the Poincaré inequality yield that ||u/| H(@) is uniformly bounded. By Proposi-
tion 1.3, there exists a global solution of Eq. (1.1).

Next, we investigate long time behavior of the global solution to Eq. (1.1). Basing on the
above process, if N(u) = 0, then u(£) = 0 for all £ > 0. The conclusion is true. If N(u) > 0,
then the global solution u is uniformly bounded in H}(S2) and N(u) > 0. Consequently,
E(u) > 0. Noting the equality

/t/ ufdxds+E(u):E(u0)
0 Ja

by (1.1), we have

/ /ufdxdssE(uo).
0o Je

Therefore, there exists a time sequence {t;}%5, with £ — oo, as i — oo, such that
lla:(2;) |12 — 0. Since u(t;) is bounded in Hj(£2) and thus [#[”"-2u(%;) is bounded in H™}(L),
going to a subsequence if necessary, still denoted by u(t;),
u(t;) ~ ¢ weakly in Hy(<), (3.1)
u(t;) > ¢ strongly in LI(2) (2 <g< 2*), (3.2)

()" ult) — 19l %p  weakly in H(Q). (3.3)
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Multiplying (1.1) by v € H}(S2) and integrating, we have

(ut(ti), v) + (Vu(ti), VV) = (|u|p(')‘2u(ti), v). (3.4)
Letting i — oo in the above equality, we obtain that

(Vo V) = (jpl?V 20, v).

Choosing v = ¢ in the above equality, we have N(¢) = 0. By (3.2) and the mean value the-
orem, we derive that

lim / |u(e) | dx = / lolP® dx. (3.5)
11— 00 Q Q
By the weak semi-continuity of H}(£2) norm and (3.5), we have
E(p) <liminf E(u(t;)) < E,.
This with N(p) = 0 yield that ¢ = 0. Setting v = u(t;) in (3.4), observing that
|(ut(ti); M(ti))| < ||Mt(ti) ||2||u(ti) ||2 — 0,
we get that
lim || Vau(t;) | - / ()" dx = 0. (3.6)
11— 00 Q
This with (3.5) imply that
lim ||Vu(t,»)||j = lim / fu(t,')|p(x) dx =/ lP®) dx = 0.
1— 00 11— 00 Q Q
Consequently, E(u(t;)) — 0 as i — oo. This with the fact that E(u(¢)) is decreasing with

respect of time ¢t and E(u(t)) > 0 imply that lim,_, ., E(u(¢)) = 0.
Rewrite E(u(t)) as

1 11 )
E(u(t)) = 2N(u(t)) + /Q<2 p(x)) |u(t)| dx.
It follows from N (u(¢)) > 0 that

p) 2p” I 1 plx)
/Q|u(t)| dxfp__2/9<§—m>|u(t)| dx

%p__zE(u(t)) — 0, ast— oo.

<

Therefore,
[ Vule) ”; = 2E (u(1)) + / I% ’u(t)‘P(x) dx— 0, ast— oo.
Q

This with the Poincare inequality imply that u(t) — 0 strongly in H}(<2). O
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To compare our results to those in [15, 16], we begin with analyzing E, defined in (1.7)

more precisely.

Lemma 4.1 Set

= inf[nxli)xE(ku) ‘U € H(l)(Q),cmd u 7’0}.
It holds Eq = E;.
Proof For any u € N, by Lemma 2.2, we have that

E(u) = rrkla})xE()»u) > Es.

Therefore, Eg > E3. On the other hand, for any u € H}(R), u(x) # 0, by Lemma 2.2,
there exists Ao > 0 such that max;.q E(Au) = E(Aou) and N(Aou) = 0. This implies that
max;.o E(Au) > Ey. Because of the arbitrariness of #, we have E3 > E,. The proof is com-

plete.

O

Next, we compare Ey with E; and E,, where E; is defined in Proposition 1.1 and E; de-

fined in Proposition 1.2, respectively.

Lemma 4.2 E, > E; and Ey > E,.

Proof For any u € H)(Q), u # 0, define u* = Au with A > 0. It follows from (1.3) and the

Poincaré inequality (1.4) that

E(\u) = E(uk)

1 )
= sVt - [ as

1 2
A T

1 _ -1 . N
=2V u*lli—;B” Vet e [ Vit
=th([|Va|,).

Choose A; > 0 such that || Vu* ||y = ay, defined in (1.6), and k(|| V1 ||5)

rila(i(E()‘”) > E(Mu) > h(”Vu’\l Hz) =L

This with Lemma 4.1 yield that Ey > E;. Since E; > E;, we have Ej > E;.

= E;. Thus

Now we prove Eq > E,. For any nontrivial function # € V/, by (1.3), we have

IVl = / jup®
Q

+ _ . . ~ ~
= max{”””ﬁ(.)’ ||M||§()} = IIlElX{B’l7 IVul ,BII’ ||VL£||[27 }
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p+
F_

_ _r
Therefore, |Vull, > B, * *,or [Vl >B,* “.AsB,>1and p* > p, we get || Vu|ly >
-

B;ﬂ . Consequently,

1 1 -_2
Ew> (- = )Ivul=2"2p7 7 =,
2 p 2p-

Due to the arbitrariness of u € A/, we conclude Ey > E,. O
Finally, we prove Corollaries 1.1 and 1.2.
Proof of Corollary 1.1 Assume ||Vuo||3 < a1, where a; is defined in (1.6). Then

1, . . _ iy
;(BP PVl 2+ B p I Vullh %) <1.

Consequently,
IVuol = %(B”*p*nwon';* + B p" | Vuolly )
= B [Vuolly +B” Vol -
By (1.3) and the Poincaré inequality (1.4), we have
IVaol13 = lluolllg, + ol

> / |uo P dix,
Q

thereby we obtain N(u() > 0. Combining Lemma 4.2 and Theorem 1.1(2), we see that the

solution of Eq. (1.1) is global. O
o _
ProojjofCorollary 1.2 Since |[Vuyll} <oy =B,” ~, By >1and p~ <p*, then B;” ~ >
Bl_;f’2 and
2~ 2pt

IVuol} < min{B,” 7, B," " }.

Consequently,
IVuoll3 = max{BY [|Vuoly B} [Vuolly }.

Using (1.3) and the Poincaré inequality (1.4), we obtain that
Vo113 = max{luo 1%, luolI%, )

> / |uto [P .
Q

This implies that N(ug) > 0. The rest is the same as the proof of Corollary 1.1, and hence
is omitted. O



Yang and Yu Boundary Value Problems (2017) 2017:80 Page 11 of 12

5 Conclusions

The main aim of the current work is to study asymptotic behavior of solutions to the
parabolic equation (1.1). We prove that, when the initial energy is smaller than the moun-
tain pass level corresponding to the stationary equation of (1.1) (see (1.7) and Lemma 4.1),
the initial Nehari functional plays an important role in determining asymptotic behavior
of the solution of (1.1), see Theorem 1.1. That is, if the initial Nehari functional is negative,
then the solution of (1.1) blows up in finite time, while there exists a global solution if the
initial Nehari functional is nonnegative. Moreover, the global solution decays as the time
goes to infinity. This result generalizes the ones in [15] and [16], see Lemma 4.2 for dif-
ferences between them. As applications of Theorem 1.1, we derive two corollaries which
yield that the blow-up conditions in [15] and [16] are also sharp there, see Corollaries 1.1,
1.2 and Remark 1.1.
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