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1 Introduction
This paper is devoted to studying the following nonautonomous nonclassical diffusion
equation:

u —eAdu — Au+f(u) =gx,t), inQ x (r,00), (L1)
ux, ) =, U t) lsexiron= 0,
in a bounded domain ¢ RY (N > 3) with smooth boundary 92 and perturbed param-
eter ¢ > 0.
For the nonlinearity f € C}(R), we assume it satisfies the following growth and dissipa-
tion conditions:

f/(s) < C(1+s]72), (12)
llirlninff’(u) > =\, (1.3)

where C > 0 and 1, is the first eigenvalue of —A on H}(<).
For the external force g(x,t), we assume

g t),  dgxt) € Ly(R;L*(Q)), 1.4)
where the translation bounded space L%(R; L2(R)) is defined by the following norm:

¢ 03 = sup|g6s,) [Er—— (15)
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Nonclassical diffusion equations arise in fluid mechanics, solid mechanics, and the the-
ory of heat conduction; they describe that the diffusing species behave as a linearly viscous
fluid (see, e.g., [1, 2]). Asymptotic behavior of equations analogous to (1.1) has been inves-
tigated in many literature works during the last years (see, e.g., [3—12] and the references
therein).

Since equation (1.1) reduces to a usual reaction-diffusion equation when ¢ = 0, it is nat-
ural to examine the limiting behavior of solutions to equation (1.1) when ¢ goes to 0. This
problem has been considered by some authors. In [10], the authors study the existence
of global attractors in H?($2) N Hy(S2) (generated by strong solutions), and their upper
semicontinuity in H}(2) for the autonomous case of equation (1.1) (that is, the external
force g is independent of ¢) with subcritical nonlinearity. In [4], the upper semicontinuity
of pullback attractors in L?(R2) for equation (1.1) with subcritical nonlinearity was con-
sidered. In [13], the upper semicontinuity of global attractors in H'(R") for equation (1.1)
defined in unbounded domains with subcritical nonlinearity was considered. As far as we
know, there are no results as to the upper semicontinuity of uniform attractors generated
by (weak) solutions in H}(<2) for equation (1.1) with critical nonlinearity.

In order to construct uniform attractors for equation (1.1), it is necessary to define a
proper symbol space generated by external force g(x, t) (see, e.g., [14]). Let L2, (R;L?(£2))

w,loc

denote the locally square integrable (in time) space leo C(R;LZ(Q)) endowed with the lo-
cally weak convergence topology. For every gy € L(R; L*(2)), we define a set of functions

obtained by all time shifts of g, as follows:
Yo = {(x,t) — gox,t+h) | he R}.

The hull of gy, denoted by X = H(gp), is defined as a closure of ¥, in the topology of
Lﬁ/loc(

(1.1).
From [9, 15], we know that equation (1.1) is globally well-posed in H}(S2) for every & > 0,

R; L2(RQ)) (see, e.g., [14], Section V.4.). We choose ¥ as the symbol space for equation

g € X, the solution operator L[g‘?(t, 7) forms a process (see (2.1), (2.2)) in Hy(2) and satisfies

the following assumptions (translation identity):

L[%(S)g(t,r) = L[;(t +s5,T+s), VgeX,s>0,t>1,TeR; (1.6)

TEX =3, Vs>0, (1.7)

where {T'(s)}s>0 is the translation semigroup on X.

The existence of uniform (with respect to (w.r.t.) g € ¥) attractors in different kinds of
phase spaces for equations analogous to equation (1.1) (¢ = 0 or & > 0) with more general
nonlinearities and external forces have been investigated in many literature works (see,
e.g., [9, 14-18] and the references therein). We can summarize the following result (see,
e.g., [8,9, 14, 15] and the references therein).

Theorem 1.1 Let (1.2), (1.3) be satisfied. Assume that g, € Li(R; L*(RQ)) and X is the hull
of go in L2, (R;L%()). For each € > 0, the family of processes {U;(t,7)}, g € T associ-

w,loc

ated with equation (1.1) possesses a compact uniform (w.r.t. g € X) attractor A%, in H)(Q).
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Moreover, this attractor satisfies that

§=0fsB)=JKis), VrseR, (1.8)

gex

where B is a uniformly (w.rt. g € X) absorbing set, which is independent of ¢ (see Corol-
lary 3.1) and of 5(B) is the w-limit set of B, K;(S) is the kernel section of the process
{U;(t, T)} attimet =s.

The aim of this paper is to obtain the upper semicontinuity of uniform attractors in
H}(2) for equation (1.1), especially the nonlinear term f has a critical exponent (see (1.2)).
More precisely, the main result of this paper can be stated as follows, which will be proved
in Section 3 later.

Theorem 1.2 Let (1.2), (1.3) be satisfied. Assume gy, 0,80 € L2(R; L*(Q2)) and X is the hull
of go in L2, (R;L*()). Let A%, (& > 0) be the uniform attractor given by Theorem 1.1, then

w,loc
it satisfies that for every g9 > 0,

Jim dist (A%, AR) =0, (1.9)
and
Elir?O diStH(l) (K:;(S), IC;O (s)) =0, VgeX,VseR, (1.10)

where dist;;1 denotes the standard Hausdorff semidistance in H(Q).

Hereafter, we denote by (-,-) and | - || the inner product and the norm in L2(£2), respec-
tively. The symbols C and Q stand for a generic positive constant and a generic positive
increasing function, respectively. Young’s and Holder’s inequalities will be applied without

explicit mention.

2 Preliminaries
In this section, we recall some basic concepts and results of the theory of uniform attrac-
tors, we refer to [14, 19] and the references therein for more details.

Let X be a Banach space and X be a parameter set. The set of operators {{,(¢,7)},g €
is called a family of evolution processes in X with symbol space X if, for any g € %, it

satisfies
Uy(t,T) = Ug(t,s)Uy(s,T), VEi>s>1,T€R; (2.1)
U,(t,7) =1d (Identity), VreR. (2.2)

Definition 2.1 (see [14]) A bounded subset B of X is said to be uniformly (w.r.t. g € X)
absorbing for the family of processes {L,(£,7)},g € X if, for any 7 € R and any bounded

subset B C X, there exists 7' = T(B) = 7 such that . 7 U,ex U (£, 7)B C B.

Definition 2.2 (see [14]) A closed set Ay of X is said to be a uniform (w.r.t. g € X) attrac-
tor of the family of processes {L,(¢,7)},g € X if
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(i) Ay is uniformly (w.r.t. g € X) attracting, that is, for any t € R and any bounded
subset B C X, lim;_, oo SUPgey distx (Uy(t, T)B, B) = O(attracting property);

(ii) Ay is contained in any closed uniformly attracting set (minimality property).

Definition 2.3 (see [20]) A family of processes {{/,(f,7)},g € ¥ on X is said to be uni-
formly (w.r.t. g € X) asymptotically compact if and only if, for any v € R, {g,},en C Z,
{tu}nen C [7,00) with £, — 0o (n — 00) and any bounded sequence {x,},ecn C X, the se-

quence {Ug, (£4, T)%u}nen is relatively compact in X.

Definition 2.4 (see [14]) For anybounded subset B of X, the uniform (w.r.t. g € ¥) w-limit
set w5 (B) for the family of processes {{,(t,7)},g € X is defined by

_ X
or,sB) = (U Uels1)B .

I>T geX s>t
Assumption I Let {7(s)}s>0 be a family of operators acting on ¥ and satisfying

(i) T(s)X =%, VYs>0;

(ii) translation identity
U(t+s,T+5)=Ur(t,T), YVgeX,t>1,T1cR,s>0.

We recall (see, e.g., [14]) that the kernel I of the process {U/(¢, T)} acting on X consists of

all bounded complete trajectories of {U(t, 7)}, i.e.,
K ={u() | |u®)], < Cu Ut )ul(r) = ut),Vt > 1,7 € R},
and KC(s) = {u(s) | u(-) € K} is said to be the kernel section at time ¢ = s,s € R.

Definition 2.5 A family of processes {U,(¢,7)},g € T is said to be (X x X, X)-weakly
continuous if, for arbitrary fixed ¢ > 7, T € R, the mapping (u,g) — U,(¢, T)u is weakly

continuous from X x ¥ to X.

Assumption II Let X be a weakly compact set and {U,(t,7)},g € X be (X x X, X)-weakly

continuous.

Theorem 2.1 (see [21, 22]) Under Assumptions L, 11, if {U,(t,7)}, g €
(i) has a uniformly (w.rt. g € ) absorbing set BB;
(ii) is uniformly (w.r.t. g € X) asymptotically compact,
then {Uy(t, 7)}, g € T has a compact uniform (w.r.t. g € X) attractor Ay satisfying

As =05 (B) = | Kyls), Vrs€R,

gex

where Kg is the kernel section of the process Uy(t, T) and Ky(s) is the kernel section at t = s.
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3 Upper semicontinuity of uniform attractors
The following result about the existence and uniqueness of solutions of equation (1.1) can

be obtained by the standard Faedo-Galerkin methods, here we only formulate the result.

Theorem 3.1 Let (1.2), (1.3) be satisfied and g(x,t) € L?

loc

(R;L*(2)). For any ¢ > 0, I =
[z, T) and u, € H}(), equation (1.1) admits a unique solution u satisfying

ue C(LHyR)), 0ueLl*(I;Hy(RQ)).
Moreover, the solution continuously depends on the initial data in H}(2).
By Theorem 3.1, for each ¢ > 0 and g € LZ(R;LZ(Q)), we define a process as follows:
L[;(t, Tu, =u(t) forallt>rtandu, € H(l,(Q),
and the mapping U (¢, ) : Hy(2) — Hy () is continuous.

Lemma 3.1 Let (1.2), (1.3) be satisfied. Assume gy € L3(R; L*(Q)) and T is the hull of go in
L2, (R;L*(Q)). There exists § > O such that for any T € R and any initial data u, € Hy(S),

w,loc

the solutions of equation (1.1) satisfy: foralle > 0,t >t and ge %,
[Vu@]® = QI Vuell) + Mo, (31)

t+1
f (|| 0:1(s) ”2 + EHVBtu(s)HZ) ds < Q(||Vur ||) + My, (3.2)

where My > 0 depends on || go ||le7, but is independent of €.

Proof The proof is classical (see, e.g., [8—10]), we only sketch the main steps of the rea-
soning. Multiplying the first equation of (1.1) by d;u + du and integrating over 2, we have

d
E(snunz + (L +&8)|Vull® + 2(F (), 1)) + 2| 0,ul|* + 2|V ,us]|*
+ 28| Vaul|* + 28(f (), u) = 2{g(x, £), s + Sua), (3.3)

where F(u) = fou f(s)ds and § > 0 is sufficiently small which will be given precisely later.
Observe that

2(g(x, t), 0:u + 614) < 2Hg(x, t)H2 + H 8tu||2+82 ||u”2 (3.4)

Thus

2
)

%E(t) +8E(8) + |10, + 26| Vo,u|* + TI(¢) < 2| g(x,2) (3.5)

where

E@) = 8l|lull®> + (1 + &d)||Vul* + 2(F(u), 1) + 2C,
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and
T1(¢) = 28 Vull® + 28{f (), u) - 8* | u||* - SE().

Thanks to (1.2) and (1.3), we estimate that

(f(u),u) = —pllul®-C,, (3.6)
(F),1) = < pllul’ - C,, (37)
2
(), )~ (F(@),1) = = pllel® - C,, (3.8)
2
(Fw),1) < C(IVu| ¥ + 1) (3.9)

for some positive constants p < A; and C,,.

-1
Let0<é8 < 11:’2]21{1 , then
E@t)=0 and TII(t) = -Cy, (3.10)

where Cy = 45C,. Moreover, from (3.7), (3.9), there exist positive constants C;, C, such
that

CLlIVul? < E(t) < Co(IVul| 72 +1). (3.11)
Hence, by (3.5) and (3.10), we get

d

EJs(t) +8E(8) + [10,ul) + 26| Vo,ull* < 2| g(x,t) ”2 +Cp. (3.12)
Note that [14], Proposition V.4.2, implies that ||g|| 2= gl 2 VgeX. Applying Gronwall’s
inequality to (3.12), we obtain

E@) <e®VE@) + C(lgol2, +1), VYgeX,
b

and this together with (3.11) implies (3.1).
Finally, integrating (3.12) over [t,¢ + 1] with § = 0 leads to (3.2). |

By Lemma 3.1, we can construct a uniformly (w.r.t. g € ¥, ¢ € [0, 00)) absorbing set, which

is independent of ¢, for the family of processes {U;(t, 7)|ge X, e€[0,00)}.

Corollary 3.1 Under the assumptions of Lemma 3.1, there exists a bounded uniformly
(w.rt.g € ¥ and ¢ € [0,00)) absorbing set B of Hy(R) for the family of processes {Ugs(t, 7) |
g € X,¢ € [0,00)} associated with equation (1.1), that is, for any T € R and any bounded
subset B C H)(RQ), there exists T = T(B) > t such that Ue=o Ugez L[gf(t,r)B C B for all
t>T.
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Lemma 3.2 Let (1.2), (1.3) be satisfied. Assume go, d,go € L (R; L*(S2)) and ¥ is the hull of
g inl?, (R;L*(RQ)). Foranyt € R, T > v, any initial data u, € H}(Q) and any g € ¥, the

w,loc
solutions of equation (1.1) satisfy the following estimate:

|| + ¢ | Vou@)|* < ﬁ Vt e (¢, T],Ve > 0, (313)

where Q depends on t, T, |Vu,||, ”gOHLi and ||9:go ||le7, but is independent of €.

Proof From Lemma 3.1, we observe that
T 2 2
/ ([9e@) > + | Vo) |2) die < M, (3.14)
T

where M depends on 7, T, ||V, | and lgoll -
Differentiate the first equation of (1.1) with respect to ¢ and let v = 9,u, then v satisfies
the following equality:

v —eAdv — Av + [ (u)v = 3,g(x, £). (3.15)

Multiplying (3.15) by v and integrating over 2, using (1.3), after standard transformations,
we obtain

d
2 GO+ VI <26 (0) + 2 | gl ) I? (3.16)

for some [ > A;, where G, (¢) = |[v(£)||? + e[| Vv(®)|I.
Multiplying (3.16) by (¢ — 7)?, we obtain

d 2
pARAA)

<20t -7)2G(8) +2(¢ — 7)G.(2) + Al’l(t —-1)? ||8tg(x, t) ||2

<@+ 1)(E=T)°Ge(®) + Golt) + A7t - 1) dugx, 0) |

Then, by Gronwall’s inequality, [14], Proposition V.4.2, (3.14) and noting that

T
[ lags)|ds < (17 <1+ )iagly < (17 -1 + Dol

we obtain (3.13) immediately. O

Lemma 3.3 Under the assumptions of Lemma 3.2, for any T € R, any bounded subsets
B C H{(Q) and I C [0, 00), the following estimate holds true:

sup |V (U (& 7)o — U2 (8, 7)) "< QI V(1 — o) |* + o1 - e2l),
ge

Vt > 1,Yuy,uy € B,Vey, 65 €1,

where Q depends on t, T, lIgoll 2> 119:goll 2, 1] and H}-bounds of B.
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Proof Let u,(t) = ngsi (¢, T)u; be the solution of problem (1.1) with € = ¢; and the initial data
u(t)=u; (i=1,2).
Set w(t) = u1(£) — ua(t), then the following equality holds true:

Btw - Aw— 82AatW - (81 - 82)A8tu1 +f(1/l1) —f(uz) =0, (317)

with the initial data w(t) = u; — uy.
Multiplying equation (3.17) by w and integrating over €2, gives

d
—(Iwl? + &2l Vw)?) + 2| Vw|®

dt
+2(81 — &2)(~Adguy, w) + 2{f (1) — f (u2), w) = 0. (3.18)
Observing that
&1 — &) 1
(1 — £2)(— Adyuy, w)| < %nvamnz - Enwn2 (3.19)
and by (1.3), we have
(fn) - f(u2), w) = 1| w|” (3.20)

for some [ > A;.
Collecting (3.18)-(3.20), we arrive at

d
E(IIWII2 + & Vwl?) < 20(IIwl® + 2l VWI®) + (61— £2)* [ Va1 |1*.

Thus, by Gronwall’s inequality and noting that A, [|z||> < || Vu||?, we have
t
[w@)|? + 2 | Vw@)||* < CUIV 1 - ws) | + (61 — ) f [V 8a1(5)||* ds), (3.21)

where C depends on ¢, T and |I|.
Now we divide the argument into two cases.
Case 1: g169 # 0. Without loss of generality, let &1 > &5 > 0, from Lemma 3.1 and (3.21),

we readily get

sup” V(ngs1 (t, 7)uy — L[gg2 (t, r)ug) H2
gex

IA

C(HV(ul —U) ||2 +2(e1 — &9) - slf H Vo,ui(s) H2d3>
<Q(||V(m - up) ||2 + (61— £2)), (3.22)

where Q depends on ¢, 7, Hg”Li’ ||8¢g||Li and H}-bounds of B.
Case 2: €165 = 0. Without loss of generality, let &5 = 0, then (3.21) can be simplified as

lw)|? < C<||V(u1 —w)|* + el / | V9,141 (s) ||2ds). (3.23)
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Multiplying (3.17) by w and using (3.20), we obtain

[vw@)]* < C(law@ | [w@)] + &2 [ Vo @ + [we)[). (3.24)
Hence, on account of Lemmas 3.1, 3.2 and (3.23), similar to (3.22), we find
?EJEH V(U D)y — U2 (6 1)ua) | < Q| V(e — )| + 1) (3.25)
O

Combining (3.22) and (3.25), we can get the expected result.

Proof of Theorem 1.2 If (1.9) is not correct, we can find § > 0, &9 > 0 and {&,},en C [0, 00)

with ¢, — &g such that
dist;p (AY, AF) =8, VneN.

Hence, there exists {y,},en C AS such that
distyy (4 AY) 28, VmeN. (3.26)
Let B be the uniformly (w.r.t. o € %, ¢ € [0, 00)) absorbing set given by Corollary 3.1. Then

we can choose m > 0 sufficiently large to guarantee that
U uwoBcB, vizm, (327)

e>0gex

and

INES

sup dist(Us° (m,0)B, A5 ) <
gex

From Theorem 1.1 we know AY' = a)f)’jz (B) (n € N). Therefore, there exist sequences
{gutneny C X, {Xn}nen C B and {,}yeny C RY with £, — oo, without loss of generality, we

let £, > 2m satisfy
en 3
” ngn (tm O)x,, —Yn ||H(1) < E, VneN.
Letx, = Uéf;'(t,, - m,0)x, and g, = T(t, — m)g,, by (1.6), (1.7), (3.27) and noticing that ¢, >
2m, we have

{%n}neN cB

and

Uy (b, 0)6 = U (tns tw — m)&y = U (11, 0),.

On the other hand, due to Lemma 3.3, we can choose N € N large enough such that

I U (m, O)n = U (m, 0)on | < 7
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Therefore, from the above analysis we find

dist;1 (yn> AY)
< diStH(l) (yN, L[;i‘; (m, 0)%]\1)
. £ ~ £ ~
+distyy (U (m, 0)n, U2 (rm, 0)R)
. £ ~ £
+ dlStH(l) (L[g;’](m, 0)xn, Ugf[(m, O)B)
+disty (L[;,‘\’[(m, 0)5, AY)
5 8
<—+—-+0+-=—,
4 4
which contradicts (3.26).
Next, we prove (1.10). If it is not correct, we can find § >0, ) € R, g € X, g9 > 0 and
{e4}nen C [0, 00) with &, — &g such that

distys (K" (t0), K (t0)) = 8, VneN. (3.28)

Let IC; be the kernel of the process U;(t, 7). By (3.28), for every n € N, there exists a com-
plete trajectory u,(-) € Kz satisfying

distHé (un(to),/C?(to)) >48, VmeN, (3.29)
and
u,(t) = L[gs”(t, Tu,(r), Vi>t1,VreR. (3.30)

For every s € R, since u,(s) € ICE” (s) € AY, by (1.8), (1.9) and the compactness of Ay,
there exists u(s) € A} such that

n— 00
|un(s) = uls)|,, — 0. (3.31)
0
Consequently, Lemma 3.3 yields
[t & Dun() - U ()|, — 0, Ve T VT ER, (3.32)
Combining (3.31) and (3.32), taking n — oo in (3.30), we find
u(t) = U;"(t, u(t), Vt>r1,Vt eR, (3.33)

that is, u(-) € Kg° and u(t) € K (1) (Ve e R).
Hence

distyg1 (4 (t0), K (0)) < distys (1 (20), u(to)) o, (3.34)

and this contradicts (3.29). The proof is completed. d
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