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1 Introduction
The aim of this article is to study the existence of two positive solutions to the follow-
ing nonlinear second-order differential equation involving integral boundary value con-

ditions:

u'(t) +a®)u'(t) + bOu(t) +f(t,ul) =0, te],,
u(0) = [y g)uls)ds,  u() = [ hs)u(s)ds, )
where a € C(J), be C(J,R.), f € C(J, x R,,R*) and g,k € L'(J) are nonnegative, ] = [0,1],
J. =(0,1), R* =[0,+00), R, = (0,+00), R_ = (—00,0). Singularities of the nonlinearity f are
related to both £ = 0,1 and # = 0.

Recently, there has been a considerable increase in the investigation of nonlocal bound-
ary value problems; see [1-11] for integer order and [12—22] for fractional differential
equations. Based on a specially constructed cone, the existence as well as nonexistence
results on positive solutions for the following second-order integral BVPs are obtained in

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13661-017-0822-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0822-9&domain=pdf
http://orcid.org/0000-0002-5832-2892
mailto:zhxq197508@163.com

Zhong and Zhang Boundary Value Problems (2017) 2017:90 Page 2 of 10

an abstract space in Feng et al. [1]:

u' () +f(6u(®) =0, te],
u(0) = [, gOu®)dt,  u(1) =9,
or u(0)=0,  u(l)= [, g®u)ds,

here f € C([0,1] x P, P),0 represents the zero element of E, and g is nonnegative and in-
tegrable. Also, in an abstract space, by the fixed point theorem of strict set contraction
operators, Zhang et al. [2] obtained the existence results of solutions for some second-
order integral boundary value problems with the impulsive effect.

For general differential operator, when the nonlinearity f is continuous, Feng and Ge
[3] studied multiple positive solutions for the following singular m-point boundary value

problems:

Lu=xw@)f(t,u), te],,
W(0)=0,  u(d)=Y"7 oulE),

here A >0, &;€(0,1), ¢; € R, (i=1,2,...,m —2) are known constants and L represents the

linear operator
Lu:=-u"—au +bu,

where a € C(J) and b € C(J,R,), f € C(J x R*,R*), w € C(J,,R,). As is well known, two,
three and multi-point BVPs may be looked upon as a special case of integral boundary
value problems. For integral conditions, with some so-called first eigenvalue of the re-
lated linear operator, Liu et al. [4] formulated the existence results for BVP (1). The whole
discussion relied on the fixed point index theorems. With the impulsive effect, under dif-
ferent combinations of super-linear and sub-linear condition on nonlinear term and the
impulses, some results of existence of multiple positive solutions as well as nonexistence
results for BVP (1) are obtained in Hao et al. [5].

We attempt in this article to study the existence of two positive solutions of BVP (1).
The interesting points focus on two aspects. First, singularities of the nonlinearity f are
related not only to the time but also to the space variables. Second, compared with [4], the
method and conditions used to get result of multiple positive solutions are quite different
from that used in [4]. The integral of the nonlinearity on some special bounded set is
considered in this paper. The tools used to obtain the main result are fixed point index
theorems on cones. Obviously, the result obtained in this paper can be analogously given

for the Riemann-Stieltjes integral case after some minor modifications.

2 Preliminaries and several lemmas
Let v, and v, be the unique solution of the BVP

1 (@) +a()y () + b)Y (2) = 0,
1pl(o) = 0, 1/’1(1) =1,
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and

5 () + a(O) Py (t) + b(O)Ya(t) = 0,
Yo (0) =1, Y1) =0,

respectively. By [8], we know that v, ¥, are strictly increasing and strictly decreasing on

J, respectively.

We adopt the following assumptions throughout this article.

(Hi) aeC()),beC(,R.);
(Hp) g, h:J, — R* are integrable, and k; > 0, k4 > 0, k > 0, where

1 1
h=1- /O o) ds, ko = /O Ya(s)g(s) ds,

1 1
ks = /0 Vo h(s)ds,  ky=1- /0 W (5)h(s) ds,

k= k1k4, - kzkg;

(H3) f e CU, x R,,RY);
(Hy) there exist three functions @, b € C(J,,R"), g € C(R,,R") satisfying

f(t,u) <AOFW) +D(t), Vte],ueR,,
where, in addition,
1 N 1 .
ar= / H()a(t)g,(¢) dt < +o0, b* = / H()b(t) dt < +00,
0 0
and
g ()= max{g(u) y(Br<u< r}, vr>0,

here, y (¢) is defined in (6), H(¢) is defined in (7);
(Hs) there exists a functionc € C(J,, R*) satisfying

f(tr u)
<tu

— +00 asuU —> +00

uniformly for £ € J,, and in addition,

1
c =f (t) dt < +o0;
0

(Hg) there exists a function deC (J+, R*) satisfying

f(t’ u)
d(t)

— +00 asu— 0
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uniformly for £ € J,, and in addition,
—_~ 1/\
d* = / d(t)dt < +o0.
0

Lemma 1 ([4]) Assume that (H,) and (Hy) hold. Then, for any y € C(J,) N L'(J), the BVP

{ (@) +a®)u'(t) + bOu@) +y() =0, te], 2

w(©0) = [g@)uls)ds,  u(l) = [, h(s)u(s)ds,

has a unique solution u that can be expressed in the form

1
ult) - / H(s)ys)ds, te),
0

where

Y1 ()ks + Yo (t)ky

H(t,s) = G(¢,5)p(s) + X

1
/0 G(r, )p()g(x) dr

Yk + Yk,
T

() = exp( /0 als) ds),

Gl - {v/l(r)wz(s), 0<t<s<l,
o | i9¥Ya(t), 0=s=<t=<l,

1
/0 G(z,s)p(s)h(r)dr, (3)

o =v1(0). (4)

Moreover, u(t) > 0 on J provided y > 0.
By Remark 2.1 in [4], we have

Lemma 2 [4] Suppose that (H;) and (Hy) hold, then, for any t,s € ], we have

0 < G(t,s) < G(s,s), 0 < H(t,s) < H(s), (5)

H(t,5) = y () H(s), (6)

where y (t) = min{yr(¢), ¥ (¢)}, t €] and

H(s) = Gs,s)pls) + 2K

1 1
/ G(r,s)p(s)g(f)duklzk2 / G(t,s)p(s)h(r)dz. (7)
0 0

Let E = C(J) be the standard Banach space with the maximum norm and P be the typical
cone of nonnegative continuous functions in the form

P={ucE:ult)>y®)lul,te]}.

LetP,,={ucP,m=<|ul|l<n},P,={ucP:|u|| <r}forn>m>0,r>0.
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First, we give an operator T: P\ {0} — C(J) as follows:

1
(Tu)(t) = /0 H(t,s)f (s,uls))ds, te]. (8)

Lemma 3 If conditions (H;) and (Hy) are satisfied, then, foranyn>m >0, T :P,,, — Pis

a completely continuous operator.

Proof For any given u € P,,,, we have m < | u| < n. From the construction of P, we have
yOm<u(t)<n, Vte]. )

Clearly, for any n > m > 0, condition (H,) means that

1
Ty = [ HOAOG0)de < 520, 1)
0
where
:g\mn(t) = max{f(u) : ]/(t)m <u=< I’l} (11)

It follows from (8), (H3), (Hs) and Lemma 2 that
f(t1(8) <G (0) +b(), VEE ], 1 € Py, (12)

and

:/IH(t,s)f(s, u(s)) ds
0

1
5/ H(S)f(s,u(s))ds

/ HE[ASNG(s) + B5)] ds

-G +b*, Vte, (13)

mn

which shows that 7' makes sense. According to Lemma 2, we have for any ¢t € /

1
(Tu)(2) = /0 H(t,5)f (s, u(s)) ds
1
, d
S/O H(s)f(s u(s)) s

Hence,

1
| Tul| < /0 Hs)f (s, u(s)) ds. (14)
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At the same time, by Lemma 2 and (14), we get
1
(Tu)(t) = / H(t, s)f(s, u(s)) ds
0
1
> y(t)/ H(s)f(s,u(s)) ds
0
>y@ITull, Vte]. (15)
This indicates that 7" maps P,,,, into P.
Next, we shall show the complete continuity of the operator T. Let u,,u € P,,,, with
|4, — it]] — 0 (n — 00); then lim,,_, o u,(£) = u(t), t € J. Let
(T1u)(t) =f(t, u(t)), forany ¢t €/,,u € Pyy,
1
(Tou)(t) = / H(t,s)u(s)ds, foranyte]/,,ueL'()).
0
BY (Hl)r
f(tun(®) = f(t,u(t)) (n— +o0),foranyte],. (16)
Similar to (12), for u,, u € P,,,, one has
f(tun(®) <AOZn(®) + (0, f(0(E) <AOGmnE) +b(£), VEE],.
Then one gets
I (8, u(0)) = f (£, 8(8))| < 28(E0Gmn(2) + 2b(0) 2 0 (2) € L(). (17)

The Lebesgue dominated convergence theorem together with (16) and (17) generates

1
lim / |(Toun)(6) — (Tuia() | dz = 0.
n—00 0

That is to say Tj : P,,, — L'(J) is continuous. Furthermore, the complete continuity of
the operator Ty : L}(J) — C(J) can easily be verified by the Arzela-Ascoli theorem and
a standard discussion. Hence, by the property of compound operators we see that 7' =
Ty o Ty : Py, — C(J) is completely continuous. O

Lemma 4 ([23]) Let E be a Banach space, P C E a cone in E. Forr > 0, define P, ={u € P
llee|| < r}. Assume that T : P, — P is a compact map such that Tu # u for u € 0P, ={u € P:
lull =r}.
@) Ifllull < | Tull, Vu € dP,, then
i(T,P,,P) = 0.
(i) If llull = [ Tull, Yu € OP,, then

i(T,pP,,P)=1.
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3 Main results
Theorem1 Let conditions (H)-(He) be satisfied. Furthermore, there exists a constantt > 0

satisfying
az +b* <7, (18)

here, @ and b* are given in (Ha). Then the BVP (1) admits at least two positive solutions

x* and x** such that 0 < ||x*|| <7 < ||x**].

Proof From Lemma 3, we know that for any # > m > 0, the operator T maps Py, into P
and is completely continuous. Next, we are in a position to show that 7" has two distinct
positive fixed points x*, x** such that 0 < ||x*|| <7 < [lx**||.

From (Hs) we know there exists a constant r; > 0 satisfying

% -1
ft,u) > (y}L /1 H(%,S)?(S) ds) tu, Vte],u>n. (19)

Let0< vi= minte[%%]{l//l(t), Yo ()} < 1. Choose

o~
r2>max{—1,r}. (20)
Z

For u € dP,,, considering the definition of cone P, we have

13
u(t) > yt)ry > yira >, Vt e [Z, Zi| (21)

So, we get from (19), (20), (21) that
(Tu)G) - /OIH(%,S)/(S,M(S)) ds
> <V% /; H(%,S)?(S) dS>1/; HG,S)'C\(S)M(S) ds
=(nf, () J, (b ea pnen @

i.e, || Tull > ||u|l, u € 3P,,. Therefore, by Lemma 4,
i(T,P,,,P) =0. (23)
By condition (Hg), there exists a constant r3 > 0 satisfying
2 1 -1
F(t,u) > (/ H(E,S)g(s) ds> A7, Vte],,0<u<rs. (24)
1
i

Choose

0 < r4 < min{rs,7}. (25)
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For u € 9P,,, we have
r3>ra = |ull = yira >0, Vie,.

So, we get from (24) and (25) that
o(2) - [ (e ooy
><AéH(;Q2@dQ1[fH<;Q2@ﬂk
> (/jH(%,S)E(s)ds>_1/jH(%,s)g(s)ds-?=?>r4, (26)

i.e, || Tull > ||u|, u € 3P,,. Therefore, by Lemma 4,
i(T,P,,,P)=0. (27)
In a similar manner, for u € 9P, by (Hy), Lemma 2 and (14), we get
1
(Tu)(t) = / H(t, s)f(s, u(s)) ds
0
1
< / H(s)f(s, u(s)) ds
0
1 —~
< / H(s)[a(s)g(s) + b(s)] ds
0
§ﬁ;f+z* <7, Vte], (28)
i.e., || Tull < ||ull, u € 0P;. Therefore, by Lemma 4, we get
i(T,P~P)=1. (29)
Now, the additivity of the fixed point index together with (23), (27), (29) implies that
i(T, Py, \ P5,P) = -1
and
i(T, P\ Dy, P) =1.

Hence, T has two fixed points x* and x** which belong to P\ 103,4 and P, \ P;, respectively,
such that 0 < rg < ||x*|| <7 < ||6™*|| < 19. O

4 An example
Example 1 Consider the following second-order singular integral BVPs:

" / 1 2 1 1 _
u(t)+u(t)—2u(t)+560m(u +3%)+m—0, 0<t<l, (30)

u(©0) = [ysu(s)ds,  u(l) = [y s*u(s)ds.
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Conclusion BVP (30) admits at least two positive solutions x* and x** satisfying 0 <
el <1 < fla™ .

Proof Clearly, BVP (30) has the form (1), in which a(¢) =1, b(¢) = -2, f(¢t, u) = 560m

(s) = s, h(s) = 5. Obviously, f(t, u) permits singularities at ¢ = 0,1

2 1
( Sf) wo¥ian’ 8
and u =

Let vy and Yo satisfy

1) + (£) = 2¢n(t) = 0, 5 () + Yy (8) — 292 (8) =
¥1(0) = 0, Y1) =1, ¥2(0) =1, Ya(1) = 0.

By a simple computation, we get

1

Y (t) = 3 (et _ e—Zt), Val(t) = —~ (el 2t t—2)’

pP= e 57 P(t) = et’
Sel+le—e? 2242

k=1- 3 =0.8961, ko = =0.3297

e—e e—e
—2et+ e+ 2e e+3e?-2

ks = — = 0.0474, ky=1- — = =0.7532,

e—e" e—e

k= k1k4 - k2k3 =0.6593 >0,

Glt.s) = 1 { (et —e?) (e —e2), 0<t<s<l,

3e—e?) | (e -eP)(eH-e?), 0<s<t<l
It is not difficult to see that 0 < G(,s) < 2s and

3 + kg ki + ks

H(s) = G(s,s)p(s) + k

1 1
/ G(z,s)p(s)g(r)dr + / G(z,s)p(s)h(r)dr < 28s.
0 0

1

For any given r > 0, we can see that (Hy) is valid for a(t) = ﬁ g(u) = u® + YL

b(t) = T and it follows from 0 < 55 ¢(1 - t)? < y(t) <1 that
420 »,/ 2(e—e~

1

= / H(t)a(t)g,(t) de
0
1 1 ( e—e?

< | 28t o ) dt < +o0, (31)

/0 560/(1-1) 34 ﬁt(l—t)zr

fo H(t)b t)dt < 0.0684. Clearly, (Hs) and (He) hold for ¢(¢) = t) =
c* =d* = 0.0020. Take 7 = 1; we have by (31)

1
560 ¥(1-7)’ and

-2
e e—e
as+b*

1
’ </0 20Ju—t< [——T—t

) dz + 0.0684

=0.0305 + 0.0773 + 0.0684 = 0.1762 <1 =7.

Consequently, (18) holds and our conclusion can be deduced from Theorem 1. O
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