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Abstract
In this paper, we study the following coupled Schrédinger system:

* *
“Autu=uTT + BuTIVE +f(U), xeRY,
2k o*
“Av+v=v"T 1 BuTvT 4 gv), xeRV,
u,v>0, x e RN

where N > 5and 2* = % Note that the nonlinearity and the coupling terms are both
of critical growth. Using the mountain pass theorem, Ekeland’s variational principle
and the concentration-compactness principle, we show that this system has at least
one positive least energy solution for each 8 € (-1,0) U (0, +00).
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1 Introduction
In this paper, we consider the following coupled nonlinear Schrédinger system:

“Au+u=u¥"1+ BuTWT +f(u), xeRY,
-1y ,3u27 yr-l +g(v), xeRY, (1.1)

u,v>0, xeRY,

.
—Av+v=1?

where N > 3, 2% = Azl_z_v2 and B € (-1,+00) \ {0}. The functions f, g satisfy the following

conditions:

(F1) f,g € C*(R), lim, g+ L2 = 0, Tlim, oo £ = 0 for £ > 0,

t t
limwzo, lim g()—O for ¢t > 0;

=0t t t—>o0 251

(F2) There exist 6,6, > 0 small enough such that
i'(2) > 1+ 6)f(¢) >0, tg' () > (1 +6,)g(t)>0 fore>0;

(F3) f(¢), g(¢) are odd.
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In recent years, there have been a lot of studies on the following coupled system of non-
linear Schrodinger equations:

—Au+ My = u? 1+ B, xeQ,
—AV+ AoV = v L4 BuPvPl, x e Q, (1.2)

u,v>0,xeQu=v=0, x €08,

where Q = RN (N > 3) or  is a smooth bounded domain in RY, 1< p < %, Ui, 2 >0
and B # 0. For the case p = 2, system (1.2) arises in the Hartree-Fock theory for a binary
mixture of Bose-Einstein condensates in two different hyperfine states, see more details
in [1-3]. The sign of B determines whether the interactions of the two states are attractive
if B > 0 or repulsive if 8 < 0.

For problem (1.2), we are interested in the existence of a nontrivial solution (u,v), i.e.
u # 0 and v # 0. However, one easily sees that (1.2) may admit a semitrivial solution of the
form (u,0) or (0, v), which may cause some difficulties. When 2 < 2p < 2*, system (1.2) is a
problem of subcritical growth. The existence and multiplicity of nontrivial solutions have
been extensively studied, see [4—13] and the references therein.

For the critical case 2p = 2%, when Q2 is a smooth bounded domain, there exist papers
[14-17] studying this case. In [14], Chen and Zou studied problem (1.2) with N = 4. In
[15], Chen and Zou studied problem (1.2) with N > 5 and they showed that if —1;(Q2) <
M < Xy <0, then (1.2) has a positive least energy solution for any 8 # 0, where 1; () is the
first eigenvalue of —A with the Dirichlet boundary condition. In [17], by a minimization
method, Ye and Peng showed the existence of positive least energy solution for the special
case A, = Ay. When 2p = 2* and Q = RV, by the Pohozaev identity, we see that problem (1.2)
has only a trivial solution if A;1, > 0. To get nontrivial solutions, one usually adds lower
order perturbation terms to the right-hand side of system (1.2), i.e. considering problem
(1.1). Problem (1.1) can be seen as a counterpart of the following single equation:

“Au+u=u*u +f(u), xeRN (1.3)
or

—Av+v=|v +g(v), xeRN (1.4)
Deng in [18] proved that if N > 4 and (F;)-(F3) hold, then (1.3) (or (1.4)) has at least one
positive least energy radial solution, denoted by u; (or v;) and the corresponding energy
denoted by B; (or B,). Hence we deduce that (1,0) and (0, ;) are semitrivial solutions
to problem (1.1), which may be an interference in the process of searching for nontrivial
solutions. Recently, the author proves the special case N = 4 in [19]. In this paper, we
consider (1.1) with higher dimensions N > 5. To state our main results, we denote H :=
HYRN) x H(RN) with the norm defined as ||(, V)|l = [[pn (IVal* + [u]?) + [en (IVV* +
|v|2)]%, V(u,v) € H. It is well known that weak solutions of (1.1) correspond to critical
points of the functional 7 : H — R defined as follows:

1 2 1 * * 2k 2t
’(”’V):5”(”’””1{‘2—*@('”'2 L +2;‘3IMIZIVI2)—A;NF(M)— [ G,
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for any (u,v) € H, where F(s) = f(ff(t) dt, G(s) = fosg(t) dt. We say (u,v) € H is a positive
least energy solution of (1.1) if (#,v) is a nontrivial solution of (1.1) with # > 0, v> 0 and

I(u,v) = inf{[((p, ¥)|(@, V) is a nontrivial solution of (1.1)}.

Our main result is as follows.

Theorem 1.1 Suppose that (Fy)-(F3) hold and N > 5.
(1) Forany B >0, problem (1.1) has at least one positive least energy solution.
(2) Forany B € (-1,0), problem (1.1) has at least one radial and positive least energy
solution.

Remark 1.2

(1) For B <0, we do not know whether the solution obtained in Theorem 1.1 is a least
energy solution of (1.1) in H or not.

(2) When N =4, it is proved in [19] that (1.1) has a radially positive solution for any
B >0and B #1. Comparing this with Theorem 1.1(1), we see that the case N > 5 is
completely different from the case N = 4. In the proof of Theorem 1.1(1), we should
point out that 2* < 4 is an essential condition, which makes the method not
applicable to the case N = 4.

(3) The method to prove Theorem 1.1(2) can be similarly used to show that when N = 4
and -1 < B <0, (1.1) has at least one radially positive least energy solution.

By (F1), (F3), for any ¢ > 0, there exists C, > 0 such that

Ot <elt? + Clt*, gt <elt] + Colt)”, VteR, (1.5)
£2 e £2 i

F(t)§8u+CE| | , G(t)§£u+C8L, vVt eR. (1.6)
2 2+ 2 2%

By (F), (F3), we have
0<(2+6)F(®t) <tf(t), 0<(2+6,)G(t) <1g(t), VteR (1.7)

(see Remark 1.3 in [18]), then % and J% is nondecreasing on t € R\ {0}.

Since the nonlinearity and the coupling terms in problem (1.1) are both critical, the ex-
istence of nontrivial solutions to (1.1) depends heavily on the least energy solutions of the
corresponding limit problem

2% 2%
—Au=ul* 2u+ Blul T 2ulv|T, xeRN,
2% 2%
—Av=v¥ v+ BlulT|v|T %, xeRN, (1.8)

u,v € DV (RN),

where DY (RN) = {u € L*(RN)||Vu| € L2(RN)}.
Recall that S is the best constant of D2(RN) <> L2"(RN), i.e.

Vul|?
S = inf IRLU.
ueDV2(RN)\{0} (f]RN |u|2*)2_*
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For any & > 0 and y € R¥, S is achieved by the Aubin-Talenti instanton (see [20, 21])

IN(N - 2)e2]" T

Us, X) = = 1.9
(%) E= (1.9)
and
£ N

/N'VUMZ:/N'UMZ =57 (110)

R R
As showed in [15], the following manifold

P={(u,v) e D"*(R) x D"*(R")

Vul? = ul® + BlulT vT),
W0, Jen IVul® = fon(ul* + Blul = [v|7) wL11)

Vv = » T
Jan IVVP = fen (W1 + Blul T v 7)

contains all nontrivial solutions to problem (1.8). Set A := inf(,,)ep J (14, v), where J(u,v) is
the corresponding energy functional. It is proved in [15] that when N > 5, A is attained
and A < Ailb% for each B8 > 0; and while 8 <0, A = %S% is not attained. This fact brings
about the difference of the existence result in Theorem 1.1 between 8 > 0 and 8 < 0. To
prove Theorem 1.1, we easily see that the functional I possesses a mountain pass geom-
etry and then a (PS) sequence exists. For g > 0, we could pull the mountain pass energy
down below min{A, B, B}, then the (PS) condition holds for I. However, the above en-
ergy estimate cannot be directly applied to the case B < 0 since A is not attained when
B < 0. We overcome this difficulty by working in the radially symmetric Sobolev subspace
H, = H/(RN) x H/(RN), where H}(RN) = {u € H'(RY)|u(x) = u(|x|)} and using the con-
strained minimization on the following manifold defined similarly to (1.11):

M =13 (u,v) € H,

oy, | (V0P 1) = e + ﬁ'”'f* |v|* +flu)u)
Jan (VP + 1) = fon (VP + Blul Z V] T +g()v)

Then Theorem 1.1 is proved. It is necessary to point out that due to the existence of the
perturbation terms in I, we need the assumption 8 > —1 to show that the manifold M is a
suitable one for our problem, i.e. a minimizer of  constrained on M is a nontrivial solution
of (1.1).

Throughout this paper, we use standard notations. For simplicity, we write [, / to mean
the Lebesgue integral of /(x) over a domain Q C RN, L7 := I?(RN) (1 < p < +00) is the
usual Lebesgue space with the standard norm | - |,. We use ‘=’ and ‘=’ to denote the
strong and weak convergence in the related function space, respectively. C, {C;}. will
denote a positive constant unless specified. We use “:=’ to denote definitions. B, (x) := {y €
RN||y — x| < r}. We use ‘X! to denote the dual space of X. We denote a subsequence of a
sequence {u,} as {u,} to simplify the notation unless specified.
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The paper is organized as follows. In Section 2, we prove Theorem 1.1 with 8 > 0; in
Section 3, we give the proof of Theorem 1.1 with 8 € (-1,0).

2 Proof of Theorem 1.1 with >0
In this section, we consider the case 8 > 0. We first give some preliminary results.

Lemma 2.1 Suppose that (F1)-(Fs) hold and B > 0, then I possesses a mountain pass ge-
ometry around (0,0):

(1) There exist p,o > 0 such that infy(,),=p (4, V) > 0;

(2) There exists (ug, vo) € H such that ||(uo, vo)|lg > p and I(ugy, vo) < 0.

Proof For any (u,v) € H \ {(0,0)}, by (1.6) and the Sobolev embedding inequality, there is
a constant C > 0 such that

C1+p)
2*

1 *
I(u,v) > 1”(”"’)”2— @),

then there exist o, p > 0 such that I(x,v) > o for all ||(u, V) ||y = p.
By (1.7), there exists C > 0 such that

F(s) > C|s|**%, G(s) > C|s|**”, VseR. (2.1)

For any ¢ > 0, we see that I(tu, tv) — —00 as t — +00. Then there exists £, > 0 such that
I(tou, tyv) < 0 and ||(tou, tov) ||y > p. O

By the mountain pass theorem (see, e.g., Theorem 2.10 in [22]), there exists a (PS)g
sequence {(u,,v,)} C H such that

I(uy,vy) — B, I'(uy,vy) — 0 inHY,
where

B = inf max I(y(t)) >0,

yel' te[0,1]
and I = {y € C([0,1],H)|y(0) = 0,1(y(¢)) < 0}.

Lemma 2.2 Suppose that (F1)-(F3) hold and B > 0, then for any (u,v) € H \ {(0,0)}, there
exists a unique t = &) > 0 such that ¥ (tu,tv) = 0 and I(tu, tv) = max,sq I(tu, tv), where

W, v) = ||(u,v)||i1—/RN(|u|z*+|v|2* +2,3|u|%|v|%)_/RNf(u)u—/RNg(V)v.

Proof For any (u,v) € H \ {(0,0)} and any ¢ > 0, by (F;)-(F3), we see that
2*

_tz 2 t 2% 2% z K
W) = Sl -5 [ el 2 E ) - [ peo- [ G

has a unique critical point Z > 0 corresponding to its maximum. Then k() = max;s¢ k(£)
and #/(£) = 0. So W (tu,tv) = 0. 0
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Set
M ={(u,v) € H\ {(0,0)}|¥(x,v) = 0}.

By Lemma 2.2, M # &. Indeed, M contains all nontrivial and semitrivial solutions of (1.1).
For any (u,v) € M, by 8 >0 and (1.7), we have I(x,v) = I(u,v) — %\I’(u, v) >0, ie. I(u,v)is
bounded from below on M. Moreover, it is easy to check that

B= inf maxI(tu,tv)= inf I(u,v).
(u,v)#(0,0) t=0 (u,v)eM
(u,v)eH

For each 8 > 0, as showed in [17], we set

Vu|? + |Vy|?
S = - Jan(IVul® +[Vv|?) .

wreD2ENNO) [ [ ([l + [v]2* + 281ul T |v]T)]?
Then Sg > 0 is well defined.

Lemma 2.3 (Lemma 2.1, Lemma 2.2, [17]) For each >0,

1+7¢
Sp= N LN_ZS
N

L+ +2B192)

and Sg is attained by (voU,,, U,,), where 1 is the unique positive zero point of ¢(t) =
1+,3r% —,31:% — TN,

For p > 0, let Yy € C§°(B5,(0)) be a cut-off function with 0 < ¢y <1and ¢ =1for |x| < p.
For ¢ > 0, denote

we := Yl p. (2.2)

Then, by [23], we have
/ |Vw£|2:517v +0(eN?), / |w£|2*:517v +0(eV),
RN RN

(2.3)
/ |we|? = Cre? + O(sN’Z),
]RN

where C; > 0 is a constant independent of ¢.

Lemma 2.4 (Lemma 2.3, [18]) Suppose that (F,) holds. For any sequences {t.}, {s.} sat-
isfying that there exist two constants 0 < Cy < C3 < +00 independent of ¢ such that Cy <

te,se < Cs for € small enough, then

lim fRN F(tswa) = +00 lim fRN G(SEWS) _
e—0* 5‘2 ’ e—0* 82
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As mentioned in Section 1, u;, v; € H'(RN) are respectively radially positive least energy
solutions of (1.3) and (1.4) with the corresponding energy denoted by By, By, i.e.

1 N 1 N
I(41,0) =By < =87, 1(0, =B, <—S87. 2.4
(11,0) 1<% (0,n) 2< (2.4)

By standard regularity arguments, u;,v; € C(RN) and u;(0) = max,gn u;(x), v1(0) =
max, gy v1(%).

Lemma 2.5 Suppose that (F1)-(F3) hold and B > 0, then
. 1.
B < min Bl,Bz,ﬁSﬂ .

Proof The proof consists of two steps.

Step 1: We prove that B < %Sﬁ%

For ¢ > 0, denote (u.,v,) := (toWw:, w,), where 7 is given in Lemma 2.3. By Lemma 2.2,
there exists a unique £, > 0 such that

(tguar tsve) eM (25)
and I(tsue, t:ve) = maxeso I(tu,, tve).

We claim that {t;}..0 is bounded from below by a positive constant. Otherwise,
there exists a sequence {g,} C R, satisfying lim,.o0t,, = 0 and I(t, ue,, te,Ve,) =
max;so I(tu,,, tve,), then by (2.2)-(2.5) and (F;), (F3), we have 0 < B < limy,_, 400 I (t:, Us,,»
Le,Ve,) = 0, which is impossible. So there exist 0 < C, < Cs independent of ¢ satisfying that

Cy<t, <Cs foralle>0. (2.6)
Then, by (2.2)-(2.6) and Lemmas 2.3 and 2.4, we see that
B < I(toue, tve)

2%

2 2 o o 2; 2;
Entlfz)x EH(ME’VE)”H_§ RN(WE' +vel” +2Bue| 7 |vel )

_/ [F(tsue) + G(tsvs)]
RN

- Il(ue,mll%[ (2, v I ]
)

— 2% 2%
N Jon (e 2" 4+ Vel + 2Bue| 7 |ve| 2

—/RNF(tsug)—/l;{N G(teve)

111+ 1S + Ci(1 + 22)e2 + O(eN-2)1%
SN[( +79) - 1(;fo)§ +0(e N)]2 _/ F(tgue)—/ Gler)
[(A+2B8772 +1,2)S2 +O(eN)] 2 RN RV
N N
1 1+13)zS2 N
=N W, +Cee” + O(e 2)—/RNF(t5u8)—/RN G(teve)

N
< =S85 fore>0small enough.
N
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Step 2: We prove that B < By and B < B,.
The idea of this proof follows from Lemma 2.7 in [15].
We define a function H : R* — R by

H(t,s) = W (tuy, tsvy).

It is easy to check that H(1,0) = 0 and H;(1,0) # 0. Then, by the implicit function theorem,
there exist § > 0 and a function ¢(s) € C(-$, §) such that

HO) =1,  £(s)= —Ztg 3 and H(t(s),5) =0, Vse(=5,0),
which implies that
(6(s)ur, e(s)sv1) € M, Vs € (=3,9). (2.7)

Since % <2<2*and B > 0, by direct calculation and (F), (F;), we have

2% 2%
(s —-2* w|Tn|T
NN B fo 1] % ]

* - * < O’
>0 5172 (25 =2) fon I + fon [ ()ud = f (un)u]

ie.
2% 2%
=28 [en | T 1| T 2,
t(s) = - s|7%s(1+0(1)) ass— 0.
O @D Tl + Jo P —faa] 0 oW)
So
ok ok
2B [on w7 |n1| T 2
t(s)=1- Hf s|Z(1+0(1)) ass— 0. (2.8)
(2% = 2) fon [ > + fon [f () uf —f(u1)M1]| I )
Then
ok ok
£ (s) = 1- B Jypn il * | 5|7 (1+0(1)) ass— 0. (2.9)

(2% = 2) fon [ * + fon [f () uf — f (1) 1]

By (F,), we see that the function l?(t) = lzf(t)t — F(t) is nondecreasing on (0, +00). By
(2.8), we may assume that 0 < £(s) <1 for |s| small enough. So

?(t(s)ul) < ?(ul) for |s| small enough. (2.10)

By (Fy), (F3), we have lim,_., % = lim,_o G“(ggﬂ = 0. Thus, by (2.4), (2.7)-(2.10)
Isl |s]

and 8 > 0, we see that for Vs € (-6, §),

B < I(¢(s)u, t(s)sv1) — %\I/ (£(s)uy, E(s)sv1)

1 .« ¥ * * 2 2* 2*
_1lp (s)/ (il + 15 " + 281517 1] 7 nl 7)
N RN
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+ ./]RN [%f(t(s)ul)t(s)ul - F(t(s)ul)] + /1;{1\1 [%g(t(s)svl)t(s)svl - G(t(s)svl)]

% 1 2* 28 2% 2 2%
== |y |? +/ ~f(u)uy = F(u) | = s 2 —/ lua| 7 |7 +o0(s| )
RN RN 2 2% RN

* 1
< — ]2 +/ —f(u)ug — F(uy) | =By as|s| > 0 small enough.
N RN RN 2
Hence B < B;. Similarly, we have 3 < B,. Therefore the proof of the lemma is completed. [J

Lemma 2.6 ([22], Vanishinglemma) Letr > 0and2 < q < 2*.If {u,,} is bounded in H*(RN)

and

sup / lu, T — 0, n— +o0,
yE]RN Br()’)

then u, — 0 in LP(RN) for 2 < p < 2*.

Proof of Theorem 1.1 with >0 By Lemma 2.1, there exists a sequence {(u,,v,)} C H such
that

lim I(u,,v,) =B, lim I'(u,,v,) =0. (2.11)
n—>+00 n—>+00

By (1.7), we easily see that {(«,, v,)} is uniformly bounded in H.
Let

81:= lim sup/ |ty |%, 8y := lim sup/ [Vul% (2.12)
B1(») Bi(2)

—+00 —+00
" yeRN " zeRN

then 81,68, € [0, +00). If §; = 8, = 0, then by the vanishing lemma 2.6, we have u, — 0 in
LP(RN) and v,, — 0 in LP(RN), V2 < p < 2*. By (F), (F3), for any & > 0, there exists C, > 0

such that

[F@)] < (It +16%) + CltP?, |G| < e(I1t? +16*) + CltlP. (2.13)
Then

ligfgop/RNF(unﬂ < ligfgop[e /RN(W”'Z + Iun|2*) +C, A{N |un|1’] < Cs,

which shows that lim,,_, . fRN F(u,) = 0 since ¢ > 0 is arbitrary. Similarly,
lim / G(v,) =0.
n—>+00 [pN
By (2.11) and the boundedness of {(u,,v,)}, we see that

Jim |G v, = tim

* * 2 2*
[l b+ 280, % 0, ¥) = NB. 214
R
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For n large, we may assume that u,, v, € D"*(RN) \ {0}. Hence, by (2.14), we see that

Sp

A

— (NB)F,

(25, Vn)”%—[
= 2
2

= 2* 2%
[fRN(|un|2* + [Vl ® 4 2B, 7 (v 7)]2

N
ie. B> %Sﬁz , which contradicts Lemma 2.5.
So we deduce that at least one of the following two inequalities §; > 0 and &, > 0 holds.

Without loss of generality, we may assume that 8; > 0. There exists a sequence {y,} C RN

such that
2 81
[n]” > — > 0. (2.15)
Bi(yw) 2
Set
ﬁn(x) = un(x +yn)7 17;’1(95) = Vn(x +J’n)-

Then {(z,,v,)} is also a bounded (PS) sequence for I. Up to a subsequence, we may as-
sume that there exists (i, V) € H such that (i, v,,) — (&, V) in H, then I' (i, V) = 0. Moreover,
by the Sobolev embedding theorem, we have

(i, ) — (,7) in L2,

(RN) x LP (RN),V2 < p < 2%,
p

loc

(%) = (x), V(%) > ¥(x) a.e. inRYN,
which and (2.15) imply that z = 0.

If 7 = 0, then # is a nontrivial solution of —Au + u = |u|* “2u + f (u) in RN. Then I(i1,0) >
B;. Hence, by 8 > 0, (1.7) and Fatou’s lemma, we have

n—+00

B= lim (1(z¢n, V) — %(1’(%,9”), (ttn, 9;1)))
e P O 1.
i | g 5 ) [ (G- £
+ /R ) (%g@)vﬂ - G(v,q))}
1 ook 1 . . -
Zlgljgof[ﬁ fR il fR N<5f(un)un—F<un>>}

1 [ 1
> Lo [ (Gran-ra)
=1(#,0) > By,

which contradicts Lemma 2.5. So v # 0. Then (i, ¥) is a nontrivial solution to (1.1). Thus
(z,v) € M and
oo L
B =< I(I/l, V) - E(I (M; V): (ux V)>

¥

1 2ok L2 L2
= — ul® +|v|© +28lul 7 |v|2
N/RN(II 77 + 281 7|77
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o[ (rn-r@)+ [ (Gewr-6m)
<hmmf{ / i 2 +|vn|2*+2ﬂ|ﬁn|%|vn|z§)+AN(%f(ﬁn)ﬁn—F(ﬁn))

n— +00
g V)V — n)>}

= liminf(l(itn,f/n) - %{F(Ztn,f/,,), (ftn,f/n))> =5,

n—+00

which shows that I(iz, V) = B. Moreover,
1(u, V) =m:= inf{I(u, v)|(u, v) is a nontrivial solution of (1.1)}.

Indeed, since (%, V) is a nontrivial solution to (1.1), I(&z, V) > m. On the other hand, for any
nontrivial solution (u,v) to (1.1), then (u,v) € M, which shows that I(x,v) > B. Hence
m > B =1(u,7V) since (u,v) is arbitrary. So (i, V) = m.

Since the functional I and the manifold M are symmetric, we see that (||, |V]) is also
a nontrivial solution to (1.1) and I(|#|, |7|) = B. By regularity and the maximum principle,
we obtain that ||, || > 0 in RV, a

3 Proof of Theorem 1.1 with § € (-1,0)
In this section, we study the existence of radially positive least energy solutions to (1.1)
when -1 < 8 < 0. Denote H, := H(RN) x H}(RN). To prove the theorem, we set

= {(u,v) € H,

M¢O,V¢0,/ (IVu|2+|uI2)=/ (1l + BlulZ IVI2+f(u)u)
RN RN

/ (|W|2+|v|2)=/ (M2 + Bl % 1% +g())}.

RN RN

Then M # &. In fact, taking u,v € C°(RN), u,v € H'(RN) with u,v % 0 and supp(u) N
supp(v) = @, then by (F;)-(F3), there exist £, £, > 0 such that (t1u, £,v) € M. For any (u,v) €
H,, by B € (-1,0), the Holder inequality and the Cauchy inequality, we have

ZIﬁI/ |u|25|v|2552|ﬂ|</ |u|2"> (/ |v|2*) </ (u + ). 6D
]RN ]RN ]RN ]RN

Then the minimization problem

B:= inf I(u,v)
(u,v)eM

is well defined and B > 0.

Lemma 3.1 Suppose that (F1)-(F3) hold and B € (-1,0), then B > 0 and I is coercive on M.
Moreover, there exists Cy > 0 such that fRN |u|2*,fRN 2" > Co for any (u,v) € M.
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Proof Since B € (-1,0), for each (u,v) € M, by (3.1) and (1.7), we have

I(u,v):%/RN(WR*Hﬂ +2,3|u| |v| ) ‘/]RN<%f(u)u—F(u)+%g(v)v—G(v))>O

which implies that B > 0 and I is coercive on M.
For any (u,v) € M, by B <0, (1.5) and the Sobolev embedding inequality, we have

" 1 « 1 2% *
||u||25/ P +/ f(u)us—llull2+C/ < Sl + 5%
RN RN 2 RN 2

which implies that [|u[|* > C; for some C; > 0 and then [px |u|*" > 2= [u]|? > C, for some
Cy > 0. Similarly, fRN |v|2* > Cj3 for some C3 > 0. Set Cy = min{C,, C3}, then the lemma is
proved. O

Lemma 3.2 Suppose that (Fy)-(F3) hold and B € (-1,0), then B < min{B; + %S¥,Bg +
Ls%).
N

Proof We first prove that there exist (¢.u;,sw,) € M, where u;, w, are defined in (2.4) and
(2.2). It is enough to prove that there exist ¢, s, > 0 solving the following system:

£ [on (Vi |* + u7)
2% 2k 2F 2% 2% 2%
=% [on lm* +t7TsTB fon lm| T || T + [on f (b)) tus,
s fan (IVWe |? + w2) (3.2)
o o2 2% P
=5 fan Wel® +t7TSTB fon 1] 7 [Wel T + [on glswe)sws,

t,s>0.

Since f]RN (IVui)? + ul) fRN (Jun|** +f(uy)uy) and " 9, by (F,) and the second equation

of (3.2), wehave0<sz = h(¢), t > 1, where

> oot
(7 —£7) fon lm]* +1272 fRN(f(MLII) _ [na)y,2

tuy

h(t) =

2% 2%
B [en ]| T [we| T
Moreover, (1) = 0 and lim;_, ;o /1(¢) = +00. Then (3.2) is equivalent to

2(2*-2)

lzg(t):/RN(Wwa%w) [he)] = /RNm B */RNw%wﬁ

_/ ([h(t)]2 a)wg_O’ o1,
BN [h(6)] 2 we

";1\'0

We see that lim,_,1+ /. (¢) = +oo > 0 and lim,_, ,o /1. (£) = —00, so there exists £, > 1 such
that /. (¢;) = 0. Set s, = [h(£,)] ¥ > 0. Then (3.2) has a solution (z, s;).
If lim,_, ¢+ s; = 0, then by (2.3) and (1.5), we have

(s:We) *_ *
0</ £ le) w2 < w2+s2 2C [ |wel* -0 ase— 0"
R RN RN

N SeWe



Peng and Ye Boundary Value Problems (2017) 2017:104

Page 13 0f 18
We deduce from the second equation of system (3.2) that
* * S W,
$% = lim (IVw:|* +w?) < lim (s’g’ -2/ |we|? +/ éMwﬁ) =0, (33)
e—>0* JpN e—0% RN RN  SgWg

which is impossible. So there exists sp > 0 independent of ¢ such that s, > s¢ for & small.
2
If lim,_, o+ £, = +00, then lim,_, o+ S, = lim,_, o+ [/1(£,)]2* = +00. Note that

2% 2% 2% 2
/ |u1|7|w€|7§maxu1(x)/ lwe| T <o0(¢’) > 0 ase— 0%,
RN xeRN RN

where we have used the fact that [n [w;| 7 < o(g?), which is given in Lemma 3.1 of [15].
Then, by the second equation of (3.2) and (F;), we have

. _9¥
0= lim s>

i [ (9

2*
_ t\Z roo
> lim / ol (2 ﬁ/ PREITAE:
e—>0% \ JrN Se RN

2o
2 2
> lim ol (B Jan | T lwe| T)
et \ Jpn ¢ 2-2% 2% 422 Slteuy) o
R (272" = 1) fon lm]* + 272 [on f(u1)un — [

u
(toug)¥* 171

Nz

S

’

which is a contradiction. So there exist £, s; independent of ¢ such that 1 < ¢, < # and
So < 8¢ < 81 for ¢ small. Then we have

2% %

* 2%
T T 2 2 2
|Blt* s¢ . [t | 2 |we| T < |Bls
R

22 7 2
o (t1 max ul(x)) s?/ lwe| T < s20(&?).
xeRN RN

Therefore,

B < I(t:u1,8:Ve)

2 2
<max( = | (IVi|* + |ml*) -
>0 \ 2 JpN

& 2%
—-— - F(t,
e [ (Eul)>
s? ¥
g7 ([t ) o) -

< I(Ml, 0) + %S% + 0(82) + O(EN—z) _/

1
<B+ NS¥ for £ > 0 small.

Similarly, we can also prove that B < B, + %S ¥

Lemma 3.3 Suppose that (F1)-(F3) hold and B € (-1,0), then there exists a bounded (PS)p
sequence {(u,, vy,)} C M forl.
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Proof By Lemma 3.1 and Ekeland’s variational principle (see [22]), there exists a minimiz-

ing sequence {(u,,v,)} C M satisfying that

1
I(uy,vy) <B+—, (3.5)
n

Y(u,v) € M. (3.6)

1
Ty v) = Loty vi) — — | s vir) = @, ) |,

Lemma 3.1 shows that {(u,, v,)} is uniformly bounded in H,. For any (¢, ¢) € H, with ||¢||,
l¢ll <1 and each € N, define 4, j, : R®* — R by

hn(t,s,l):/ (|V(un+tg0+sun)|2+|un+tg0+sun|2)—/
RN

|u, + to + sunlz*
]RN

—,6/ |u,,+t<p+su,,|27|vn+t¢+lv,,|27
RN
— / Sy, + to + suy,)(uy, + to + su,,),
RN
, _ 2 2 2%
],,(t,s,l)—/ (‘V(v,,+t¢+lv,,)‘ + |V +tp + vy, )—/ [V + td + Ly,
RN RN
2% 2%
—,3/ |, + to +suy| 2 v, +tp + v, | 2
RN

- / gy +td +lvy)(vy + tp + lvy).
RN

Let 0 = (0,0,0). Then k,,j, € C}(R3,R) satisfy that /,(0) = j,(0) = 0 and

oh, . . 42 y o ,
- <0>=(2—2)/RN|un|2 + 22 ﬁ/RN|un|z|vn|z +ANV<un)un—f<un>uﬁ],
ohy, i 2% 2 or
0)=—(0)=—— a2l 2 vel 7,
0= 20 zﬁfmlul vl
I, « 4-2* * *
ém):(z—zﬂfmw L2 ﬂ/RN |un|27|vn|27+AN[g(vn)vn—g/(vn)vi].

Define the matrix

2200 F(0)

al

We see that (F,), (F3) show that f(u,)u, —f'(u,)u> < 0 and g(v,,)v, — g'(v,,)v> < 0. Then, by
-1< B <0, (3.1) and Lemma 3.2, we have

detd, = (=2 [l [l
RN RN
4-22\% [2%\? > o\ 2
AC55) -G Je( )
4 — 2% * * * *
+(2-27) ﬁ/ |un|27|vn|27(/ |un|2+f |vn|2>
2 RN IRN ]RN
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2
% 2 2 2% % 2 52 z oz
> =2 [t [ - -2 ([ F )
2(2*—2)2(1—/32)/ |un|2*/ vl = (27 =2)° (1= B)C2 > 0.
RN RN

By the implicit function theorem, there exist 8, > 0 and functions s,(£), 1,(t) € C'(=5,,8,)
such that s,,(0) = [,(0) = 0,

(2, 5u(2), 1,(2)) = O Jn(t8u(8),1,(8)) = 0, V£ € (=8,,8,)
and

$,(0) = goi (22(0) 2(0) - %2.(0) 222(0))

1(0) = dellA,, (0]n (0) dhn (0) - 3}n (0) ohy (0))

Since {(u#y, v,)} is uniformly bounded in H, we see that

)|, |2,(0)| < C, (3.7)
where C > 0 is independent of n. Denote

Pt =ty 10 + 5Otk Pug =V + 1D + Ly (OV,
then (¢, ¢nt) € M for Ve € (=6,,68,,). It follows from (3.6) that

Henas )~ i) = = | (69 + 55O, 9 + e, (3.8)
By (u,,v,) € M and the Taylor expansion, we have

L @ntr Pne) = L(thn, vir) = <1/(Mm V), (ﬂﬂ +8u(O)thn, ) + ln(t)Vn» +r(n,t)

= t<1/(un’ Vn) (§0 ¢)> + r(n, ): (39)

where r(n, t) = o(||(t@ + $4(O)tsn, tp + L, (t)v,) || 1) as t — 0. By (3.7), we see that

(w REIO BP0 Vn) H -c (310)
¢ t H

where C is independent of n. Hence r(n, t) = o(t). By (3.8)-(3.10) and letting ¢t — 0, we have

lim sup
t—0

ey )] <

where C is independent of n. Hence I'(u,,v,) — 0, i.e. {(u,,v,)} is a bounded (PS)p se-
quence for I. d

Proof of Theorem 1.1 with B € (-1,0) By Lemmas 3.3 and 3.1, there exists a bounded (PS)g
sequence {(u,, v,)} C M satisfying that

/ |, / V¥ > Co, (3.11)
RN RN
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where Cy > 0 is given in Lemma 3.1. Up to a subsequence, there exists (&, v) € H, such that
(4, V) = (1, v) in H,.. Then I'(u, v) = 0. Moreover, by (F), (F3) we see that

f]RN F(un) g fRN F(M)’ fRNf(un)un g fRNf(u)u:

(3.12)
fRN G(VVI) - fRN G(V)7 fRNg(Vn)Vn - fRN g(V)V'
If u=0and v=0, then
Vitn2 < fon 1l Wl T+ 0,(1),
Jen IV < fon 1> + B Jon 1l T [val T + 0,(1) (313)

* 2* 2*
fRN |VVVI|2 = fRN |Vn|2 +ﬁfRN a7 [val T + 0,(1),

where 0,(1) — 0 as n — +00. Similarly to the proof of (3.2) in Lemma 3.2, there exist
tu, Sy > 0 such that (¢,u,,s,v,) € P, i.e.

*

2% * *
* * 5 5 2 2
tf, fRN |Vun|2 = t;% fRN |I/l,,|2 + tnz Sn2 ,BfRN |Ltn|7|Vn|T, (3 14)
* gk .

* * >z 2% 2%
Si fRN |VVn|2 =S%, fRN |Vn|2 +t) Sy ,Bf]RN [ttn] 2 Vil 7.

S0 J(tnthns Suvn) = ~ Jan (IV (Ettn)|* + [V (s4v,)|?) > A. Set

¢ = lim |Vi,|?, cy:= lim [Vv,l?,
n—>+00 JpN n—+00 JpN

dy:= lim |, dy = lim val?, e:= lim |,3|/ |6, T [V T .
n—+00 RN n—+00 ]RN n—+00 RN

By (3.13), we see that ¢; + e < d; and ¢, + e < dy. By (3.1) we have € < did,. If t, — +o0
as 1 — +00, then the first equation of (3.14) implies that s, — +00. Hence, by the second
equation of (3.14), we show that

Vv, . > T vl T )
oo fm d VWP (/ = o B o Ll 7 vl 2) >
RN

— +00 5}2’1**2 n—+00 - tﬁ* f]RN |Mn|2* - tg ./RN |V’4n|2
did, — €*
e >0, (3.15)
dq

which is a contradiction. So we may assume that £, — 5 > 0 and s, — 5o > 0.
Ife = 0, then (3.13) and (3.14) imply that £, S0o <1.Ife > 0, we assume that £, > 1. Then,
by the first equation of (3.14), we have s., > 1. Similarly to the proof of (3.15), we see that

2

_9%
02>s§02 Cy >dy —

>dy—e=cy,
1—C

which is a contradiction. Therefore, -, < 1. Similarly, soc <1. So we have

.1 1
B= lim ﬁH(un,vn)Hf{Z— lim | (|Vtun)|* + [Visava)|*) = A,

n—+00 N n—+o00 RN

By Lemma 3.2 and Section 1, we have %S¥ =A<B<B+ %S% , which implies that %S% <

By. It contradicts (2.4). Therefore the case u, v = 0 does not occur.

Page 16 of 18
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If u # 0 and v = 0, then u is a nontrivial solution of —Au + u = |u* "2u + f(u) in RV,
Then I(u,0) > B;. By (u,,v,) € M and B < 0, we have

2 2% z 2 -2 2%
lvall” = . [val™ + B . [264] 2 [Vl 7 +0,(1) ST 2 |[vull® +0,(D),
R R

N
2

where 0,,(1) — 0 as n — +00. By (3.11) we have ||v,||?> > S2. So by (3.12) we see that

B= lim (I(Mn, Vn) - %(1/(’/”” Vn)! (Mm Vﬂ)))

n—+00

= nEIPOO{%HVn”Z + /RN (%g(vn)vn) - G(vn))

e ll? s /R N(%f(unmn —F(un)>}

> %ﬁ + %Hu”z + /RN<%f(u)u—F(u))

1 1
= —S% 4 1(,0)> —S? +B,,
N N

which is a contradiction to Lemma 3.2. So # # 0 and v = 0 do not occur. Similarly, u = 0
and v # 0 do not occur. Therefore, u % 0 and v # 0, i.e. (&, v) is a nontrivial solution to (1.1).
Similarly to the proof in Section 2, we get that (u,v) is a radial and positive least energy
solution of (1.1) with I(x,v) = B. a
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