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Abstract

In this paper we derive the Pohozaev-type inequalities for p-Laplacian equations and
weighted quasi-linear equations and then prove some non-existence results for the
positive solutions of these equations in a class of domains that are more general than
star-shaped ones.
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1 Introduction

This paper is mainly concerned with the elliptic equation

-Apu=f(xu), ing,
u=0, on 092,

(1.1)

where A, = div(|VulP=2Vu), f(x,u) : RY x R' — R' is continuous, and Q CR” (n>3) isa
bounded domain with smooth boundary. We will establish the Pohozaev-type inequality
for the solutions of (1.1) and then discuss the non-existence of positive solutions of the
problem in the non-star-shaped domains. We also discuss a similar topic for the following
weighted quasi-linear elliptic equation:

—div(|x|™?|VulP2Vu) = f(x,u) in <,
u=0 on dL2.

(1.2)

Recall that in the famous paper [1], Pohozaev considered the following elliptic boundary

value problem:

-Au=f(u) in<Q,
u=0 on 0€2,

(1.3)

where f € C(RL,RY), Q@ C R” (n > 3) is a domain with smooth boundary. Let F(x) =
f: f(s)ds, and let v(x) be the unit outward normal to €2 at x. He proved the following
famous identity.
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Theorem A (Pohozaev identity, [1]) Suppose that u € C*(Q) N CH(RQ) is a solution of (1.3).
Then

(2—n)/{2uf(u)dx+2nLF(u)dx

2
ds. (1.4)

ou
=/89(x,v(x)) 5

v

Based on this identity, Pohozaev obtained a remarkable non-existence result for the fol-
lowing elliptic boundary value problem under the conditions that €2 is star-shaped and

a>22 ) <0.

—Au=|u*u+ru, u>0, ing,

u=0, on 0L2.

(1.5)

Since then, many new results on this topic have appeared. Some of them generalized
Pohozaev’s results to the more general equations, such as quasi-linear elliptic, polyhar-
monic equations, fractional differential equations. Others considered the case of domains
more general than star-shaped ones. See [2-9] and the references therein. In [10], Bahri
and Coron proved that if © is a smooth domain with non-trivial topology, equation (1.5)
may have solutions. Dancer [11] and Ding [12] constructed the examples of contractible
domains on which (1.5) has a solution. Therefore, it is interesting to discuss the problem
on non-star-shaped contractible domains.

In 1989, Guedda and Veron [13] established the Pohozaev identity of the solutions of
(1.1) and got the non-existence results. In [14], Isaia generalized the Pohozaev identity to
a non-existence result of higher-order regular strong solutions of (1.1). In [15], Takd¢ and
I'yasov improved the well-known regularity results of the weak solutions of p-Laplacian
equation from [16, 17] and, using the new regularity results for the Dirichlet and Neumann
problem, established and proved the Pohozaev-type identity. In [18], Bartsch, Peng and
Zhang generalized the non-existence result to the more general problem (1.2). It is also
interesting to discuss some special cases of (1.1), such as f(x,u) = Aud™! + v, f(x,u) =
px)u® + q(x)uP, etc. See, for example, [19-22].

In this paper we also discuss the non-existence of the positive solution of (1.1) and (1.2).
However, our method is different from all of the above work. Instead of the Pohozaev
identities, we establish a kind of inequalities, named Pohozaev-type inequalities, which
have the same effects as Pohozaev identities, and then prove some non-existence results

for the positive solution of (1.1) and (1.2) on non-star-shaped domains.

2 The p-Laplacian equations

In this section, we consider the p-Laplacian equations (1.1). Firstly we give a lemma.

Lemma 2.1 Assume that V(x) = (Vi(x),..., V(%)) is a C' vector field on R" and u €
WP () N CHQ) is a solution of (1.1). Then

/ udiv(|VulPV(x)) dx = - / |VulP~*(V(x), Vi) dx,
Q Q
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and

/F(x, u) div V(x)dx+/F1(x, /f(u V(x) Vu)dx,
Q

where F(x,t) = fotf(x,s) ds, Fi(x,6) =Y ", V; OF(nt)

Loox

Proof By the divergence theorem and the fact u(x) = 0 and F(x, u) = 0 for x € 92, we have
the following results:

0:/ <u(x)|Vu|p’2V(x),v(x))ds:/ div(u(x)| VulP2 V(%)) dx
90 Q
= / udiv(|VulP*V(x)) dx + / (IVulP?V (x), Vu) dx
Q Q

= / udiv(|VulPV(x)) dx + / |VulP~2(V(x), Vi) dx,
Q Q

and because Vif (x, u)j—z =V 3—; - fou %}:S) ds), we have
- Z / VJ— dx

S ey i

= —/ F(x, u)(V(x), v(x))ds + f F(x,u) diV(V(x)) dx + / Fi(x, u)x
aQ Q

Q

= / F(x,u) div(V(x)) dx + / Fi(x, u)x.
Q Q
The proof is complete. O
Based on Lemma 2.1, we can derive a Pohozaev-type inequality for the solutions of (1.1).

Theorem 2.2 (Pohozaev-type inequality) Let V(x) be a linear vector field on R” with the
form

RS IR £
Al e Apnn

Suppose that V (x) satisfies div V(x) = n and (V(x),x) > 0 for Vx € R"\ {0}. Ifu € Wé’p(Q) N
CY(Q) is a solution of (1.1), then

(pu—n)/ﬂuf(x,u)dx+pn/F(x,u)dx+p/;zl-"1(x,u)dx

> (p-1) fa V), v(x)>§ ds, 1)

V),
where [ = sup),_o %
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Proof It is easy to see that
0< <V(x),x) <ulx?,  VxeR"\{0}.

We multiply the equation —A,u = f(x, ) by (V(x), Vi), and then we integrate in 2. By the
divergence theorem and Lemma 2.1, the right-hand side is

—/f(x, u)(V(x), Vu) dx
Q

- B]
- [ S 3
Qi 0x;
:/F(x,u)div V(x)dx+/ Fi(x,u) dx.
Q Q
The left-hand side is

/ div(IVu|"_2Vu)<V(x), Vu> dx
Q

- 9 du - du
- — (V2= Vi(x) —
;/5; ax,» (| I/t| ij> (21: (x) axi) dx

i=

" 9 U 9 du 9 < 9
:Z/— Va2 53 Vi) o | = Va2 (S Vi) o ) d
=) Q ax,» 3x]' P 8xi 396/' 8x,» 39@'

i=1

Following this, we have

:/ <V(x) v(x))|Vu|pds—2n:/ |Vu|”_28—u Xn:al-a—u+2ﬂ:\/'(x) Py
aQ ’ ) Q 3961‘ i1 v Bxi 1 ! 8xi8xj

=/ <V(x),v(x))|Vu|1’ds+/ udiv(|Vu|”_2V(Vu))
90 Q

anflv pa 2 (o, 2
— u — ——
=) Q 8961‘ P} 396[3961‘

:/ <V(x),v(x))|Vu|Pds—/Q|Vu|1’_2(V(Vu),Vu)dx—}7;/ﬂV,'(x)aixi(WuIP)dx

Q2

= [ Ve v@)ivards— [ 19up2v (i, Vuds
Q

a0
1 1«

——/ (V(x),v(x))qulpds+ —Zaii/ |VulP dx.
P Jia ) Q

Comparing the left- and right-hand sides, we get the following identity:

(1 - l) |Vu|p(V(x), v(x))ds
pJ Joo

1 n
=——Zaii/ |Vu|1’dx+/ |Vu|p_2(V(Vu),Vu)dx+/Fdiv V(x)dx
p Q Q

Q
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:—}9lznl:a,v,v/s;uf(x,u)dx+/s;|Vu|”_2<V(Vu), Vu)dx+2n:aii/ F(x,u)dx

i=1 Q2
+ / Fi(x,u) dx.
Q
Because 0 < (V(x),x) < u|x|?, we know that
0 < (V(Vu), Vi) < pu| V|,

Thus,
/ |Vu|p_2(V(Vu),Vu)dx§ pc/ |Vulf dx = pc/ uf (u) dx.
Q Q Q

By div V(x) = Y, a;; = n, we obtain the following inequality:

(pu—n)/guf(x,u)dx+pn/QF(x,u)dx+p/QF1(x,u)dx

p

0
> (p—l)/aQ(V(x),v(x» % ds.

The proof is complete. O

Based on the above Pohozaev-type inequality, we discuss the non-existence of a positive
solution of the following boundary value problem:

|r—2

—Apu = Mlulu+ dolul?u, inQ,

u=0, on 0§2,
wherel<r <s< +00.

Theorem 2.3 Suppose that there exists a vector field V (x) which satisfies the conditions of
Theorem 2.2 and is transverse to 2. Then (2.2) has no positive solution in the following
cases respectively:

(D1) pi>r21>0,1>0,p] >5;
(D3) py>r x>0, <0, pf <s;
(D3) pf<r, k1 <0,A3<0,pf<s,

np
n-pu*

where p; =

Proof 1t is easy to see that
r—2 s—2 ¢ }‘1 r }‘2 s
f(x’u):)\'l|u| I/t+)\.2|l/l| u, F(x’u): f(x,S)dS=—|M| +_|M| )
0 r N

and then we have

oF (x,u) _

uf (x,u) = hilul” + Aalul’,
896,‘

0, F =0.
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Suppose that u is a positive solution of (2.2), according to Theorem 2.2, inequality (2.1)
holds, then we have

A A
(pu—n)/(A1|u|'+kz|u|5)dx+pnf Ll + Zuf dx > 0.
Q Q7 S

This yields

r _p* p* —S
mmn:(f) > )»2||M||§(IT>- (2.3)

By (D1)-(D3), the left-hand side of (2.3) is negative, and the right-hand side is positive,
which is a contradiction. Then the proof is complete. g

Especially, we consider the problem in the case of p = 2:

—Au=Mlu|u+ Ao|ul*%u, in<Q,

u=0, on 0L2.

(2.4)

Corollary 2.4 Suppose that there exists a vector field V(x) which satisfies the conditions
of Theorem 2.2 and is transverse to 02. Then (2.4) has no positive solution in the following

cases respectively:

(D)) 2f>r,0>0,1,>0,2f>5;
(Dy) 2§ >r,0>0,42<0,2f <s5;
(Dy) 2 <r, M <0,A2<0,2f <5,

where 2} = nfgﬂ.
3 The weighted quasi-linear elliptic boundary value problem
This section is devoted to the weighted quasi-linear elliptic problem (1.2).

Theorem 3.1 (Pohozaev-type inequality) Let V(x) be a linear vector field on R" with the
form

Suppose that V (x) satisfies div V (x) = n and (V(x),x) > 0 forVx € R"\ {0}. Ifu € Wol’p(Q) N
CY(R) is a solution of (1.2), then

((a+1)p,u—n)/ uf(x,u)dx+pn/F(x,u)dx+p/F1(x,u)dx
Q Q Q

p

0ul” s, (3.)

> (p-1) /3 V)] -

V),
where 1 = Supy, o < &;x)
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Proof We multiply equation (1.2) by (V(x), Vi), and then we integrate in €. Similar to the

proof of Theorem 2.2, by the divergence theorem and Lemma 2.1, we have
/f(x,u) V(x Vu /fo,u)v x)—

= / F(x, u)div V(x) dx + / Fi(x, u)dx,
Q Q

then

0
Zf (|x| v )(ZW u)
Zf e Va2 43y
j — 0x;
i=1
u 3 [ du
— VP = S Vi) — | d
|x| | u| ax,» E)xj (; (x)ax,) *
:/ |x|‘“p|Vu|”(V(x),v(x)>ds
Ffo)
n n n
du u 0%u
- —ap |7, |P~2 —— i— Vilx)——— | d

= / (V@), v@))Ix1 || Vul? ds + / udiv(|x|™?|Vul>V(Vu)) dx
Q2 Q

—Z/ el | Va2 (Z (x) )dx
Xj
= / (V(@), v@®))|x1™ | Vul? ds - / x|~ |[VulP>(V(Vu), Vu) dx
aQ Q
1 o » 3
—;;/Qm PVi) - (1Vul) dx

:/ <V(x),v(x))|x|’“p|Vu|”ds—/ |~ |V ul?~*(V(Vu), Vi) dx
Blo} Q

1

1 n
——/ (V(x),v(x)>|x|_””|Vu|Pds+—Zaﬁ/ ||~ |Vul? dx
b Jaa P Q

I 9

z VulP V;— |x|™%
+p§/9| ul 8x,»|x| dx
/ (V) v(x))lxl’“p|Vu|pds—/ |~ |V ul?~*(V(Vu), Vi) dx
Q2

1
—;/ (V(x),v(x))lxl_“pIVulpds+2/ 2| Vual? dix

Q Q

—a / |x|_“”_2|Vu|p<V(x),x> dx
Q
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Since 0 < (V(x),%) < u|x|?, and 0 < (V(Vu), Vi) < | Vul|?, we have

/ |Vu|p’2<V(Vu),Vu>dx§,uf |Vu|pdx=,uf uf (u) dx.
Q Q Q

We obtain the following inequality:

((a+1)p,u—n)/ uf(x,u)dx+pn/F(x,u)dx+p/F1(x,u)dx
Q Q Q

p

0
> (p—l)/aQ(V(x),v(x)> % ds.

The proof is complete. d

Theorem 3.2 Suppose that there exists a vector field V (x) which satisfies the conditions of
Theorem 3.1 and is transverse to 0S2. Then (1.2) has no positive solution if

((a+1)p,u—n)f uf(x,u)dx+pn/F(x,u)dx+p/Fl(x,u)dx<0.
Q Q Q

Now we consider two special but important cases as follows.
1. A weighted quasi-linear problem

—div(|x|™?|VulP2Vu) = M |u|2u + A ul?*, inQ,

u=0, on 0%2.

(3.2)

By Theorem 3.2, problem (3.2) has no solution in the following cases.

Theorem 3.3 Suppose that the vector field V (x) of Theorem 3.1 is transverse to 9$2. Then
(3.2) has no positive solution in the following cases respectively:

(E1) p3>r, A2 >0,A2>0,p5 >s;
(Ey) p3>r, A >0,A<0,p5 <s;
(Es) p3<r,ra<0,A2<0,p}<s,

np
n—(a+l)pp*

where p =

2. A non-autonomous weighted quasi-linear problem:

—div(jx| | VulP~2Vu) = Al ul"2u + Ao lx| P |ul 2y, in Q,

u=0, on 0€2.

(3.3)

By Theorem 3.2, we have the next theorem of problem (3.3).

Theorem 3.4 Suppose that there exists a vector field V(x) which satisfies the conditions of
Theorem 2.3 and is transverse to dS2. If

(oco - a—;n))q <0, and <¥ —a0>)\2 >0, (3.4)

where ag = (a +1)u — 157, then (3.3) has no positive solution.
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Proof 1t is easy to see that
Sl ) = Aaloel ™l P04 o] 7P |l
F(x,u) = /uf(x»S)dS =B 22,
0 r s
and then we have
uf () = da ]~ ul” + Rl Pl

and
n
0 A A
Finu) =Y e Flt10) = = ]l - B2 P .
= 0x; r s
Suppose that u is a positive solution of (3.3), then inequality (3.1) holds, that is,

((a+1)p,u—n)/()»1|x|’°‘|u|’+)\2|x|”3|u|s)dx+pn/F(x,u)dx+p/Fl(x,u)dx
Q Q Q

ou

p
> (P—l)/m(V(x),v(x)) 5| ds=0.

This implies

A A
(pu—n)/(A1|x|-“|u|’+Az|x|-ﬂ|u|8)dx+pn/ el ful” + 22|l dx
Q Q r S
ar A
zp/ Ol + P22 B g i
Q T N
Hence, we get

o-n -n
M (Olo - T) / | ™ || dx > )»2<ﬁT —Olo) / I~ |ul, (3.5)
Q Q

which leads to a contradiction, because of (3.4). O

Remark Let A=Ay =-1,a=br,B=cs, r= n_p(Zﬁl_b), s = n_p(Zﬁl_c), problem (3.3) is the

equation that is discussed in [23].
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