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combing minimax method with invariant sets of descending flow. When A > A}
(where A3 denotes the first eigenvalue of the operator (-A)* in €2 with homogeneous
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1 Introduction

This paper is concerned with the existence of sign-changing solutions for nonlinear prob-

lems involving the fractional Laplacian
(-AYu-ru=f(xu), xe€<, L1)
u=0, xeR"\ Q, ‘

where Q@ C R” (n > 2) isabounded domain with smooth boundary 9€2, f isa Carathéodory
function, 0 < s < 1, (—A)* is the fractional Laplacian operator. The fractional Laplace (—A)*

of a rapidly decaying test function u is defined as

’

(=AY u(x) = C,;P.V. / Md

RY |x _y|n+25
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where PV. denotes the principal value of the singular integral, and

1-cosx;
» R” |x|1’l+ S

It is possible to prove that (—A)® is a pseudo-differential operator, and more precisely that
(-A)ux) = F (1§17 F W)(§)), Vs (0,1),

where ¥ is the Fourier transform.

The fractional Laplacian operator (—A)°® arises in many different applications, such as
continuum mechanics, phase transition phenomena, population dynamics and game the-
ory, as they are the typical outcome of stochastically stabilization of Lévy processes; see
[1] and the references therein.

The problem (1.1) is a nonlinear equation involving the fractional Laplacian which has
been studied extensively for many years. Chang and Gonzalez [2] studied this problem
in conformal geometry. Caffarelli et al. [3, 4] investigated free boundary problems of the
fractional Laplacian. Silvestre [5] obtained some regularity results of the obstacle problem
of the fractional Laplacian.

In the past few years, some existence results on sign-changing solutions of nonlinear
elliptic equations have been obtained by combing minimax method with invariant sets of
descending flow (see [6, 7]). In this paper, we generalize the method to study the sign-
changing solution for the nonlinear equation involving the fractional Laplacian (—A)®.

The problem (1.1) has different variational structures when A take different values. This
paper is divided into two parts. In Section 3, we discuss the case A < 0, a positive and a neg-
ative and a sign-changing solution have been found by constructing different invariant sets
on which the functional is bounded below; In Section 4, we discuss the case A > A (where
Aj denotes the first eigenvalue of the operator (—A)* in € with homogeneous Dirichlet
boundary data), by using a variation of the linking theorem.

To state our results, we suppose that the Carathéodory function f: Q x R” — R verifying
the following conditions:

(h) f(x,0)=0;
() [f(x2)] < C(Q + [t]P7?) for some C > 0 and p € (2,2F), where 2} = 2,

T n-2s

(f3) there exists a constant u > 2 such that
0 < uF(x,t) <tf(x,t), VxeQ,teR\{0},

where F(x,£) = [, f(x,7)d7;
(fa) limHof(xT’t) =0, uniformly in x € Q;
[

(fs) for every x € Q the function ¢ > =7~ is nondecreasing on R.

Now, we are ready to state the main results of this paper.

Theorem 1.1 Suppose that (f;)-(f) and A < 0 hold. Then
(i) problem (1.1) has at least a positive solution u, and a negative solution u_;
(i) problem (1.1) has a sign-changing solution u. If in addition (fs) holds then u is a least
energy sign-changing solution with precisely two nodal domains.
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Theorem 1.2 Suppose that (fi)-(fa) and L > A hold. Then problem (1.1) has a sign-
changing solution.

2 Preliminaries
Recall that the fractional Sobolev space H*(f2) is defined as

H(Q) = {geL2(Q): LGt (V)] eL*(Q x sz)},

n+2s

le—yl 2"

endowed with the natural norm

()2 12
el = (/Q gl dx+ /Q dexdy) , @.1)

|x_y|n+23

where the term

_ 2 1/2
e oo ( [ [ dsor,, dy) ’

|x_y|n+25

is the so-called Gagliardo (semi)norm of g. Hj(2) denotes the closure of C{°(€2) in the
norm

lg(x) — g») 12
||g||Hg(m=( [ [ B dvay)
ela x-y

which is equivalent with the norm defined in (2.1). For the basic properties of fractional
Sobolev spaces, we refer the interested reader to [8].

One can also define (—A)* by using the method of bilinear Dirichlet forms, that is, (-A)°
is the closed selfadjoint operator on L?(R") associated with the bilinear symmetric closed
form

L(u,v) =

Cn,s (u(x) - M(}’))(V(x) - V()’)) S n
/RanN dxdy, u,veH(R"),

) =y
in the sense that

D((-AY) = {u e H*(R"), (-AYu e L*(R")}
and

U, 0) = (-A)u,¢) = / ¢(-AYudx, VueD((-A)),p € H(R").
RVI
Remark that there are maybe some distinctions between the fractional Laplacians by
different definitions. In this paper, we define it as follows.

Definition 2.1 (see [9-12]) Let e;, A; be the eigenfunctions and the eigenvalues of the
Laplace operator —A in € with Dirichlet homogeneous boundary data, a; represents the
projection of u on the direction e;. Then

(=AYu= Zai)»fei.

ieN
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For the reader’s convenience, we review the main result for the following eigenvalue
problem of the Laplace operator (—A) with Dirichlet homogeneous boundary data.

Proposition 2.2 (see [13,14]) Let Q2 be an open smooth bounded set of R".

(-ANu=iu inS,

(2.2)
u=0 on 092.

Then,
(a) the set of the eigenvalues of problem (2.2) consists of a sequence {A}ren With

O<Ai<A=< - A=A =--
and
Ak — 400 as k — +00;

(b) the sequence {ex}ren of eigenfunctions corresponding to hi is an orthonormal basis of
L?() and an orthogonal basis of H3(S2), and each eigenvalue Ay has finite
multiplicity;

(c) the first eigenvalue Ay is associated with the only positive eigenfunctions ey. The higher

eigenvalues {Ai} (k > 2) are associated with sign-changing eigenfunctions {ex} (k > 2).

For the reader’s convenience, we review the main embedding result for fractional

Sobolev spaces.

Proposition 2.3 Lets € (0,1) and Q C R" be an open set of class C*' with bounded bound-
ary. Then the following assertions hold true:
(a) (see [8]) H*(R2) is continuously embedded in H*(R"), namely for any u € H*(2) there
exists u € H*(R") such that it|q = u and

22l sy < Cillttll s ()

where C; = C(n, s, ).
(b) (see [10]) The embedding Hy(2) — L'(S2) is continuous for any r € [2,2%], and
compact for any r € [2,27).

For the proof of Theorem 1.1 and Theorem 1.2, we observe that problem (1.1) has a vari-

ational structure, indeed it is the Euler-Lagrange equation of the functional / : Hj(22) — R
defined as follows:

1 s 1
1= 5 [ [Cayiulas— [ aupds- [ Fosuas
2 Jo 2 Ja Q

Note that the functional I is Fréchet differentiable in # € H{(£2) and for any ¢ € H(€2)

(I’(u),¢>:/Qd)(—A)sudx—/ﬂ(Au +f(x, 1)) dx.



Luo et al. Boundary Value Problems (2017) 2017:108 Page 5 of 23

Thus, critical points of I are weak solutions to problem (1.1). In order to find these critical
points, we will make use of the minimax method. For this purpose, we have to check that
the functional I satisfies the (PS) condition.

Definition 2.4 (see [15]) Let c € R and {1} be a sequence in H§(£2) such that

I(u)) — ¢,

sup {I{I'(w), ¢)|} — 0,
9eHy @) 1191115 (@) =1

(2.3)

asj — +00, then {u;} is a (PS). sequence. Moreover, if there exists #y € Hj(£2) such that, up

to a subsequence, ||u; —uo|| Hy(@ — 0asj— +0o,we said that I satisfies the (PS) condition.

Lemma 2.5 Let f be a function satisfying conditions (f,)-(fa). Let {u;} be a (PS). sequence
in Hy(S2) such that {u;} is bounded in Hj(Q2). Then I satisfies the (PS) condition.

Proof Since {u;} is bounded in Hj(£2) and H(£2) is a reflexive space (being a Hilbert space),
up to a subsequence, still denoted by {u;}, there exists 1y € H(£2) such that 2; — 1o weakly
in Hj(2), that is,

(Mj, <P)Hg(9) — (uo, (P)Hg(g)y Vo € H(S)(Q)y (2.4)

as j — +00. Moreover, by Proposition 2.3(b), up to a subsequence

u—uy inL'(Q),re [2, 2:);

(2.5)
uj— ug a.e.in§,
as j — +o0o and there exists & € L"(£2) such that
|luj(x)| < h(x) ae.inQ,VjeN. (2.6)

By (f2), (2.4)-(2.6), the fact that the map ¢ — f(-, ¢) is continuous in ¢ € R and the domi-

nated convergence theorem we get

/f(x, uj(x))uj(x) dx — /f(x, uo(x))uo(x) dx (2.7)
Q Q
and
/f(x, uj(x))uo(x) dx — /f(x, uo(x))uo(x) dx (2.8)
Q Q
as j — +00. By I'(u;) — 0, we have

(1/(uj),u;) < ||I/(uj)H(H5(Q))* 441l p232) — 0, asj— +oo.
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Moreover, by (2.5)-(2.8), we have
(uj,u/)Hé(Q) = (1/(14,»), uj) + )»/Q |1,t,'(x)|2 dx + /Qf(x, u/(x))u,'(x) dx
— A/Q ‘uo(x)‘zdx + /Qf(x, uo(x))uo(x) dx
and
(), o) 2 = (I'(wy), u0)+A/ u,(x)uo(x)dx+/f x, (%) ) uo (%) dx
—>A/‘u0 ‘dx+/fx,u0 uo)x
Consequently, recalling also (2.4), we deduce that
o412 = lleto gy a8 — +o0. (2.9)
Finally we have

ll; - M0||HS(Q ||M;||Hs + ||M0||?{5(Q) = 2(uj, o) 3 (o)
— 2lltt0 |3 ) ~ 2(h0, 1) 32 = 0
as j — +00, thanks to (2.4) and (2.9). Then the assertion of Lemma 2.5 is proved. O
We define the operator A : Hy(Q2) — H(2) by
A(w) = (-A)"oh(u), YueH}(Q),
where h(u)(x) := Au(x) + f(x, u(x)), Yu € Hy(R2), is the corresponding Nemytskii operator.

(=A)~® is equal to the inverse of the operator (—A)* (see [7, 10, 16]). A(u) is uniquely de-
termined by the relation

(Aw), ¢) H (@ /( AYA(u)p dx = /()Lu(x) +f (% ux)))pdx, Vo € HY(RQ).

Lemma2.6 Theoperator A : Hy(Q2) — H(2) is compact and I' () = u—A(u), Vu € Hy(2).
Proof The proof is similarly to Lemma 5.1 in [7]. Indeed, together with (f;) and the com-

pact embedding H§(Q2) — L"(R2) for r € [2,2), it is easy to see that A is compact. Note
that

(I'(w), 9) =fQ(—A)Su(x)¢(x)dx—/Q()\u +f (%, 1)) (x) dx

- / (A u(w)p(a) dx - / (CAYA)p(x) dx
Q Q

= (=AW, ) g Va0 € Hy(R),

which implies that I'(u) = u — A(u). |
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In order to apply the method of invariant set of descending flow (see [6]), we need the
following concepts and conclusions given by Liu and Sun [6].

Let X be a Banach space, f a functional defined on X. Let K = {u: u € X,f"(u) = 0} and
Xo=X\K.

Definition 2.7 (see [6]) A Lipschitz continuous map W : Xy — X is called a pseudogra-
dient vector field for f if it satisfies:

W) ('), W) = 51f ()], for all u € Xo;

(i) IW ) <21l ()], for all u € Xo.

Let W be a pseudogradient vector field for f and iy € Xy, consider the following initial
value problems in Xj:

) — W (u(t), t>0,

(0) = o, (2.10)

By the theory of ordinary differential equations in Banach spaces, problem (2.10) has a
unique solution, denoted by ¢(t, 1o) with maximal interval of existence [0, (u0)). By Def-
inition 2.7(i),

2
)

d ! 1 U
Ef(w(t, uo)) = {f'(u), - W (w)) < -5 If ()

which implies that I(¢(t,u)) is strictly decreasing in [0, 7(x)) and therefore ¢(t,u0)
(0 <t < t(u))is called a descending flow curve associated with W'.

Definition 2.8 (see [6]) A nonempty subset M of X is called an invariant set of descending
flow for f determined by W' if

{q)(t, ug):0<t< r(uo)} cM
forall uy e M\ K.

By the definition, it is easy to see that X is an invariant set of descending flow. Let M;
and M, be the invariant set of descending flow, both M; N M, and M; U M, are invariant
sets of descending flow.

Theorem 2.9 (see [6]) Assume that M is a closed invariant set of descending flow and f
satisfies the (PS) condition on M. If inf,cpr f(u) > —00, then inf,cp f (1) is a critical value of
f and f has critical point in M corresponding to this value.

Let M and D be invariant sets of descending flow for f, D C M. Denote
Cu(D):= {uo €D, oruy € M\ Dand thereist e [O, r(uo)) such that ¢(t, up) € D}.

If D = Cyp(D), then D is called a complete invariant set of descending flow relative to M.
Clearly, Cp(D) D D and Cp(D) is the maximal subset of M which is retracted by D and
Cun (D) is the minimal one of all complete invariant sets of descending flow containing D
and contained in M.
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Theorem 2.10 (see [6]) Assume that M is connected, M is an invariant set of descending
flow, D is an open subsets of M, and D is also an invariant set of descending flow. Then

(i) Cum(D) is an open subset of X;

(ii) if Cu(D) # M and infyey,,p f(u) > —00, then infyey, ¢\ (o) f (1) = infyen,,p f (24).

Theorem 2.11 (see [6]) H denotes a Hilbert space and f a C* function defined on H. As-
sume that f € C'(H,R) and f'(u) = u — A(u) for u € H, Dy and D, are open convex subset
of H with the properties that Dy N\ Dy # &, A(0Dy) C Dy and A(dD,) C D,. Then there
is a pseudogradient vector field W for f which enables Dy and D, to be invariant sets of
descending flow, Cyy(D1) D 8D1, and Cy(D53) D dD,.

Theorem 2.12 (see [6]) Assume that M is connected and is an invariant set of descending

flow, D is an open subset of M and is a complete invariant set of descending flow relative
to M. If D # M, then 0y D, the boundary of D relative to M, is nonempty and is a complete
invariant set relative to M.

3 Proof of Theorem 1.1
The case A < 0: mountain pass sign-changing solution for problem (1.1). We consider the

convex cones
P= {u € Hy(R):u>0a.e.in SZ} and -P= {u e Hy(RQ):u<0ae.in Q}
For € > 0, we denote
D! = {u € Hy () : dist(u, p) < e} and D_ = {u € Hy () : dist(u, —p) < e}.

Clearly, for any € > 0, D! and D, are open convex subsets of Hj(2) and O :=
D! ND; # @. Denote D, = D U D_. Then D, is a closed and symmetric set in H3(S2).
Moreover, H}(2) \ D¢ contains only sign-changing functions. In the following, K denotes
critical point set of /,

K ={ueHy(Q):I'u)=0}.
Lemma 3.1 Assume that (fi)-(fa) and & < 0 hold. Then there exists €y > 0 such that
A(0D}) C D! and A(dD])CD;, Ve€(0,¢l. (3.1)
Moreover, if u € D} (or D) is a solution of problem (1.1), then u € P (or —P).
Proof We just prove the case A(dD,) C D;. The other case can be obtained similarly. We

write u € H}(Q2) as u = u* + u~, where u* = max{u, 0}, u~ = min{u, 0}. For u € 9D}, denote
v =A(u). Then

dist(y,~P) = inf V= Blgie < [v* | (32)

By Proposition 2.3(b), for any r € [2,2), it follows that there exists C, > 0 such that

U\ ,,on = inf |lu—llir <C, inf |u- 5 (Q)- 3.3
[ gy =, int =Gy = G _int = Bl 33)
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By (f1)-(f), for any €; > 0, there exists C,, > 0 such that
[fe,0)] <eltl + Coltl™, Ve Q,VeeR. (3.4)
Using Proposition 2.3, (3.2)-(3.4) and A < 0 it follows that

dist(v, ~P) | v* |

2
Hy@) = v*] H(Q) (v, V+)H(5)(Q) = (A(u)’v+)H8(Q)
= / (A +f(x,u))v" dx
Q
< [l ol s
Q
=a ”qu ”LZ(Q) ”V+ ||L2(Q) +Co ” u' | 117}:(19) ”V+ ”L!’(Q)

<|aCGC, inf |u-
_[1 162 it 2t — Pl 15 2)

i p-1
#CaCa ™t inf =1ty |1 ey (3.5)
where C; >0, i = 1,2, 3, p denote the embedding constant.
By (3.5), letting €; = m, we have
. 1. . 1
dist(v, —P) < 1 dist(u, —P) + M dist(u, —P)~,
where M = C5C, Cﬁ_l. Take € € (0, (ALM)_P%2 ). If dist(u, —P) < € < €y, then
dist( P)<1d't( P) + M dist( P)1 1d't( P) (3.6)
ist(v, —P) < — dist(u, —P) + ist(u, —P)—— = — dist(u, — €, .
2 u u -2 u <

which implies that v = A(u) € D_, i.e., A(dD_) C D_.

Now if u € D, 0 < € < €y, is a nontrivial solution of problem (1.1), then « = A(x) and
hence by (3.6) if follows that dist(u, —P) = 0, i.e., u € —P. In a similar way we see that u €
D! N (K \ {0}) implies u € P. 0

Using both Theorem 2.11 and Lemma 3.1, we have the following corollary.
Lemma 3.2 For any € € (0,€0] and u € DX \ K, there is a pseudogradient vector field W
for I which enables D} and D_ to be invariant sets of descending flow. Then O, and D, are

also invariant sets of descending flow. Here € is taken from Lemma 3.1.

In order to apply Theorem 2.9, we have to check the validity of the Palais-Smale condi-

tion. Thanks to Lemma 2.5, we only need to verify Lemma 3.3.

Lemma 3.3 Assume that (fi)-(fs) and A < 0 hold. Let c € R and let {u;} be (PS). sequence
in H§(2). Then {u;} is bounded in Hy(2).
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Proof For any j € N by (2.3) it easily follows that there exists ¥ > 0 such that
()| <,
/ U (3.7)
I'w), —2—)| < k.
||Mj||H5(Q)
By (f2) and (f1), we obtain

[f(,0)] <26lt| +copltl’™ and |F(x, )| <elt]® +c,tl”. (3.8)

Let ¢ =1, we have

/ (F(x, uj) — lf(x, uj)uj) dx
Qn{lujl<r} H

2
< (r2 +arf+ —r+ ECIW’I)Q
!

TK. (3.9)

Also, by A <0 and (f3) and (3.9) we get

105) = {1511

= (% - i) (124125 @ = M1 72() —/Q<F(x, ) — if(x, uj)u;> dx
> (% - %) 241 = K- (3.10)
As a consequence of (3.7) and (3.10) we obtain
(14 gl ) = 108 — ~ ('), 1) > (3 - 1) 4120y — 7
" 2 5
Hence, {#;} is bounded in H(S2). a

Lemma 3.4 Assume that (fi)-(fa) and & < 0 hold. For any c € R, there exists constant p; =
o1(c) > 0 such that

llotll 5 (2) + HA(”) ”Hg(g) = p1(1 + ”” —A(u) HH{)(Q))

forevery u € I° := {u € Hy(2) : I(u) < c}.
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Proof For u € Hy(S2), by (f;) and A < 0 it follows that

I(u) - l(I/(u), )
U

(1.1 AV ulPae— (1oL 2
_<2 M)/Qy( A)iu|" dx (2 M)A/Qm dx
—/(F(x,u)—luf(x,u)> dx
Q 128

11 )
> 5_; ||M||H8(Q)

If u € I, then there exists M; > 0 such that

et 3 gy = M (1 + [{7' (), )

< M (L+ lul sy 1 = A@) | s g)-

Moreover, for any ¢ > 0 the Young inequality gives

2
& 1
2211 §M1(1 + o Ml o) + oz = AG)|

2
Hy(@) )"

Letting ¢ < min{\/z, Mll}, then

2
HY(Q)

2
@)

1—Mi el oy < M 1+i||u—A(u)|
1o @ =\ 2T 50

1
§M1@(1 + ||u - Aw)|

M
< 2_(9;(1+ e = Aw)|

@)
We get some M, > 0 such that
lulhger < Mo(1+ =AW )
which implies that
el + [ A s ) < 2Nl + [ = A o
<My +1)(1+ ||u—-Aw) HHS(Q)).

Then Lemma 3.4 follows by taking p; = 2M, + 1. O

Lemma 3.5 (Regularity of solutions) Under the assumptions of Theorem 1.1 or Theo-
rem 1.2, if u € H}(S2) is a weak solution of (1.1), then u € C?(Q) N Cy(R) for some o € (0,1).
Moreover, if f is a CY° function, then u € C° () N Co(L).

Proof The proof is similar to Theorem 3.1 in [7] (see also [16]), we omit it. O
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Proof of Theorem 1.1(i) In what follows, we use Theorem 2.9 to prove our problems.
(Trivial solution) By (3.8) and A < 0 it follows that

1 A
I(u) > = |u||HS(Q —/ |u|2dx—8/ |u|2dx—c£/ |ul? dx
Q Q Q
> ellullfagy - celulng

—2
= b
> el P ”””LP Ce”””y(g)x

when ¢ is small enough.
By (3.3), we can see that, if u € D! N D; with € € [0,¢], where ¢, is taken from
Lemma 3.2, then there exists C, > 0 such that

||1/l:F HLF(Q) = Cp ¢el?ﬂfp) ||l/l - ¢||H(S)(Q) = Cp diSt(M, ﬂ:P) = Cp6~

Therefore, there exists ae > —00 such that inf,.psnp- 1(#) = . By Lemma 3.2, Df N D;
is a closed invariant set of descending flow. According to Theorem 2.9, [ has a critical
point uy € D} N D with critical value inf,,cp+np- I(u). It is easy to see that D} and D are
connected open invariant sets of descending flow for I, so 0D} N K = @ and D, NK = @.
Then we have uy € D} N D_. By Lemma 3.1, we get up e PN (-P) =0

(Positive and negative solutions) By (f3), there exist ¢; > 0 and ¢; > 0 such that

Flx,t) > ci|t|* — ¢y, VxeQ,VieR, (3.11)
then, by H}(Q) < L*(R),
1 "
I(u) < EIIMIIHs(Q IMI dx— ¢ IMI dx + 3|
1
i(l—CK)IIMIIHS(Q cillullp g + 21,
where ¢ > 0 is embedding constant.

Let {ex} be the eigenfunctions of —A introduced in Proposition 2.2. Take hg(f) =
Rej cos(mt) + Rey sin(rrt) for ¢ € [0,1], for some R € R*. Then

1(hr(®)) < 5= &) r(t)]

2
H(S)(Q) —Cl_/Q |hR(t)|de+ 62|Q|

l\)lr—‘ N =

(1-¢r)R? ”6‘1 cos(mt) + ey sin(mt) | @)
- R* ||e1 cos(mt) + ey sin(rrt) ||§M(Q) + |2

Since p > 2, there exists R, > 0 large enough such that I(/g, () < & := infeeo¢y) @, and
then

I(hg.(0)) < max I(hg () < inf_ I(w).

tel0,1] ueD{ NDZ

By Proposition 2.2 (e is positive), we have

hg,(0) =R.e; € D} \ D, hg, (1) = —R.e; € D] \ D;.
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Note that D N D; is an open subsets of D} and an invariant set of descending flow. It
is easy to see that /i, (0) € D} \ Cp: (D} N D;). Therefore, Cp: (D} N D;) # Dy, then, by
Theorem 2.12, 9+ Cpr (D! ND;) is nonempty and is a complete set relative to D;. By The-
orem 2.10, Cpy (D N D7) is an open subset of D} and

inf I(y) > inf  I(u) > inf I(u) > —o0.

dpp Cpy (DENDZ) N 9 (DENDE) DinDz
According to Theorem 2.9, I has a critical point u, in 9p; Cps (Df N D;). The facts that
dp; Cp:(DF N'D;) C D and 3D N K = @ imply u, € D}, while d5; Cp: (D} N D7) N
D! ND; =@ and dD; N K = @ imply u, ¢ D;. Hence u, € D! \ D;. Similarly, / has a
critical point u_ € D, \ D;.
ByLemma3.5, u, € C°(Q), u_ € C°(Q). By Lemma 3.1 in follows that z, > 0 and u_ < 0.
Applying the strong maximum principle (see [17]), we get u#, >0 and u#_ < 0 in Q. O

To estimate the number of nodal domains, we need the following results.

Proposition 3.6 (see [7, 18]) Assume that Q C R" (n > 2) is a bounded open set and u €

C(2) N H(2). Choose a subdomain Q4 of Q such that u(x) = 0 for x € 3Q1 N Q. Then the
restriction ugq, of u to 0, belongs to Hj(S2:). Furthermore, defining

: ulx) inQ,
z(x) =
0 on Q\ €y,

we have z € H§(S2).
In what follows, we come to prove the second part of Theorem 1.1.

Proof of Theorem 1.1(ii) We introduce a set AV associated to [ as follows:
N = {u EHY(Q):u" #0,u” #0,I'(wu" =I'(wu~ = O}.

Obviously the set NV contains all sign-changing solutions of (1.1). Now set

= inf I(u).

=

For u € N/, we have from A <0
ot sy = M2l 72 = /Qf(x, wudx > 0.

Then, by (f3), we have

1(u):/ﬂ|:%f(x,u)u—l-"(x,u)i| dx > <%—i) /Qf(x,u)udxzo.

This proves ¢ > —00.
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Write u,, = u}, + u;,, where u; = max{u,, 0} and u;, = {u,,0}. We claim that

I(uy) = max I(tu). (312)

te[0,+00)

For this purpose we set #* () := I(tu;:) for £ > 0. Then /#*(0) = 0, and
f X, tu 2
R I e e 2 e

Hence (fs) implies that ¢ — (UsiG] ) 0 jg nonincreasing on (0, 00), and thus the set ® := { >0 :
(h*)Y(¢) = 0} isa closed submterval of (0, 00) which contains ¢ = 1 by definition of A/. More-
over, h* is increasing on (0, min ®) and decreasing on (max ®, o), hence

0 © =0 0,06 (195 [

W) = max hE@) = r;lzag( hE(@).
This proves (3.12). Setting

I, := {tu; +su,:t>0,s> 0}, nel,
(3.12) implies that

supI(I1,) = T>%x1(tu;) + 1£1>ag<1(tu;) =1(u}) +1(u).

Note that, fixing a #, u;, and u; are linearly independent and II, is a two-dimensional
subspace of H(€2). Since all norms in a finite dimensional space are equivalent, we have

1 2 A 2
100 = Sl 0~ Sy | Fls )

< (; g%) 14— il + 212 (313)
for all u € I1,,. Let
Bg, = {u ell,: ||u||H(s)(Q) <R,,}.
Then by (3.13) and p > 2, there exists R, > 0 such that
I(u) <-1 foralluell,\ Bg,.
Now we define the path
R, R,

hy:[0,1] > HY(Q), h,(t)=t———u} +(1-1)
oty Ml 13 ) o5 Ml 13 2)

connecting /,(0) € (IT,, \ Bg,(0)) N Cx(D;) and k,(1) € (I1,, \ Bg,(0)) N Cx(D}) forall € €
(0,€0]. Let Q:=[0,1] x [0,1], define the homotopy map H, : Q — H{(S2) by

H,(t,s) =sh,(t), V(ts)eQ.
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Note that O, is an open set in H{(S2), Theorem 2.10(i) implies that Cx(O,) is an open
set in H}(RQ), then O, := H,;'(Cx(O.)) and OF := H,(Cx(D¥)) are open subsets of Q. By
H,(t,0) =0 € Cx(O,) for all t € [0,1] it follows that {(¢,0) : £ € [0,1]} C O,,. In addition, by

(f3), we have

I(H,(t,1) = I(h(2)) = %/ (=) 3 1, ()| dx - %x/ ]h,,(t)|2dx—/ F(, h(2)) dx
Q Q Q

1 2 1 2

= 2 ”h"(t)HH(S)(Q) - 5)”||h"(t)HL2(Q) i ha(®) HlLLM(Q) + 2|2
1 1

= ERi lva(®) i[é(sz) - E)“Ri I Vn(t)“iZ(sz) —aRy| Vn(t)”ﬁu(sz) +C2| €2,

where y,(t) := t# +(1- t)#, it is easily to see that there exists Ry > 0 such

1L Hg () UnTHE ()

that I(H,(¢,1)) < -1 for all ¢ € [0,1] when R, > Ry. Recall that O, is an invariant set of
descending flow for I and Cx(O,.) D O, we have

L0, 100 Jnf 160 nf (9(610) =0
Hence,

{&D:eef0,1]}n0O, =2.
By Lemma 3.1 in [6], there exists a connected component P, of o0, intersecting the sets

{(0,s):s€[0,1]} C O, and {(1,5) : s € [0,1]} C O;.

Furthermore, since

Hn(Pn) C Hn(aQOn) - 8Hn(0n) = BCX(OG)l

H, (O}, N 0O;) =H,(0;) NH,(0;) = Cx(D}) N Cx(D;) C Cx(Oe),
it follows that
P,NO:NO; = .
By
300, NOF O P,NOF 42,
we may take (¢,,5,) € P, \ (O} U O,). Clearly,
Vi 1= Hy(tn,8n) € M 1= 9Cx(0) \ (Cx(D}) U Cx(Dy)).
Note that dCx(O,) and Cx(D¥) are all invariant sets of ¢(¢, V), we get

le(t.vi):0<t=<t(vi)} c M. (3.14)
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By (3.3), it follows that || u* llzr @) < Cy€o for every u € I_);r N Dg, where 2 <r < 2¥. Together

with (f;), Lemma 3.2 and the above arguments, we have

inf I(e(t,vy))> inf I(u)> inf I(u)>0. 3.15
te[0,T(vE)) (90( ”))_ueacx(og) (u)_uECX(Og) @) = ( )

For 0 < #; < £, < T(V}), we obtain

@ ds

52/%H¢®VD—AW$ND)

51

le(t2,v;) = o (t1})

ty
o = | 19069 =B(o(6.)

ds

Hy (@)

1

[5)) 3
<2( [" 1o - Al iye d) -0}

<2(Ip(tv2)) ~1(0(t272))) 2 (1 — 1)

< 2,/1(\/2)\/ (t2 — tl).

Now two cases may occur. If 7(v};) < oo, then the previous inequality implies that

lim |o(6v)) —u

t—>t(vi)~

Hy(Q) ~ 0 (3.16)

for some u, € H(2).
If T(v}) = +00, by (3.15) (I(e(t,v})) (0 <t < t(v})) is bounded), there is an increasing

sequence {t,} with £, — +00 as n € +00 such that

lim i]((p(t, v;i))

n—oo dt

(=]
l

t=ty

= 1im (I'(¢ (£ v3)), 0 (£ v3) + B(o (8 V)

n—00

=-C nan;o ||<p(t,,, v;';) —A((p(tn,v;:)) ilf)(ﬂ)’ (3.17)

which together with Lemma 3.4 implies that

Jim (o (6 vi) Liga) + [4(0 (6 7;))

< C 1im (1+ | @(tnv5) - A (V)

@)

Hg(sz))

=C,

then ¢(t,,v}) is bounded. Since A is compact, A(¢(t,,v})) is convergent, which implies
that ¢(¢,,v}) is convergent thanks to (3.17). So we find u}, € H}(£2) such that (3.16) holds.
In view of (3.14) we see that & € M, C N is a sign-changing critical point of I. By (3.12),
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we have

u’ u,
< sup 1<s(t7”+(1—t)7">)
0<t<1,5>0 g Ml 13 2) o5 Ml 113, 2)

<sup(Il,) = I("‘;) + 1(”2)

=I(u,) —> ¢ = uiéljf/[(u).

Thus, {u} is a (PS) sequence in N Together with Lemma 2.5 and Lemma 3.3, I satisfies
the (PS) condition, so we can find a critical point & of I such that iz € M., and « is a least
energy sign-changing solution of (1.1).

Now we assume by contradiction that # has three nodal domains 2;, Q2;, Q3 such that
u>0in Q, u <0 in Q, # >0 in Q3. By Proposition 3.6, we have #,0,uq, € N and
I(y0,u0,) = ¢. Q3 is a nodal domain of #, hence

(1,(12)(523): L_‘x93> = (1/(12)’12)(93) =0,

which implies that

H@%wdmmg—;wwmgﬂmg

1 1 _ 2 1 1 _ 2
= 5 - ; ||MX93||H6(Q) - E - ; )»“MXQgHLz(Q)

—/ (F(x,ﬁxgs)—lljlxgaf(x,ﬁxgs)) dx
Q "

2(1—1)WNJ#®>0
2 u 0
However, we have
¢ <1(uyoue,) <1ty oua,) +(Uye,) <I)=¢.
This is a contradiction. d

4 Proof of Theorem 1.2
The case A > Aj: Linking type sign-changing solution for problem (1.1). Since A > Aj, we

can suppose that
A€ [r,A},,) forsomek €N,

where 1 is the kth eigenvalue of the operator (—~A), as defined in Section 2.
Let Ny denote the eigenspace of A}. By Proposition 2.2, dim Nj < oo. We fix k and let

Yi=N1®---® Ny,
Zk+1 é]\fkﬂ@l\[kﬂ@"'y

then H(S)(Q) =Y ® Zis.
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Now we define a class of contractions of the Hilbert space X as follows.

Definition 4.1 (Contractions; see [19]) Let X be a Hilbert space, if the map y(-,-) €
C([0,1] x X, X) satisfies:
(i) ¥(0,-) =id;

(i) Vvt € [0,1), y(¢ ) is a homeomorphism of X onto itself;

(iii) y~'(-,-) is continuous on [0,1) x X;

(iv) there exists a xo € X such that y(1,x) = x9, Vo € X and that y (t,x) > xg ast — 1

uniformly on bounded subsets of X,

then the set I" := {y (-, -)} is a class of contractions of the Hilbert space X.

Obviously, y(t,u) =(1-t)u el.
The following concept of linking was introduced by Schechter and Tintarev [20].

Definition 4.2 (Links; see [20]) Let X be a Hilbert space, a subset E of X links a closed
subset Fof X if ENF = @ and, for every y € I', thereisat € [0,1] such that y (t, E)NF # @.

In this section, our main tool is the following theorem.

Theorem 4.3 (see Theorem B in [21]) Let X be a Hilbert space, assume that a compact
subset E of X links a closed subset F which includes only sign-changing elements of X,
I' =1d - A, where A : X — X is a compact operator, and I satisfies (C). condition. If

ag :=supl < by :=infl,
E F

then there is a sign-changing critical point of I with critical value in [by — &,
SUP (1, 1)<[0,1] < E I((1 - t)u) + €] for all & small.

Lemma 4.4 Assume that (f,)-(f1) and X; < ) < Ay, hold. Then I satisfies the (PS). condi-
tion.

Proof Let ¢ € R and let {1} be a sequence in H(£2) such that

I(u]) -G
/ 4.1
s {|{ )]} 0 v
VEH (@l 5 )<L
as j — +o00. For any j € N by (4.1) it easily follows that there exists ¥ > 0 such that
[(w)| <«,
(4.2)

u.
fronc
ll24j 1| 1

Let us fix 0 € (2, 1), where u > 2 is given in assumption (f3). By (f3), there exist » > 0 and
C > 0 such that

Fx,0) = Cltl, Vit =r. (4.3)
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By (f) and (f3), we obtain
[f(x, )| <2elt] + ceplt?’™ and  |F(x,t)] < elt]* +ccltlP.

Let ¢ =1, we have

1
/ (F(x; Lt]') - —f(x, u}-)u,) dx
QNfJuj|<r} o

2
< <r2 +orf + —r+ Eclr”_l)Q =K, (4.4)
c o
so that, using also (4.3) and (4.4),

1) = (1))
- (% - é) (415 @ = *1172() = fQ <F<x: )= uf)uf) da

11 2 2 K
> (5 - ;)(”M/HHg(sz) — Mull2 ) + (; - 1) /;ZO{Milzr} F(x,u;) dx
1
_ / (F(x, uj) — —f (%, uj)uj> dx
an(luj|<r) o

11 2 2 i n -
> (5- 2 )ity - i) + (4 -1 oy Gt =

1 1 5 2 2 _
> (5 - ;)(IIM;IIHg(Q) = Ml 20) + (; - 1) Cillwlize g - &- (4.5)

Moreover, for any & > 0 the Young inequality (with conjugate exponents 5 > 1 and M’fz)
gives

w—2

2 2e n -2
||uj||L2(Q) < ;”Mj”LM(Q) + g #2|Q|. (4.6)

Hence, by (4.5) and (4.6) we deduce that

108) = {1 4)5)

1 1 ) n 1 1)\2e i
= (E - ;)HM/HHE‘)(Q) + [(; —1)C1 _)&(E - ;);i|”uj”y¢(g) —Cs, (4‘.7)

2 -
where C, = A(% - (% %28—#4 |Q2| + k is a constant such that C, — +00 as ¢ — 0, where
nw>o>2.

Now, choosing ¢ so small that

(oot ]
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by (4.7) we get
I(uy) - %(1/@,), w) > (% - %) 24125 ) = Ce- (4.8)
As a consequence of (4.1), (4.2) and (4.8) we obtain
x0+mw%m»zmm—lwwm@z(1—1)mﬁmm—@.
o 2 o 0
Hence, {u;} is bounded in H§(£2). By Lemma 2.5, then there exists u, € Hj(2) such that,

up to a subsequence, ||u; - u0||H(s)(Q) — 0 as j — +00. So the assertion of Lemma 4.4 is
proved. d

Lemma 4.5 Assume that (fi)-(fa) and A, <X < X3, hold. Then I(u) <0, Vu € Y.

Proof Let u € span{ey, ..., e}, then u(x) = Zle a;e;(x), with some a; € R, i =1,..., k. Since
{e1,..., ek, ...} is an orthonormal basis of L?(€2) and an orthogonal one of Hj(2) by Propo-
sition 2.2(b), we get

k
fQ u)|* dx =" a? (4.9)
i=1

and

ulx) —u@)” / |aie;(x) — aiei(y)|*
dxdy = ————dxd
-/QXQ |x y|n+25 Z |x_y|r1+2s Y

QxQ
k
=>4 leillf o (4.10)
=1
Moreover, we obtain from (f3)
F(x,t) >0, VxeQ,telR. (4.11)
By Definition 2.1 and e; being the eigenfunctions of (—A), we have
nm%Q=@@m@=ﬁamemwmm=ﬁwawm=m

Then, by (4.9)-(4.11), we get

1 k

1(u)—§Z (leilZs —k)—fﬂl—"(x,u(x))dx
1 k
Elzzla (A -2)

thanks to the fact that A; <A; <Aforanyi=1,...,k. O
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Lemma 4.6 Assume that (fi)-(fa) and X < X < A3, hold. Then there exist p > 0, 8 > 0 such
that

1) = B for llullmy o) = p,u € Hy(2).

Proof By u € Zi,1, we have u(x) = Y /%, a:e;(x), with some a; € R, i=k +1,k +2,.... By
Ay S Agyp <+, we have

+00
2 2
Dllull}a gy = X D @

i=k+1

oo
<) Maj= Za el s

i=k+1 i=k+1

_ 2
= el o

Hence, by A} < A < Ay,,, we obtain

_ 2
/ )~ )P f|u<x>|2 dx2<1_ % )”u”%(m, (4.12)
QxQ Q k+1

|x_y|n+2s

By (f2), (fa), for any ¢ > 0, there exists a C, such that
|F(x,0)| < elt] + Celt1?,

and then

L[ luw-up)P
=3 /S‘ZXQ u|; ylb‘l’gs /| x)| d
_gf| )| dx - f| )[? dx

1 A - 2
i) [ sy,
2 Ms1) Jaxa e =yt

— 8|Q|(25—2)/zs ||u||i |Q| 25-p)/2§ C. ”u”ﬁ* (4.13)

thanks to the fact that L% () < L*(2) and L% (Q) — L”(2) continuously (Q being
bounded and max({2, p} = p < 2¥). By Proposition 2.3, there exists a C such that

2 -1 2
el 0y = C el

s (K2)
and then
1 A ,
I(u) > 5 (1 - m) ”u”H(S)(Q)
—e|QI% D Clullfy o) ~ 115275 C.CP2 ull, (4.14)
Choosing ¢ > 0 such that (1 - —) g|Q|& 22 C > 0, by (4.14), we can choose p > 0

sufficiently small and 8 > 0 such that I(u) > B for letll (@) = 0> 1 € Zgsa- (N
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Lemma 4.7 Fix a z € Zy,, be such that ||z|| = p, the space Yy @ Rz is a finite dimensional
subspace of H)(S2), then there exists R > p such that I(u) < 0 for any u € Y, ® Rz with
letll s @) = R, where p is given in Lemma 4.6.

Proof By (f3), there exist C > 0 and C; > 0 such that
F(x,t)> Ct" —C,, VteR. (4.15)

Let u € Y @ Rz. Then the non-negativity of A and (4.15) give

1 2 A 2 13
100 = 5 Il )~ 5 Wl - [ (Cluto)]* - Gi) s

Lo 1
< 5 Ml @ — Callully o) + CHIS (4.16)
for some positive constant C, thanks to the fact that in any finite dimensional space all
the norms are equivalent.

Hence, if ll2tllp25,2) = +00, then I(#) — —o0, since u > 2 by assumption, and so the as-
sertion of Lemma 4.7 follows. d

Proof of Theorem 1.2 By Lemma 4.7, z € Z,1 \ {0}, Izl @) = P and 0 < p < R, define the
sets E and F as follows:

= {M =V+Ssz:ve YIOSZ 0, “M”H(S)(Q) :R} U (YkmBR)’
={u € Zin: lloll 1522) = P},

then E and F link each other (see [22, 23]) in the sense of Definition 4.2. It is easy to see that

E C Hj(R2) is a compact set, thanks to the fact that Y; @ Rz is a finite dimensional space.

By Proposition 2.2(c), the closed set F includes only sign-changing elements of H{(€2).
Combining with Lemma 4.5-4.7, we have

igf](u) >B>0> mgxl(u),
then there is a sign-changing critical point of I by using Theorem 4.3. O

5 Conclusions

Sign-changing solutions of nonlinear elliptic equations have attracted much attention in
recent years. One reason is that sign-changing solutions arise naturally from mathematical
models in biology and physics. Another reason is that there are richer structures of sign-
changing solutions than that of negative and positive solutions for generic nonlinear and
linear elliptic equations.

In this paper, we study the sign-changing solution for the nonlinear equation involving
the fractional Laplacian. This type of operators arises in several areas such as anomalous
diffusion, the thin obstacle problem, optimization, finance, phase transitions, stratified
materials, crystal dislocation, soft thin films, semipermeable membranes, flame propa-
gation, conservation laws, quasi-geostrophic flows, multiple scattering and materials sci-
ence. Our problem (1.1) has different variational structures when A takes different values.
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When A < 0, a positive, a negative and a sign-changing solution have been found by con-
structing different invariant sets on which the functional is bounded below. When A > A3,
by using a variation of the linking theorem, we also obtain a sign-changing solution. Our
results are new, and the work established in this article is of quite a general nature and cov-
ers a variety of special cases associated with particular values of the parameters involved
in the problem.
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