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Abstract

Based on an equivalent integral equation of a new type for a class of fractional
evolution equations, which is different from those obtained in the existing literature,
the paper investigates a class of fractional evolution equations with nonlocal
conditions on infinite interval. Without the assumption of lower and upper solutions,
we present a new result on the existence and uniqueness of positive mild solutions
for the abstract fractional evolution equations by using the monotone iterative
method.
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1 Introduction

Fractional calculus, a generalization of the ordinary differentiation and integration, has
played a significant role in science, economy, engineering, biology, physics, and other fields
(see [1-3]). Many real world phenomena and processes can be modeled as fractional dif-
ferential equations, and due to the fact of their various applications in many fields, today,
there is a large number of researchers turning to study the fractional differential equations.
For more general theory of fractional differential equations, we refer readers to the papers
[4—22] and the references given therein.

Among most of the studies on fractional differential equations, an important branch
is devoted to investigating the fractional evolution equation, which is a valuable tool for
describing physics phenomena. Recently, evolution equations of fractional order have at-
tracted increasing attention, we refer to the papers [12—22] and the references therein.

In [13], EI-Borai investigated the Cauchy problem in a Banach space for fractional evolu-
tion equations. He has given an equivalent integral equation for a class of fractional evolu-
tion equations in terms of some probability densities by the method of Laplace transform.
Based on the equivalent integral equation, EI-Borai has gained the existence and unique-
ness results. Since then, most papers working on the evolution equations of fractional
order, such as [14—22], have based their studies on this paper.
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In [23], Byszewski dealt with the following functional-differential abstract nonlocal
Cauchy problem of integer order in a general Banach space:

: W (t) = f (& ult), u(a(), telto,to+ T,

ulto) + Y g, crulty) = xo.

Applying the Banach contraction theorem and a modified Picard method, the existence
and uniqueness of a classical solution is given.

In [22], Zhou studied a class of Cauchy problems for fractional evolution equations with
Caputo derivative on finite interval

(€Df )(t) = Ax(t) + (Fx)(1), t€[0,al,
x(0) + g(x) = xo.

According to the theory of Hausdorff measure of noncompactness and some fixed point
theorems, Zhou has got the existence of the mild solution.

As far as we know, among the existing literature, a lot of works, such as [12-21], are
focused on the existence of solutions for fractional evolution equations on finite interval.
However, the existence results on the half-line are few.

Motivated by [13, 14, 22—24], in this paper, we are concerned with the following frac-
tional evolution equation in a Banach space E on the unbounded domains:

CDh,u(t) = Au(t) + Fu)(t), t € (0,+00), w)

u(0) = Y7 diul&),
where CDg+ is the Caputo fractional derivative, 0 < 8 <1,d; >0,§,>0(i=0,1,2,...), A is
the infinitesimal generator of a Cy semigroup {S(¢)};>0 of operators on Banach E, and
F :BC(J,E) — BC(J, E) is a given operator satisfying certain conditions, where BC(/, E) is
a Banach space defined in the second part.

Utilizing similar methods to those used in [13, 14], here we get a corrected type of the
equivalent integral equation of (1.1), which is different from those gained in the existing
literature. Without the assumption of lower and upper solutions, we present some new
results on the existence of positive mild solutions for the abstract fractional evolution
equations (1.1) by means of the monotone iterative method. And to our best knowledge,
there is not any paper to deal with the abstract problems of fractional order on unbounded
domains.

The rest of the paper is organized as follows. In Section 2, we introduce the definitions
of semigroups, fractional integral and fractional derivative, some lemmas about fractional
differential equations and some other preliminaries. In Section 3, we present the existence
theorem of the solution for problem (1.1) by the monotone iterative method. Then an
example is given in Section 4 to demonstrate the application of our result.

2 Preliminaries
First, let us recall some definitions and standard facts about the cone.

Let P be a cone in the ordered Banach space E, which defines a partial order on E by
x <y if and only if y — x € P. P is normal if there exists a positive constant N such that
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0 < x <y implies ||x|| < N||y|, where 6 is the zero element of the Banach space E. The
infimum of all N with the property above is called the normal constant of P. For more
details of the cone P, we refer readers to [25, 26].

Throughout the paper, we set E to be an ordered Banach space with the norm || - | and
the partial order ‘<’ Let P = {x € E|x > 0} be a positive cone, which is normal with normal
constant N. Let J = [0, +00). Set

BC(J,E) = {u(t)|u(t) is continuous and bounded on ]}.
Obviously, BC(/, E) is a Banach space with the norm ||u[|* = sup,; [lu(¢)||. Let
P = {u € BC(J,E)|u(t) = 0,t e]}.

It is easy to see that P* is also normal with the same normal constant N of the cone P.
Besides, BC(J, E) is also an ordered Banach space with the partial order ‘<’ induced by

the positive cone P* (without confusion, we denote by ‘<’ the partial order on both E and
BC(J,E)).

We denote by [v, w] the order interval {z € P*|v <u <w,v,w € BC(J,E)} on BC(J, E) and
use [v(t), w(t)] to denote the order interval {z € E|v(t) <z <w(f)} on E fort €.

Then we present some fundamental facts on the fractional calculus theory which we will

use in the next section.

Definition 2.1 ([1-3]) The Riemann-Liouville fractional integral of order v > 0 of a func-

tion /1 : (0,00) — R is given by

I8, h(£) = D3 h(t) = ﬁ /0 (£ - )" h(s) ds, 1)

provided that the right-hand side is pointwise defined on (0, c0).

Definition 2.2 ([1-3]) The Caputo fractional derivative of order v > 0 of a continuous

function /: (0, 00) — R is given by

Dy h(t) = ﬁ /:(t—s)”‘“‘lh”(s) ds, (2.2)
where n = [v] + 1, provided that the right-hand side is pointwise defined on (0, c0).
Lemma 2.1 ([1, 3]) Assume that D}, h(t) € L}(0,+00), v > 0. Then we have

I.CDy h(t) = h(t) + Cr+ Cot + -+ CytVY, £>0, (2.3)
forsome C; e R,i=1,2,...,N, where N is the smallest integer greater than or equal to v.

If /1 is an abstract function with values in a Banach space E, then the integrals appear-

ing in Definition 2.1, Definition 2.2 and Lemma 2.1 are taken in Bochner’s sense. And a
measurable function / is Bochner integrable if the norm of / is Lebesgue integrable.
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Next, we give some facts about the semigroups of linear operators. These results can be
found in [27, 28].

For a strongly continuous semigroup (i.e. Cp-semigroup) {S(¢)}:>o, the infinitesimal gen-
erator of {S(¢)};>¢ is defined by

Ax = lim &f_x xcE.

t—0%
We denote by D(A) the domain of A, that is,

. S(Hx-x }
lim — exists ¢.

t—0%

D(A) = {er

Lemma 2.2 ([27, 28]) Let {S(t)};>0 be a Cy-semigroup, then there exist constants C > 1
and o € R such that ||S(¢)|| < Ce®, t > 0.

Lemma 2.3 ([27, 28]) A linear operator A is the infinitesimal generator of a Cy-semigroup
{S®)}e>0 if and only if

(i) A is closed and D(A) = E.
(i) The resolvent set p(A) of A contains R*, and for every A > 0 we have

1
R(MA)| < =,
R4 = 5
where
+00
R(MA):=(M-A)!= / e MS(t)xdt, xeE.
0

Definition 2.3 ([27, 28]) A Cy-semigroup {S(£)}:>0 is said to be uniformly exponentially
stable if wg < 0, where wy is the growth bound of {S(¢)};>0, which is defined by

wo = inf{w € R|3C > 1 such that ||S(t)|| < Ce”,t > 0}.

Definition 2.4 ([24]) A Cy-semigroup {S(¢)};>0 is said to be positive on E if order inequal-
ity S(¢)x >0, x € Eand £ > 0.

According to Lemma 2.2 and Definition 2.3, if {S(t)};>0 is a uniformly exponentially

stable Cy-semigroup with the growth bound wy, then for any w € (0, |wy|], there exists a
constant C > 1 such that [|S(¢)|| < Ce®, £ > 0. Now, we define a norm in E by

%]l = sup || e S(e)x|.
t=0

Evidently, we have ||x|| < ||x|l, < C|lx||, that is to say, the norms | - ||, and || - || are equiv-
alent. We denote by [|S(¢)||., the norm of S(¢) induced by the norm || - ||,,, then we obtain

Is@®], <e*, t=o. (2.4)
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Also, we can define the equivalent norm on BC(J, E) by

lull?, = sup |u(t)|,, wueBCU,E).
te]

Consider the one-sided stable probability density [14, 15, 29]

£p(0) = iZe Bn- IM n(nmB), 0 € (0,00),

n=1

where 0 < 8 < 1.
From [14, 15, 29], the Laplace transform of the one-sided stable probability density 4(6)
is given by

B

o0
5[;,3(9)] = f e’wgﬁ(é)dQ e, 0<B<l (2.5)
0
By Remark 2.8 in [15], for 0 < y <1, one has

fmefﬂygﬁ(e)de _ Tl+y) (2.6)

0 F(1+,37/)'

In the following, we assume that {S(¢)};>0 is a uniformly exponentially stable Co-
semigroup with the growth bound wy, and w € (0, |wo|].

Lemma2.4 LetV:E— E

p-1580) ¢ pA-1)
-1 o (gi o5 xdbdr.

Then WV is a linear bounded operator and |V ||, < Y"1 d;. Furthermore, if 0 <y " d; <1,
then (I — W)™ is also a linear bounded operator and

1
¢ 1= Zlod

Proof By the definition of W, we have

B [T ﬂlcw)H (sﬂa )ﬂ)
||wx||wsr(l_ﬂ);d,/0/0 H(-1) )
0 l'r)/3
< i ﬁ)Z[ // ,_“;ﬁg() T dedt}llxllw
,B “ ) ! -B p-1 oo;ﬁ(e)
fru_ﬁ)(gd‘)[/o’ (1-1) (0 9—ﬁd9>dr]||x||w
< (Z d,) % l0-
i=0

Thus, ¥ is bounded and | W ||, < Y7 d;.

|-, =

do drt




Chen et al. Boundary Value Problems (2017) 2017:120 Page 6 of 15

If 0 < >"7, d; <1, by the theory of linear operators, we can deduce that (/ — ¥)~! is also
a linear bounded operator and

1

-t <—=
RS e :

Lemma 2.5 Set
(<I>k)(t)=ﬂ/t/00(t—s)'31§‘;—(§) ((t 9 )k()deds, k € BC(J,E).
0 JO

Then ® :BC(J,E) — BC(J,E) and

1 kI
= T(B+1) o

@R, <

Proof Since

t poo B
(<I>k)(t)=/3f/ (t—s)’g’lgg—(:) (“ 9 >k()d9ds

—ﬂ/ / tP(1-7)P- 193( ) (tﬂu@;t)ﬂ>k(t‘t)d9dr,

then

1 [ B1_ \B
o] [

</3// #1120 o5 ) do e

Ik ety (B A-T)P Y 4(6)
foo [(/ ' d(““ o7 )) eﬁ]

Iklls [ ot 5(0)
= —A (l—e Hﬁ)e—ﬁdG

w

1 kI
"I+l o

Hence,

kI
rg+1) o 0

[@hl, =

3 Main results
In this section, we will present the existence theorem for the abstract fractional differential
equation on the half-line. In order to prove our main result, we need the following facts

and lemmas.

Lemma 3.1 Let k € BC(J,E) and 0 < Y_." d; < 1. Then, for given uy € D(A), the following
linear equation

CDE u(t) = Au(t) + k(t), te(0,+00),

u(0) = uy, (3.1)
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has a unique mild solution u € BC(J, E) such that

Lopoor (p—s)pt (t—2s)P sP
:f/ |:ﬁ 0F Cﬁ(G)S( o )(F(l—ﬂ)u0+k(s)):|d9ds

B(1 - 1)P
/ f XN ,)ﬂls(’f(leiﬁ”)uodedﬂ(@k)(t). (32)

1 B)
Proof Employing Lemma 2.1, one can rewrite (3.1) as the following equivalent integral
equation:
1 t
u(t) = ug + Tﬁ) /0 (t—s)P! [Au(s) + k(s)] ds. (3.3)

With an approach similar to [12, 13], by using the Laplace transform, we can get
U =2 ug + 27 PAUGR) + A7PK(L), 1 >0, (3.4)

where U(A) and K(2) is the Laplace transform of u(£) and k(£), respectively.
Then (3.4) leads to

(MI-A)UM) = M ug + K(2).
In view of (2.5) and Lemma 2.3, we have
UQ) = (M1-A) "2 g + (W1 - A) 'K
=\p-1 /000 e‘kﬂsS(s)uo ds + /000 e‘kﬂsS(s)K(k) ds

= / / e £4(0)S(s)uo d6 ds

/ / e "0 14(0)S(s)K (1) d6 ds
oo /3 -1 ﬁ
—)J“/ e-“[ ,3 ;ﬁ(e)s< )uode]dt
0
/ [/ /m (t‘s)ﬁ )5 (“9 )ﬂ>k(s)d9ds}dt

With the help of the convolution theorem, using the inverse Laplace transforms and

Lemma 2.5, one can derive that

00 /31 ﬁ
u(t):ﬁl[xﬂl]*[f B— ;ﬁ(e)s( >u0d0:|
0
//m (t_s)ﬂl (0)S<(tg;)ﬂ>k(s)d6’ds
- Fip ﬂ) U b5 ( )”(’de}
o [ (52

>k( )do ds
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(-9’
s

T Ta- ﬁ)//

F(1 B) Jo

;,3(9)S< )uo do ds + (Pk)(t)

_7\B
50 5 _ gy 15(: (19/3’) )uoder+(d>k)(t).

Since

dodt

w

ﬂlgﬂ(e)” (tﬂ(l T)ﬂ)
1 p) // or )"

+ ||(<I>k)(t)||

(2] wtﬁ(l r)ﬂ
= /f "“gﬁ() 7 uoll, d6 dr
r(1 )

+[@eno],

g b o [ 5®
< g ol f 1-1) (0 de)dr+n(d>k)(t)||

1kl
rg+1) o

=< lluollo +

So, u € BC(J,E). O

Define an operator B4 on BC(/,E) as

o- [ [ sos(45Y)

(F(ifﬁ) |:(1 ) ;di(cbk)(&)} +/<(S))i| do ds,

where k € BC(J, E).

For simplicity of notation, we denote

“rml-sma)
TT T D\1-T0d)

Lemma 3.2 Let k € BC(J,E) and 0 <Y d; < 1. Then, for given uo, € D(A), the following
linear equation

CDE u(t) = Au(t) + k(t), te(0,+00),
u(0) = 37 diul),

has a unique mild solution u € BC(J, E) such that

u(t) = (Bak)(2)

{ﬂ(@) _/3 B-1 (ﬁ(l_f)ﬂ)
// 1/3)9/3 R G

[(1 W) Zd <I>k)(§l)} df dr + (PK)(2). (3.6)

i=0
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Moreover,
o
*
1Bally, < .

Proof From Lemma 3.1, we can have

& oo . _g)B-1 . _g)B -
we)- [ [ B eos( 5 ) (gm0 k) | doas

By the nonlocal condition of (3.5), we get

u(0) =

=< 9) (& —s)°
ra- ﬁ)z / ﬁ s (& —s)" 15( )u(O)des

di(Pk)(&:)

i=0

B S (0O s A-D)F
_F(l—ﬂ);):dl/(;/(; 9—5‘[ (1—1’) S(%‘l T)M(O)dedt

+ Y di(Pk)(E)
i=0

= Wyu(0) + Zdi(cbk)(fi)-

i=0

Thus,

- w)u(0) =3 d(@hE).

i=0

So, one can obtain
m
w(0) = (I - W)™y " di(PK)(&).
i=0
Then, combined with Lemma 3.1, we can get

_ ;ﬂ(g) A (5(1_1’)5)
u(t) = // 1 5 “gF 1-17) Stigﬁ

x [(1 — ) Zd,-(cpk)(gi)} do dt + (OK)(¢).

i=0

By virtue of (3.6), one has

0 —7)B
[Bak©], < / [ s 939; ) (1 gy S(tﬁ(l 9;))

do dr + H (®k)(¢) ”w

[0]

-0y di(PK)(E)

i

I
(=]

w
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1 poo B {,3(9) _p o1 7wt13(1—1)/3
Sfo/o 1_,(1_'8)9—‘31’ 1-7)"e P

I -w)Y " di(Pk)(E)

i=0

la@-w7|, do dz + || (@k)©®)],

1 Yorodi kI . 1 kll7,
1-37,dT(B+1) o rB+1) o

1 1 I&II%,
F(ﬂ+1)1—zg0di w

o
— |1k .
w” e

IA

Then

| BB < Z ikl 0
w

Next, we list some conditions that will be used in our main theorem as follows:

(H1) There exists a constant P < —w, such that for
FW)-Fu)<Pv-u), 0=<u<v.

(H2) There exists a constant Q > max{-P,wg} such that for
FW-Fu)=-Qv-u), =<u=<v.

(H3)

P+Q

0<
Q- wo

1
<—.
fog

Now, it is time for us to state the main result about the existence of positive solutions to

problem (1.1) in the following.

Theorem 3.1 Let {S(¢)}:>0 be a uniformly exponentially stable Cy-semigroup on a Banach
space E with the growth bound wq (wg < 0), and A is the infinitesimal generator of {S(£)}s>0.
Let 0 <) " d; < 1. Assume that P is a positive normal cone on E with N as its normal con-
stant. Provided that F : BC(J, E) — BC(J, E) is continuous and fy (t) := F(0) > 0 is bounded
on J. If F(u) satisfies conditions (H1), (H2) and (H3), then problem (1.1) has a unique pos-
itive mild solution in BC(J, E).

Proof The proof is divided into three parts.
Part I: Investigate two linear fractional evolution equations.

Consider two abstract fractional differential equations as follows:

CDE u(t) = Au(t) + Pu(t) + fo(t), t < (0,+00),

3.7
u(0) = X" diu(s), (37)
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and

{ “Dg,ult) + Quit) = Au(t) + h(t), ¢ € (0,+00), (38)

u(0) = 3"y diu(&),

where 1 € BC(J, E) is a given function.

By virtue of the theory of semigroups, it is obvious that {€7*S(¢)};s¢ is a uniformly expo-
nentially stable Cy-semigroup on Banach E generated by A + PI, and A — QI generates a
uniformly exponentially stable Cy-semigroup {e<“S(¢)},>0 on Banach E. Both of the semi-
groups are positive, with the growth bounds P + wy (P +wo < 0) and —Q +wp (-Q+wyg < 0),
respectively.

In view of Lemma 3.2, equation (3.7) has a unique mild solution 9 € BC(J, E). Moreover,
no > 6 due to the fact that fo(£) > 0,2 €.

In consideration of Lemma 3.2, the unique mild solution of (3.8) can be written as u =
Ba_orh, where Ba_gr : BC(J, E) — BC(J, E), analogous to the linear bounded operator Ly,
is a positive bounded linear operator with the property that

1Ba-orlll < w=Q —w.

o
Q-wy’

In light of the above facts, one can deduce that 7 is the mild solution of problem (3.8)
for 1 = fo + Pno + Ono, so

1o = Ba-or(fo + Pno + Qno). 3.9)
Part 2: Prove the existence of mild solutions for problem (1.1).
Let G(u) = F(u) + Qu. It is clear that G(0) = F(0) =fo > 0 and G: BC(J,E) - BC(J,E) is

continuous as a result of the continuity of 7 and conditions (H1) and (H2).
In view of (H2), one can get that

GW)-Gu)=FW)+Ov—-Fu)-Qu=FW)-Fu)+ Qv—-u)>0, 0<u<v,
which shows that G is an increasing operator on the positive cone P*.

Let M = B4_g; o G. It is easy to see that the fixed point of the composition operator M
is the mild solution of problem (1.1). Below we are going to prove that the operator M has
at least one fixed point by the monotone iterative method.

Now, we define two sequences

M= M@u), n=12,3,..., (3.10)
and
wy =0, w, = M(w,1), n=12,3,.... (3.11)

By (H1), we have

F(no) = F(0) < Pno,
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that is,
F(no) = Pno + fo
Thus, we obtain
6 = G(0) = G(no) = F(no) + Lno = Pno + Lno +fo.
Combined with (3.9) and the positivity of B4_g;, we get
0 < (Ba-g10G)(0) = M(0) < (Ba-gi0G)(n0) = M(no) < Ba—oi(Pno + Lno +fo) = no,
that is,

0 =wo <n < no. (3.12)

Since M is an increasing operator on the order interval [6, o], by the definition of M

and (3.12), we can obtain two sequences {1,} and {w,} (n=0,1,2,3,...) satisfying

b=y <m <y < - T << << <m < no.

Then, from (H1), one can get that

0 <y — @y = M) - M(@4-1) = (Ba—or © G)(1u-1) — (Ba—gr © G) (1)
= BA—QI[f(': Mn-1) + Qiua = f (@) = an-l]
<P+ Q)Ba-oi(Nu-1 — @y-1).

Then, through mathematical induction, we have
0 <nu—@, <(P+Q)'Bj_g;(no— o) = (P + Q)'By_o;(n0)-
As the cone P* is normal with the normal constant N, in view of (H3), we can get

10 = @ull?, < NP+ Q)| Bi_o,(mo) ||, < N(P + Q)" | Bi_o, || ol

< NP+ Q)" (I1Ba-arll*) " ImollZ,

sN(Pucz)"(QLwO) Inoll%

=N<m) ol — 0, n— +oc. (3.13)
Q—wo

Analogous to the nested interval method, by virtue of (3.13), we can prove that there

exists a unique mild solution u* € ("7, [@y, 0] such that

u* = lim n, = lim w@,.

n—00 n—00
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By taking limit of # tending to +0o on both of (3.10) and (3.11), one can obtain
ut = M(u*),

which shows that #* is the fixed point of M. Therefore, #* is a mild positive solution of
problem (1.1).

Part 3: Certify the uniqueness of the mild solution for problem (1.1).

In this part, we will discuss the uniqueness of the mild solution for problem (1.1) by
reduction to absurdity.

Suppose that #] and u} are two different positive mild solution for the fractional evolu-
tion equation (1.1), that is, ||z} — u3||¥ > 0.

By the same steps as above, replacing 1o by ] and u} in (3.10), respectively, then one

can get that
uf:./\/l(uj‘), ||u;k—wnH*—>0 (n — 00), n=u;, neNi=12.
Hence,

0 < =13, < il + s -, > 0, m> o

which is a contradiction.
Therefore, problem (1.1) has a unique positive solution. The proof is completed. O

4 Examples
To illustrate our main result, we will present an example.
Consider the following partial fractional differential equation:

Example 4.1

P y(t,x) = 92y(t, %) + L(t,y(t,%)), ¢ € [0,+00),
y(£,0)=y(t,r)=0, ¢€][0,+00), (4.1)
¥(0,x) =1 diy(&i,x), x€[0,7],

where 8,ﬁ is the Caputo fractional partial derivative of order 8 € (0,1).
Set E = L*([0, ], R) and Ay = 92y, then A : D(A) — E is a linear operator with domain
D(A) ={u € E|u’ € E,u(0) = u(r) = 0}. According to [30], the operator A generates a uni-
formly exponentially stable Cy-semigroup {S(£)};>0 with the growth bound wy < -1.
Let u(t) = y(¢,-), F(u)(t) = L(¢,y(¢, -)), then we can rewrite problem (4.1) as
i CDf,u(t) = Au(t) + Fu)(t), t € (0,+00), .
u(0) = 37" diu(&)). '

Take B=1/2,m=6,d;>0(i=0,1,...,6), Z?:o d; =2/3, & >1, then we can get

B 1 1 _ 6
77 F(ﬂ‘*l)(l_ZZOdi) ST
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Set

1
Fl)e) - (—Q . pz—(t))“

where p € C[0, +00) is bounded.
Let

2
P = 2600, Q = —<2+ )a)(),
o-1

which shows that

P+Q 2 1
< —= < —.
Q-wy 30-1 o

0

For

w 2 w
-0 - o _ 2+ a)o——OSZQ)QZP,
o-1 o-1 o-1

then

T
1 +p*B)(o -1)

< (-0 2 Jw-u

<PWv-u), O<u<w.

—Q<FW)-Fu)= [—Q

Since F(0) = 0, so F satisfies all the conditions of Theorem 3.1, we can conclude that
problem (4.1) has a unique positive mild solution.

5 Conclusion

In this paper, an equivalent integral equation of a new type for a class of fractional evo-
lution equations is obtained. It is different from those obtained in the existing literature,
and according to it, we investigate a class of evolution equations of fractional order with
nonlocal conditions on the half-line. Applying the monotone iterative method, without
the assumption of lower and upper solutions, we get a new result on the existence and
uniqueness of positive mild solutions.
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