Fan et al. Boundary Value Problems (2017) 2017:124 @ Boundary Value PrOblemS

DOI 10.1186/513661-017-0860-3

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

A regularity criterion for the
Keller-Segel-Euler system

Jishan Fan', Dan Liu?, Bessem Samet® and Yong Zhou*'

“Correspondence:
zhouyong3@mail.sysu.edu.cn
4School of Mathematics (Zhuhai),
Sun Yat-sen University, Zhuhai,
Guangdong 519082, PR. China
Full list of author information is
available at the end of the article

@ Springer

Abstract

We consider a Keller-Segel-Euler model and prove a regularity criterion of the local
strong solutions in a 3D bounded domain £2.
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1 Introduction
Let © be a bounded domain in R? with smooth boundary 92 and v be the unit outward
normal vector to Q2. We consider the regularity problem for the following Keller-Segel-

Euler model:

osu+u-Vu+Vmr +nVe =0, (1.1)
divu =0, (1.2)
on+u-Vn—An=-V. (nr(p)Vp), (1.3)
p+u-Vp—Ap=-nf(p) inQ x (0,00), (1.4)
u-v=0, 2—:[:2—13:0 on 992 x (0, 00), (1.5)
(u, 1, p)(-,0) = (g, no, po) in 2 C R3. (1.6)

Here u,,n and p denote the fluid velocity field, scalar pressure, cell concentration, and
oxygen concentration, respectively. The functions f(p) and r(p) are two given smooth
functions of p denoting the oxygen consumption rate and chemotactic sensitivity, respec-
tively. The function ¢ denotes the potential function.

When ¢ = 0, system (1.1) and (1.2) reduces to the well-known Euler system, Ferrari [1]

showed the regularity criterion
rotu € L'(0, T;L™()). (1.7)

On the other hand, when u = 0, system (1.3) and (1.4) reduces to the classical Keller-
Segel chemotaxis model [2—4], which received many studies [5-11] on well-posedness
and pattern formation of solutions.
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For completeness, we also cite [12-14] which show some regularity criteria for the
Keller-Segel-Navier-Stokes model.

The aim of this paper is to prove a regularity criterion of local smooth solutions to prob-
lem (1.1)-(1.6). We will prove the following.

dmo _ dpo _

7 9v v
0 on 9K2. Suppose that ¢ is a smooth function. Let (u,n,p) be a local smooth solution to

problem (1.1)-(1.6). If (1.7) and

Theorem 1.1 Letug € H?, ng, po € H?,diviug = 0,n9,po > 0in Qandng-v =0

29

VpelLls3(0,T;LY), 3<q=<oo, (1.8)
hold true with 0 < T < 0o, then the solution can be extended beyond T > 0.

Remark 1.1 We observe that (1.1)-(1.4) is invariant under the scaling transform (u, 7, 1,

P, d) = (uy, 75, 1y, pa, ¢5.), where

U = Au(kzt, Ax), 7y = A2 (Azt, )»x),

m, = Mn(Atax),  pu=p(MPtax),  ¢ui= (At k).
This implies that the regularity criteria (1.7) and (1.8) are optimal in the sense of scaling.

2 Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. Since local existence results can be
proved by using standard arguments, say, Galerkin method, we only deal with the a priori
estimates.

First of all, from the equations of #, p and the maximum principle, we easily see that

n>0,0<p<(C, /ndx:/nodx, (2.1)

where the constant depends only on the initial data.
For any m > 2, testing (1.3) by #!, using the boundary and incompressibility condi-
tions, and denoting w:= n% , we calculate

14

mdt/wzdx+%/|Vw|2dx=(m—l)/wr(p)(Vp~Vw)dx.

Using the smoothness of r(p) and (2.1), we infer that

1d 4(m -1
——/w2dx+M/|Vw|2dx
m dt m?

< Cf |Vplw|Vw|dx

< ClIVplelwll 24 VW]l 2
Ld72

1-3 +3
< CIVpl (Wl IVWlLs + w2 VWil 2)

2

m—1 =
= —=IVwlig + C(IVPIL" + 1) Iwig,
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which gives
7l 20, 7.00) + Il 0,72y < C, V> 2. (2.2)

Here we have used Young'’s inequality and the Gagliardo-Nirenberg inequality for func-
tions on a bounded domain:

W 24 < COFIL IVFID + 1 .2)- (2.3)

L1972

Testing (1.1) by , using (1.2) and (2.2), we find that
%%/ |u|2dx:—/nv¢-udx
<lnll3IVellzslull2 < CIIVOIl s llull L2
which gives
el zoc 0,722y < C. (2.4)
Taking curl to (1.1), using (1.2), we infer that
ow+u-Vo=w-Vu—-Vnx Ve, (2.5)

where w := curl u. Testing (2.5) by w, using (1.2) and (2.2), we deduce

1d

2
= . - V .
t/|w| dx [(a) Vu nx Vo) -wdx

< @l [Vull2lloll2 + VAl 2Vl = w2

2
< Clollzell@llz + 1Vall2[Vélie @ll2,
which implies

loll oo, 722y < C, (2.6)

”M”LOC(O,T;LG) < C. (27)

By using the regularity theory of parabolic equations [15], it follows from (1.3), (1.5),
(1.6), (2.1), (2.2), and (2.7) that

IVn HLZ(O,T;L;)

< C(L+ llunll 2,7y + ””r(p)Vp”LZ(o,T;L?))

<C(1+|u 16yll1 Pt || n P IV 14
< Cr hlimoruohl oo 1@l 19P120700)

<C (2.8)

forsome3<r<6andr<gq.
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Now we turn to the higher order regularity of the velocity field. Testing (2.5) by |w| 2w,
using (1.2) and (2.8), we obtain

d . G 71
Ellwllz; = Clol=loll; + CIVRllL IVal el
which gives

”C‘)HLOO(OYT;L?) <G, (2.9)

lll| oo (0,732 < C. (2.10)
Testing (1.1) by u;, using (1.2), (2.2), (2.9), and (2.10), we get
luellz2 < llu-Vu+nVollz < ullpel|Vullz + lnl3Vells < C,
whence
lell oo o, 1502y < C- (2.11)

Testing (1.4) by —Ap, using (2.1) and (2.2), we deduce

1d

5%/|Vp|2dx+/|Ap|2dx:/(u.vp—nf(p))Apdx

< (1l IVpllz2 + [[f )] o 7l 2) 1 APl 2
<C(IVpli2 + 1)1 Apl2

< S1ApI% + CIVpI,
which implies
Pl oo, 75mm) + 121200, 1502 < C. (2.12)
To achieve higher order regularity of p, we decompose p as
p=p1tp,
where p; and p;, satisfy

dp1 - Apr = —diviup) in x (0,7),

%:0 on Q2 x (0, T),
p1(x,0)=0 in 2

and

Op2 — Apy =-nf(p) inQx(0,T),

g on 32 x (0, T),
p2(%,0) = po() in €,

respectively.
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By using the regularity theory of general parabolic equations (cf. [15]), (2.2), (2.5), and
(2.7), we have

IVoillpmo,rimy < C,  Vm>2, (2.13)

P21l w21 G0,y = € Ym>5, (2.14)
whence

IVpllrmo,rem < C. (2.15)

Similarly, by the regularity theory of heat equations [15], we have

IValgmo,rom <C, VYm>3. (2.16)
By the well-known L*°-estimate of the heat equation, we discover that

l7]l Lo @x(0,77) < C. (2.17)

Applying 9; to (1.3), testing by n;, using (1.2), (2.11), and (2.17), we get

1d
5$/nfdx+/ |V, |? dx
= / u:nVn; dx + /(ntr(p)Vp +nr' (p)p:Vp + nr(p)th)Vnt dx

< lluellz2 mllizoe 1V aell 2 + Cllnell s VP s IV 76l 2

+ Cllnllzellpll s 1VPl s VAl 2 + Clinlie IV pell 2 1V 7 2
< ClIVnl2 + Cllel L 19pl 1 V)
+ Clipells IVPlsVaell 2 + CIVpell 2| Vil 2. (218)
Here we used the fact [ 7, dx = 0 and the Gagliardo-Nirenberg inequality
7175 < Clinell 2 1 Vil 2. (2.19)

Applying 9; to (1.4), testing by p;, using (1.2), (2.11), (2.1), and (2.17), we have
1d
2 dt

= / upVp; dx — f (nf (p) + nf"(p)p:)p: dx

pf dx + / |th|2dx

< lluel 2 1Pl IVl + Clinell 2 lpell 2 + Clinllze peiZ,
< ClIVpeliz2 + Climell2 I1pellz2 + Cllpell 72 (2.:20)

Combining (2.18) and (2.20) and using the Gronwall inequality, we conclude that

17ell oo o, 1502y + N7ell 200,751y < €, (2.21)



Fan et al. Boundary Value Problems (2017) 2017:124 Page 6 of 7

lpell Looo, 72y + lPell 20,7511y < C. (2.22)

Now using the H2-theory of Poisson’s equation, we have

PNz, 1502y + 1P 200, 703) < C, (2.23)

1721l oo 0, 75102y + 72ll oo (o, 73y < C. (2.24)
To further improve the regularity of «, we recall some technical lemmas in [1, 16, 17].

Lemma 2.1 ([1]) Iff,g € H*(2) N C(R), then

Wl < C(IFllaslighzoe + IFllzoe lIgllrs).- (2.25)
Iff € H(Q) N CHRQ) and g € H*H(Q) N C(Q), then for |a| <,

|D%(fe) - D% | ;> < C(If s lglizoe + 1f llwroe gl pas-t)- (2.26)
Lemma 2.2 ([1,17]) Foranyu € H*(Q) withdivu =0in Q and u-v = 0 on 3R, there holds

IVullze < (1+ lcurlullp=log(e + uls)). (2.27)
Lemma 2.3 ([16]) Forany u € W*? withdivu=0in Qand u-v =0 on 9, there holds

lllwse < C(llullr + || curl ullys-1,) (2.28)
foranys>1andp € (1,00).

Now, applying A to (2.5), testing by Aw, using (1.2), (2.25), (2.26), (2.10), (2.28), (2.27),
and (2.24), we conclude that

%%/ |Aw|® dx = —Z/[&iA(uiw)—uiaiAw]~Aa)dx

+/A(a)-Vu)~Aa)dx—/A(Vnqu))-Awdx

< C(IVullr= | Awll 2 + @l |V Aull2) | Al 2

+ C(IVRl IV Anll2 + | Vallr< [VAGl2) [ Awll 2,
which gives

lAwll oo, ;r2) < C,

ll2tll oo 0, 7313) < C.

This completes the proof of Theorem 1.1.
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3 Conclusion

We consider the 3D Keller-Segel-Euler system in a bounded domain. It is a challenging
open problem whether the local solution exists globally. Here, a regularity criterion in
terms of the vorticity and oxygen concentration is established to guarantee smoothness
up to time T'. It will help people to gain understanding of the model. We hope to find more
inside structures and establish refined regularity criteria.
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